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PREFACE. 



The following Treatise is an attempt to exhibit in smaH 
compass the principles of Mechanical Science in its present 
improved state, and to supply the English student with a 
clear and comprehensive manual of instruction on this im- 
|)ortant branch of Natural Philosophy. 

Our language already possesses some very valuable works 
k this department of science, as, for instance, the treatises 
of Professors Gregory and Whewell; works which, for the 
abundance of real information that they convey, are not, 
perhaps, to be equalled by any similar performances of our 
eontinental neighbours. 

The bulk and consequent high price, however, of these 
works must necessarily place them beyond the reach of many 
students desirous to be informed on the subjects of which 
they treat ; and there can, I think, be no doubt that at a 
time like the present, when a taste for analytical science 'is 
so widely extending itself, a treatise, of moderate price, on 
Analytical Mechanics, if well executed, would prove accep- 
table both to teachers and to students. 

Under these impressions 1 have been led to undertake tliis 
Elementary Treatise, with the hope that by economizing the 
paper, and adopting a small clear type, I might be able to. 
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VI. ^R£fAC£. 

compress into one small volume a course of instruction 
elementary mechanics, of extent amply sufficient for all tW^ 
purposes of academical education. My desire, howerciji 
having been to teach the elements of the science^ not 
write a book, I have spared no pains to render the whol 
clear and intelligible ; to develope the several theories with 
much simplicity as I could; to explain fully the meaning ai 
extent of the various tmalytical expressions in which 
theories are embodied ; and, finally, to illustrate each bjr* 
sufficient number of useful and interesting practical exampii 

To what extent these endeavours may have been succ< 
it is for others now to determine; but, from the very flattei 
ing reception which my former mathematical publicatioi 
have met with, both in this country and in America, I ai 
enicouraged to hope that the present volume will be fount 
upon examination, not altogether undeserving of notice. 

The work is divided into two principal divisions, STA*Pi<M* 
or the theory of Equilibrium, and Dynamics or the theoi 
of Motion ; and these are again subdivided into sectieniS tte^] 
chapters. A very short account of these will suffice here^^ 
a copious analysis is presented in the table of contents. 

The first section of the Statics treats on the equilibrium 
a point, viewed under two aspects: first, as entirely freaf 
and second, when constrained to rest on a given cufviB.or 
surface. Into this section too is introduced the •i;hcory of ' 
the funicular polygon and catenary : *this, I am aware, is not 
in strict accordance with a scientific arrangement of th^ 
parts of the subject, nor do I consider such arrangement ttfl. 



PRfiVACE; Tli. 

\ absolutely essential in an elementary treatise ; the prin- 
I^e i^hich with me has all along governed the arrangement 
this, viz. so to dispose the several topics that each may 
reseat itself to the student {Mrecisely at that place where he 
kbeat prepared to receive it, and thus the acquisition of the 
diole be fteu^ilitated. 

The second section is on the theory of the equilibrium of 
I rigid body delivered in all its generality, and applied to a 
nriety of examples. The closing chapter of this section is 
levoted to a subject of considerable practical importance^ 
the strength and stress of beams ; for the principal materials 
of it, I am indebted to Mr. Barlow's experimental inquiries 
on this subject. 

These two sections comprise the theory of Statics; the 
second part, or Dynamics, is divided into three sections ; the 
first being on the rectilinear motion of a free point, the 
second on its curvilinear motion, and the third discussing 
the general theory of the motion of a solid body. 

In the opening chapter of the first section, the fundamental 
equations of motion are deduced from simple and obvious 
considerations, and pains are taken to give a clear and dis- 
tinct meaning to the several analytical expressions involved 
in these fundamental equations. All these are then fully 
illustrated by interesting practical exercises. 

In the second section a pretty comprehensive view is taken 
of the theory of curvilinear motion ; and some attempts have 
been made to simplify those parts of it which seemed most 
to require simplification. 
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VIII. PREFACE. 

The last section, on the motion of a solid body, is the 
most extensive, as well as the most difficult, and will be 
found to embrace a great variety of important particulars, 
treated, I hope, with sufficient clearness to be abundantly 
intelligible to an ordinary student: several interesting dyna-- 
mical problems are interspersed throughout this section, and 
to the end is appended a miscellaneous collection, as further 
illustrative of the use and application of the general theories 
before established, especially of the Principle of D' Alemberti 
on account of the importance of this principle in a great va- 
riety of dynamical inquiries. ^ 

For the manner in which the subjects here briefly enume- -i 
rated are discussed, I must now refer to the book itself; and ^ 
shall be glad if it be thought calculated to promote, in any 
degree, the study of the science, or to form a useful intro* 
duction to works of higher pretensions and of acknowledged 
ability. 

J. R. YOUNG. 

April 10, 1832. 

%« It was not discovered till after this book was printed, and a few copies had 
abroad, that the deduction at the top of page 271 is erroneous, and should be omil 
The body, in the case supposed, will not move tip the plane, as there asserted ; b 
the friction, acting in the opposite direction, opposes only the rotation, and favors 
progressive motion down the plane. 

I wish here also to remark that the solution to Prob. 4, p. 305, gives only the i 
angular velocity of the rod, which is improperly assumed to be constant, alth( 
such is reaUy the case, (see Mr. Mason's solution to the Prize Question in the La( 
Diary for 1827.) 
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ELEMENTS OF STATICS. 

INTRODUCTION. 

Article (1.) Mechanics, taken in its most extensive acoeptation, is 
Pe science 'wfaich embraces all inquiries respecting the equilibrium and 
iQotiGn of bodies, whether solid or fluid, and, therefore, constitutes a 
Yoy large and important part of Natural Philosopht, or that vast 
body of knowledge which explains the laws that govern the various 
operations of nature. It is usual however to give a more limited sig- 
nification to the term Mechanics, and to treat under that denomination 
only of the equilibrium and motion of solid bodies. The theory of the 
equilibrium of solid bodies is called Statics; the theory of their 
'motion Dynamics; these, therefore, are the two great branches of oie 
science of Mechanics. 

(2.) If a body be submitted to any influence which would, if not 
opposed by an equal counteracting influence, move it, such influence, 
whatever it be, is called /orce. The term force, therefore, as employed 
in Mechanics, applies not merely to what, in common language, we 
understand by power or pliysical energy, but also to every cause which 

B 
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either produces or tends to produce motion, i.owever hidden or inex 
plicable that cause may be. 

(3.) A body subjected to the action of a force or moving infl 
ought, necessarily, to move in the direction of that force; towards it, 
the force draw or attract it, and from it if the force push or repel ifi 
Hence, it is the tendency of a body influenced by a single force app 
to it at rest to move in a straight direction. But if to the same 
two equal and directly opposite forces are applied, the tendency ti 

I 

motion in one direction being equal to the tendency in the oppositi ! 
direction, the point will necessarily remain at rest, and will be as muck 
prepared to obey the influence of any third force as it was befcnre thetiii» 
counterbalancing forces, of which we have just spoken, w^re applied.-. , 

It is obvious, that although two equal forces be applied to the sam^ j 
point they will not keep that point at rest, unless they are directly op« 
posite as well as equal. This indeed may be easily proved thu»t 
Suppose two equal forces P and Q (fig. 1,) tend to draw the point M 
in their respective directions MP, MQ, which are not opposite to eaA 
other; if we suppose the pomt to remain at rest, let us introduce, i^ 
third force P' equal an4 opposite to P, that is, tending to diaw U 
towards P' with the same energy as P tends to dww it towwds Pi ! 
Now the point being acted upon by three forces, of which two vix, B ' 
and P' are in equilibrium, the point will tend to move in the diKctiot 
MQ of the third force Q, But, by hypothesis, the two forces P, Q are 
in equilibrium; hence the tendency to motion must be in the dtrectioft 
MP' of the third, which is absurd. 

(4.) As it is the business of Statics to investigate the laws of ibices 
in equilibrium, it will readily occur to the student that one of the prin- 
cipal problems of this branch of Mechanics is to determine, fiom 
knowing the magnitudes and directions of forces applied to a point,? 
what must be the magnitude and direction of that counterbalancii^ 
fiw(C^, which would prevent motioa ensuing. 
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may estimate the magnitudes of tfato forces of wfaiefa we s^eik 
ins of weights; fot it is plain that whatever infloenee at P (ig. 2,) 
My M may yet be kept in its place by the coonttmctioii of 
veigfat W tending to draw M in the opposiie direotioii MP. 
be force P were substituted another, which, in Okdor to keep M 
ed, would render it necessary to double thie weight W, wc 
then say that this new force was double tht former^ and, in like 
r, the ratio of any two forces acting separately at P wonkl be 
ined by the ratio of the separate counteracting weights acting in 
wting MP'. We see that wei^t is a very suitable represen- 
•r measure of force; but for all the purposes of comparison it 
Dot by what we represent a force, taking care only that the re- 
ing quantities shall have the same ratio to one another as the 
epresented, we are, therefore, at liberty to choose that mode- of 
itation most conducive to the ends in view, viz. the investiga- 
the theory of equilibrating forces. We accordingly represent a 
r a line drawn from the point on which it acts, called the point 
ication, in the direction of the force. The length of this line 
of the forces of the equilibrating system may be arbitrary, but 
other of the forces the length of the representing line will be to 
ner as the represented force is to the former force. Hence the 
)f statics is reduced to that of lines and angles. 
We have just said, that a force is represented by a line drawn 
e point of application in the direction of that force; but. we are 
ty to consider any point of this direction as the point of appli- 
)f the force, and not merely the material point on which it acts : 
matters not whether the force acting upon M (fig. 2,) to pull 
le direction MP be applied to the point P or to any other 
1 MP, provided we consider MP to be a perfectly inextensible 
nnecting P with M. Or if P be a repubive force tending to 
I in the direction MP', then, supposing MP to be a perfectly 
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rigid line, it matters not whereabouts in this line P may be. All dnl 
is too obvious to require any laboured proofs and we shall now prooeedl 
to the general theory of equilibrating forces acting on a free pointy viitj 
the point where the directiops of thesp forces meet^ and, to avoid ooo^ 
fusion, we shall generally consider the forces concepied as puUmg 
forces; for a pushing force may obviously be always supplied byti 
pulling force of the same intensity, and acting in an opposim 
direction. •* 
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SECTION I. 



"" ON THE EQUILIBRIUM OF A POINT. 



ON THE 

COMPOSITION AND RESOLUTION OF CONCURRING 

•FORCES. 

Article (6.) By Concurring forces we are to understand forces of 
the directions all meet in a pointy upon which point they simul- 
>usly act; and they are said to be situated in the same plane 
their directions are all in the same plane. To determine the 
tltant of two such forces, that is, a single force equally effective with 
[Ae two, is a problem of great importance, and to this the present 
fthapter will be chiefly devoted. The simplest case is that in which 
^ concurrent forces act not only in the same plane, but even in the 
i^nie straight line; if in this case the forces should both conspire or 
lend to move the point in the same direction, then their resultant would 
le equal to their sum ; for it is plain that the weight W (fig. 2,) has 
the same effect on M as two smaller weights, together equal to VV. 
If the two forces are opposite, then their resultant must be equal to 
fteir' difference, and the direction of it towards the greater force, 
because so much of the greater force as is equal to the less force which 
apposes it, is employed in keeping the point in equilibrium, and the 
tendency to motion is the effect of the remaining force. 

If, instead of two conspiring forces, there were three, then, by adding 
together two, we should obtain the resultant of those two, and this, 
klded to the third, would furnish the resultant of the three; and in 
like manner the resultant of four, or of any number of conspiring forces, 
b found by merely adding together the component conspiring forces. 

B 2 
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If there be two systems of conspiring forces directly oppos 
other, they may thus be reduced to a single pair of oppos 
and the difference of these two will be the resultant of the wh 
The direction, as well as the magnitude of this resultant, ^ 
pressed algebraically, if we agree to consider the forces whi 
in one direction as all positive, and those which conspire in t 
direction as all negative; for we may then say that the resul 
number of forces acting in the same straight line, is equal to 
those forces; the sign of this sum pointing out the direc 
theorem, of course, includes the case in which the forces i 
way, that is, where there is but a single system of conspirin 

Having disposed of this simple case of the general probl 
now to determine the magnitude and direction of the rcsul 
two concurring forces situated in a plane ; we speak of on 
curring forces, because, as we shall soon see here, as in tl 
considered, that when we know liow to compound two, the ( 
of any number can present no difficulty. 

There are several ways of arriving at the solution of thi: 
problem, but the simplest process with which we are ac 
that given by Professor Oregon/, in his valuable treatise on 
who conducts the investigation as follows : 

(7.) Prop, The equivalent of several forces situated in o 
in the same plane. 

For if we suppose the equivalent to be out of the plane o 
on either side, we may always find a line on the other side ( 
situated in a perfectly similar manner; and since there 
reason why the resultant should be in one of these directi 
than in the other; it is therefore in neither of them, unles: 
the absurd consequence that it is in both, that is, unless we 
the same forces acting in like manner can produce two dist 

Cor, The resultant of two equal forces must be in their 
it must be in the line which bisects the angle of their direc 
there is no reason why it should tend more to one side than 

(8.) Prop, If to a material point, already kept in equ 
system of forces, another system is applied also in equilibri 
not destroy the pre-existing equilibrium : this is manifest. 

Cor, Hence, if the three forces C, C, O, (fig. 3,) are ir 
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1% and if each of the forces were doubled^ or tripled, or 
led, &c^ or if tiiey were haired, quartered, Ik. or dumged ia 
Kwtion, the equililnriam would remain so Vmg as they con- 
act in the same directions CP, C'P, OP. 
. Hence, also, since the resultant R is always equal and 
to one of the forees (as O), it follows, that when the maf- 
r equilibrated forces concurring in a point are made to Taiy 
io, the resultant retains its position but changes its magni- 
le same ratio. 

•op. If three equal forces are inclined to one another in 
zh of 120 degrees, any one of them will balance the joint 
he other two. 
; likewise incontrovertible; for neither of the forces can 

^rop. Two equal forces inclined in an angle of 120 degrees, 
iieir equivalent a third, which has the direction and propor- 
e diagonal of the rhombus constructed on the lines which re- 
le forces. 

C, C are the forces (fig. 3,) acting on the point P, the force 
measure is OP = CP = C P, and is situated so that the 
PO and C'PO are each equal to CPC, will (9) ensure the 
im. But RP, the measure of the equivalent R, is equal and 
to OP (6); therefore CP = PR = CP and because 
>R = 60° = C'PR, CR = CP and C'R = C'P. Conse- 
'PC'R is a rhombus, and RP, the representative of the equi- 
the forces C, C, is its diagonal. 

f half the angle CPC be denoted by a, we shall have 
G cos. a = C cos. a, whence the equivalent RP ^ 2 C cos a. 
Prop, Any two equal forces have for their equivalent the 
of the rhombus coDStructed on the right lines which represent 
naagnitude and direction. 

this proposition be true with regard to any two equal forces 
ing in the directions CP, CP (fig. 4), and forming with their 
R the angles CPR, CPR each for example equal to a, it 
likewise, for two other equal forces c, e acting according to 
Lions c P, c P, which bisect those angles. In this case c may be 
id (7 Cor.) as the resuhani of two equal forces, x and y, acting 
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in the directions CP, RP; and, in like manner, d may be conwdi^ 
as the resultant of two odier equal forces, te' and y, acting in tfaft^ 
rections C'P, RP: so that, in lieu of the two equal forces f, c*, f 
may consider four equal but unknown forces x, x, y, y, acting in t| 
directions just assigned them. The two first of these, f , sfy acting 
the directions CP, C'P, have, by hypothesis, the dii^nal of % 
rhombus for their resultant: that is, they are equivalent to a force ( 
pressed by 2 jt cos. a acting in RP, therefore die resultant z oi 
and c' will be equal to 2y + Ix cos. a\ but orssy, therefore % 
2jr (1 + cos. a). Now the angles CPR, c P c', being each equal to fa 
CPC, are equal to each other; and x being the resultant of two eqi 
components acting in CP and RP, we have 

. .. . — ^' 

s 

Substituting this value of x for it in the preceding equation, we Qbta 
2c* / 

2 = (1 -f-C08. fl) .•. 2» = 2C*(1 4-008. flr).'.2^tfV2(l -f C08«| 

But it is known that cos. i a = ^— Z_£?!:^, (Gregory's Trigonomett 

p. 46,) whence, by substitution, « = 2ccos.ifl. Consequently, t 
proposition if trae for a is true for \ a. 

2. In exactly the same manner may the proposition be proved tr 
with respect to the half of ^ a or j^ a, and in succession for Jo, ^o, ^ 
&c. Tliat is, since it is true (9) when the angle CPC is measured J 
J of the circumference, it is likewise true when the angle between t 
equal components is measured by J, t^, ^, &c. of the circumferenc 
where the series may be continued $ine limitp, 

3. If the proposition be demonstrated for the three angles «, b, at 
a — 6, it will be true for the angle a-\-b; that is, if we take two equ 
components c and c', making with their resultant x, angles = o + *, ^ 
shall have j: = 2c cos. (a + b). Thus, if in fig. 5 the angles CPI 
CPR are each equal to a, and cPC, CPrf, c'PC, c' Prf', each equal i 
b: conceiving two forces rfP, d'P each equal to c, their resultant wil 
by hypothesis, be = 2c cos. {a ^ b), because rfPR = a — 6; and th 
quantity subtracted from the resultant of c, c', d, d', will give x. Bi 
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d(^liaTetiidrre8altantCactiDginCP,andss2cco8.6; the aame 
' boldk^ with respect to c' and df^ we have tw# foices equal to C 
equivalent to one^ which is 2C cos. a or 4c cos. a cos. 6; whence 
k G08. a COS. h — 2c cos. (a — h). But cos. a cos. 6 1= J cos. 
*) + i cos. (a — ft). (See Grtgor^^ Trig,, p. 44, art 20). 
I vahie of cos. a cos. h, substituted for it in the preceding equi^ 
ives jr = 2c cos. (a + h). So that the proposition when true for 
id a — ft, is true for a ^ ft. 

iCt ft be taken as small as we please in the series 1» -^ Jp A> &^ 
A be the preceding term in the series, then <r, ft, a — ft, a + ft, 
ft, ft, and 3ft, respectively, in each of which the proposition 
again, if a=s3ft,a+ ft = 4ft; if a=i4ft, a+ft=5ft, &c. So 
t theorem is demonstrated for all angles in the series ft, 2ft, 3ft, 
&c., in which ft may be taken of a magnitude less than any one 
sm be assigned. Consequently, the theorem is true with respect 
iiombus whatever; for let any rhombus be proposed, which it is 
I is an exception to this proof: we can, it is obvious, by choosing 
than any assigned angle, and taking a suitable multiple of it, 
h. nearer the excepted angle than by any assignable difference, 
we shew that our theorem is applicable to the angle itself. 
"Bro]^, Any two forces having the ratio of the sides of a 
e, and whose directions coincide with those sides, have for 
uivalent the diagonal of that rectangle. 

be two forces C, C (fig. 6,) act in the directions CP, CP, which 
e the right angle P: complete the parallelogram CPC'R, and 
\ diagonals; parallel to CC", draw cd terminated by Cc, CV, 
re drawn parallel to the resulting diagonal. Conceive c and c' 
10 equal forces acting in the equal lines cP, c'P, opposite to 
ber, and consequently annihilating each other's effects; then 
and c'PDC being rhombi, the force CP is the equivalent of 
>, and C'P that of c'P, DP, by the preceding proposition, 
re, the components CP, c'P are the saihe in effect as the oppo- 
5 cP, c'P, together with DP, PR; that is, the equivalent sought 
or RP, the diagonal of the parallelogram. 
Since RP ; rad. :: CP ; cos. CPR :: C'P : cos. C'PR, we 
\ resultant equal to either component divided by the cosine of 
e which it makes with the resultant. 
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(13.) Prop. Any two forces wLatever have their equivalent expiwiP^ 
in magnitude and direction by the diagonal RP of the paraUelc 
constructed on the lines CP, C'P, which represent these forces. 

Having completed the parallelogram CPC'R (fig. 7,) on tlie 
sides, draw cc' perpendicular, and Cc, C c parallel, to the dk 
demit also CD, CD' perpendicular to the diagonal: then will Cei 
CV PD' be rectangles, and the triangles CRD> C'PD' equal in 
respects, consequently Cc = DP, RDssD'P, and cP.= c'F. 
addition of the equal forces c, (/, acting in the opposite directicms-l 
c'P, will make no difference in the state of the system; and ntittki 
components DP, cP, have CP for their resultant, and liie cook] 
D'P, c' P, the resultant CP, (by the preceding proposition,) -we 
instead of the original forces CP, CP, substitute the ioccea cP^ 
DP, D' P, of which the two former destroy each other's effects, and 
latter DP, D'P, are manifestly equal to RP; that is, the resultant 4Bf(i 
two forces CP> CP, is equal to the diagonal RP of the paraU 

"Thus have we," observes Dr. Gregory, " by a series of con 
propositions, demonstrated that which is justly reckoned the most il 
portant in the theory of Statics, and which is now commoely spokoii 
under the title of the Parallelogram of Forces, The demonstrat 
here given is commenced upon the same principle (9) as that plo-| 
posed by lyAlembert, in the Memoirs of the French Academy 
1769: it was somewhat simplified by Franantr in his Mi 
but what is here offered, at the same time that it is more concise 
the demonstration of Francoeur, is fi:eed, it is hoped, fix)m some 
tionable positions into which that author has certainly fallen.'' 

The foregoing proposition of the parallelogram of forces, has 
been established by some eminent mathematicians by processes pi 
analytical, and deduced from some obvious principle necessai^ 
volved in the question itself, as for example, that if two equal 
P, P concur at an angle 0, the direction of the resultant must biseH 
this angle, and moreover its intensity must be some function of P sril 
0, which is no more than saying that the intensity of the resultant tut^ 
in some way depend on the intensity of its equivalent componeitt|( 
and on their mode of action. This is the condition fiwm which Po»M0i| 
sets out in his analytical investigation. We have given it with amd 
little modification at the end of the volume. i 
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) From what has now been proved, it follows that when the in- 
s and directions of any two concuiring foices are given, the de- 
itioa of the third force equilibrating these will be reduced to 
ermination of the diagonal of a parallelogram, from having the 
les and included angle given; or stiU more amply, it will be 
! to the determination of the third side of a triangle, from having 
=is and the included angle given ; for if PC, PC are the two 
)rces (fig. 7,) then, by drawing CR equal and parallel to PC, 
ronal PR will be just as well determined as if we had con- 
the parallelogram CC, so that instead of the sides and dia- 
r a parallelogram, we may always represent three equilibrating 
I well in direction as in intensity by the three sides of a triangle 
order as PC, CR, RP; so that as these sides are as the sines 
opposite angles, we may say that the intensity/ of any one of 
ftdlibrating forces is proportional to the sine of the angle he- 
ie directions of the other two. If we represent the sides PC, 
P, Q, and the angle CPC' of their direction by *, then, since 
iangle CRP the angle C is the supplement of «, we shall have 
lytical expression for R, viz. 

R»= P« + Q« + 2PQ COS. «, 

he fundamental theorem of statics, when expressed algebraically, 
isely that which is also the fundamental theorem of plane tri- 

ftry. 

Knowing how to compound two forces, we may easily 
md several or determine a single force which will balance them, 
t either by geometrical construction or by analytical represen- 

Thus, suppose four forces PC,, PC,, PCj, PC4, concurred 
lenwe might proceed geometrically as follows: Draw in the 
)f the two forces PC, , PC, the line C, R, , equal and parallel 
, then PR, will, from what has already been proved, be the 
ent of PC, , PCa, and may therefore be substituted for them in 
tem. Again, in the plane of the two forces PR,, PC,, draw 
equal and parallel to PC3, then, as before, PR, will be the 
lent of PRi, PC,, that is of the three forces PC,, PC,, PC3. 

in the plane of the two forces PR,, PC* draw R, R, parallel 
ual to PC^, and we shall then determine PR3, which must be 
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the equivalent of the whole system. From this construction 
obvious, that if commencing at the point of concurrence P we 
successively PC,, C,R,, R,R„ Ra^sj «!«»! a°d parallel to 
several forces, then the line PR,, which closes the polygon PC,f _ 
R, R, P, will represent the resultant of the system, and diis m wW 
ever planes the component forces act, since in our construction we 1 
not confined these forces to any particular planes. Should the 
curring forces be in equilibrium, the last of the points R, , R,, R,, 
will fall on P, making the resultant 0. 

This graphical method of compounding forces, will not, 
answer the purposes of computation, and we shall therefore now 
a general analytical expression for the resultant of any number of < 
curring forces, confining ourselves first to those only which are sitvMF 
in one plane. j 

Determination of the Resultant of any Number of concurring 

situated in one Plane, 

(16.) We have already seen how any two concurring forces may' 
compounded into one, but before we can conveniently compound ' 
greater number we must first reverse this process, and know how 
resolve any single force into two concurring forces acting inj 
proposed directions. 

Let PR (fig. 8,) represent any given force acting on P, and let iti 
required to resolve it into two others concurring in P, and acting' 
the directions PC, PC, so that PC may make a given angle 
PR, and PC may make a given angle p with PR. Parallel to 
draw RC, then, (13) making PC equal to RC, PR will representi 
force of which PC, PC represent the components, that is, PC, 
will be the components sought. Their analytical values will be obt 
by determining trigonometrically the two sides PC, CR of the 
CPR, from having the side PR and interjacent angles given; we 
therefore, that the resolution of a given force in any two arbi 
directions may always be effected. That it may be effected in the 
way possible, it is requisite that the proposed directions be per 
dicular to each other, for then the analytical operations are expi 
simply by the equations 
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PC=rPRco8.«, TC'=zFRcoB.p, 

^jkre « and )3 are complements of each other. When, therefore, we 

' to decompose a force into two others, and are at liberty, to choose 

directions, we shall always, on the score of simplicity, assume 

I directions perpendicular to each other. 

(IT.) Lei it now be required to compound into a single resultant the 

|K?eral concurring P, P,, P„ P», &c. (fig. 9). 

Assume any rectangular axes AX, AY, the first AX making with 

4e direction of the several forces the angles «,«,,«„« , &c., and the 

Kcood AY making with the same directions the angles ^, /?, , ^„ /J^, 

At Then by resolving each of the proposed forces into two others 

«% along the assumed axes, we shall have for the sum X of all the 

components Ajt, AX|, Ar„ Sec. acting along Ajt, 

PCOS. «-|- P, COS. «, + P,C08. «,4- PjCOS.«,4-«feC.=X .... (1), 

od ibr the sum Y of all the other components, that is those acting 
long AY 

»co«. /3-f-Pj cos. j3i + P, COS. jSj-i-P, COS. /33 + &€.=: Y .... (2), 

) that these two sums, that is the single force X acting along AX and 
le single force Y acting along AY, may be substituted for the pro- 
osed system of forces ; hence the resultant of these two will be the 
>sultant of the original system. But the resultant R of two forces X 
ad Y acting at right angles, being the diagonal of the rectangle X Y, is 

R=n/x^ + Y» .... (3), 

bis, therefore, is the general expression for the resultant of any system 
f concurring forces acting in a plane. 

(18.) It might at first sight appear, that since the angles /3, /3,, Sec. 
re die complements of a, ui , &c., it would be better to write in the 
irst member of (2) the expressions sin. a, sin. «, , &c. instead of cos. 6, 
OS. /3 , &c.; such, however, is not generally the case, although this 
lian<^ would do very well for the particular arrangement of the forces 
•xhibited in the figure, for it is easy to see that this arrangement is such 
J to cause all the components acting along each axis to conspire. If 
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one of the forces Ps were directed out of the angle YAX, as in fig. Uj^ 
its component Ax, would obviously oppose the conspiring forces.^ 
Ax, , Ax, , and therefore, agreeably to (6), its analytical represei 
should carry a contrary sign, which it actually does do when we give m 
the form Pj cos./3,, but not when written P, sin. «,, although endii 
form represents the same linear magnitude; similar remarks 
when P3 is situated in either of the angles XAY', X'AY'. 
tlien the components which act in the directions AX, AY as 
and those which act in the opposite directions AX', AY' as n< 
the several terms in (1) and (2) will have their proper signs invoh 
in those of tlieir cosines. 

(19.) In order to completely determine the resultant R, we xnortE 
know its direction as well as its intensity (3). Now putting a, 6, fer 
its inclination to Ax, AY, we know that 

X = R COS. a, Y = R cos. b 

X . Y 

.'. COS. a = — 5— , cos. d = — — — , 1 

K R J 

either of which equations makes known the direction of the resultaou 
so that the resultant will be completely represented by the equations 




cos 




'I 



= 0, H 



If the proposed forces are themselves in equilibrium, then R 
that we must then have 

\/x«-|- Y« = OorX«-|- Y3 = 0; 

but as every square is essentially positive, the sum of two cannot be 4 
unless each separately is 0, so that when the forces are in equilibria 
we must have 

X=:0, Y=:0, 

showing that each system of components must be in equilibrium, 
this is obviously true whatever be the inclination of the axes of 
components. 

(20.) As a particular example of the preceding general theory, let 
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V 

pose four forces P, Pi, P,, P„ concurring in a point A, of which 
intoisities are respectively denoted by the numbero 3, 3, 4, 5, and 
he angles included by their directions be 

PAP,=30*», P, AP,= 16*», P,AP,= 75«. 

t assume, as above directed, two rectangular axes AX, AY, and, 
leir position is arbitrary, let us for greater simplicity suppose one 
em AX to coincide with AP; then the inclinations of the several 
s to the assumed axes will obviously be as follows: 

PAX=: 0°=« .*. C08.a si 

P,AX= 30P = «, 00f.ai = )v^8 

P,AX= 4SP=:a^ C08.«,=5Jv^2 

P3AX = 120*» = a3 co8.a,s=— |i^3 



PAY= 90° = /3 .-. C08./3 =0 

P,AY= 60°=/3, coi./3, = J 

PaAY= 46° = j3a co8./32 = iV2 

P,AY= 30« = /33 co8./35 = iv'3, 

«quently, the two general equations 

P cos. « + Pi COS. Aj .+ Pj c<w« «a + <fec. s= X 
P cos. j3 -f Pj COS. i3 J + Pa COS. j3, -f &c. = Y 

)me in this case 

2 + j^3-f 2V'2 — iv'SsX 
0-|-J+2V'2 + J>y3 = Y; 
ce, the numerical values of X and Y being thus determined, the 
le of , 

nowu, and thence also of 

X Y 

COS. a = —fr-f o' cos. b ^ — p- • 
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Determination of the Resultant of any Number of Concurring form 

situated in different Planes, 

(21.) It was necessary before we could compound together several | 
forces acting in one plane, ftrst to determine the resultant of two, or to 
establish the parallelogram of forces, so likewise before we can treat 
the more general case, or compound together forces acting in different 
planes, we must first know how to determine the resultant of three. 
This however is a veiy easy matter, it has indeed been accomplished 
geometrically already (15), and not only for three but for any numbet 
of forces. But let three be three P, P,, Pj, concurring in A, (fig, 11,) 
and represented by the lines AB, AC, AD; then we know firom the 
article just referred to, that if we draw BE in the same plane with, and 
equal and parallel to, AC, and then EF in the same plane vnth, and 
equal and parallel to AD, the line AF, which closes the twisted 
quadrilateral ABEFA, will represent the resultant. Now the three lines 
AB, BE, EF, are •obviously the three edges of a parallelepiped BG, 
of which AF is the diagonal; hence the lines representing three coih 
earring forces not in the same plane form the edges of a parallelopiped 
whose diagonal is their resultant. It is manifest that if any force AF be 
proposed, and we draw from A three lines AB, AC, AD, in any 
directions whatever, not all in the same plane, nor yet any two in the 
same plane as AF, we may construct a parallelopiped having these 
three lines for edges, and AF for its diagonal, the opposite edges 
meeting in F. Now the forces represented by the edges of thb 
parallelopiped meeting in A, have the given force AF for their re- 
sultant, therefore this given force have these three for its components, 
so that any force may he decomposed into three concurring forces acting 
in any proposed directions, provided all three are not in one plane nor 
any two in the same plane as the proposed force. 

This decomposition will be most easily effected, analytically, when 
the directions of the components are at right angles; for if a, /3, and v, 
represent the inclinations of the proposed force R to these several rec- 
tangular directions, then the three components will be obviously ex- 
pressed by 

Rcos.a, Rcos./J, Rcos. y .... (1), 



I 
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ibr in fact, these components are no other than the projections of the 
original force on three rectangular axes, calling these several projections 
or component forces X, Y, Z, we have, by adding their squares, 

X« 4- Y» + Z» = R» (co8.» a + co8.« /3 + co«,« 7), 

but (And, Geom, p. 226 J 

COS.* « + COS.* j3 + €08.' y = 1 .... (2), 

.-. R = V^X* + Y* -f Z». 

It tbus appears that when we wish to decompose a given force R in 
tfiree rectangular directions AX, AY, AZ, making with R any proposed 
aisles A, ft y, we shall have, for the analytical values of the compo- 
nents, the expressions 

X = Rco6. a, Y = Rco8. ft ZsRcos. y .... (3), 

and when on the other hand we wish to compound three given rec- 
tangular forces X, Y, Z, the intensity of the resultant will be given by 
the expression 

R = \/x«-fY« + Z« .... (4), 

and its direction by the expressions 

COS. a = -"t^j COS. p = , cos. y = p .... (5). 

Two of these latter equations are however sufficient to fix the position 
of die resultant; since, on account of the necessary condition (2), any 
one- of the cosines become fixed when the other two are ; thus, when 
a and /3 are determined, we get y by the equation 

cos. y =s V 1 — !• cos.' « — cos.'/3 .... (6). 

We need not embarrass ourselves here with any inquiry about the am- 
biguity of the signs of the cosines in (5), arising firom the ambiguity 
of the sign of the radical R in (4); for, as we know that the resultant 
must necessarily lie within the angle formed by X, Y, Z, the angles 
tt, /J, y, which it forms with these lines, must always be acute. 

c2 
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(22.) Let US now proceed to determine the resultant of any numb 
of concurring forces P, P,, Pj, P„ &c. situated in space, and actii 
in given directions. 

Through the point of concourse A draw three rectangular an 
AX, AY, AZ, and let us call 

a , j3 , y , the angles which P makes with these aices, 

*i> Pi> Ti' • • • • "i 

*a» Pa> Ta* • • * • '^a 
(fee. <fec. 

then, by decomposing each force according to these axes, we have 

P COS. A , P COS. p , P cos. y for the components of P 

P, €03. «,, P, cos. /3, , P, cos. y, . . . . . P, 

Pjcos. ^2, Pjcos. jSj, PjCOS. yj P^ 

^c, <fec. 

A dding together all the forces which act in each axis, the three sui 
X, Y, Z, will represent three rectangular forces acting in given dire 
tions, which may be substituted for the proposed system, the values 
these three forces being 

P COS. « + P, cos. <t^ + Pj cos. a, -|- «fec. = X 

P cos. j3 + P, cos. j3, + Pj cos. /Sa + &c. = Y ^ .... (1). 

P cos. y + Pj 

Having thus reduced the system of forces to three, we have, for the i 
tensity of the resultant, the expression 

R = N/x«+Y«-fZ2 .... (2), 
and for the angles a, b, c , which it makes with the axes, the expressic 

X Y Z 

COS. a = -^j cos. b = —^-f cos. c = — — .... (3). 

In this way, therefore, we may completely determine the results 
of any system of forces situated in space, when we know the intens: 



*, cos. «| + Pj cos. a, -|- «fec. = X ^ 

\ cos. j3, + Pj cos. /Sa + &c. = Y > • • • • 

\ cos. yi -|- Pj cos. yj -|- &c. = Z ^ 
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L 

■w. Hie cosines in (1) necessarily cany with them the proper signs 

Bi in art. (18). ^ 

■ When the system of concurring forces is in equilibrium, then, since 

~ = 0, we must have 

X» + Y« + Z» = 0; 

as eveiy square is essentially positive, this cannot be unless 

X=:0, Y=0, Z = 0, 

[flat is to say, we must have (equa. 1,) 

Pcos. « -|- P, COS. a, -|- P, cos. a, -|~ ^c* = 

Pcos. 

Pcos. 



I. « + P, cos. a, + P, cos. a, -|- <fec. = -V 

I. /3 + P, COS. p^ 4- P, cos. /3, 4- <&c. = > . . . . (4). 

J. y + P, COS. y, + P, cos. y^ + Ac. = -^ 



, therefore, are the equations of equilibrium of a system of con- 
g forces P, Pi, Pa> &c. situated any how in space. 
(23.) The projection of any line in space on two rectangular axes, 
obviously be found by first projecting the line on the plane of 
lose axes, and then projecting this projection on the axes themselves, 
ence, if a system of forces in equilibrium be projected on the plane of 
,the forces represented by these projections will be also in equilibrium, 
g that the components of these forces will be X = and Y = 0. 
ow the position of one of the rectangular planes, as the plane of ry, 
always arbitrary; on this account therefore, and on account of the 
[uations (4) it follows, that when any number of forces are in equi^ 
iOy their projections upon any plane or upon any line will also be in 
t^ilibrio. 
(24.) As the resultant R or AF (fig. 1 1,) of any system of forces is 
e diagonal of the parallelepiped whose edges are the components 
5t, Y, Z, or AB, AC, AD, it follows that X, Y, Z, are no other than 
the coordinates of the point F, (Anal. Geom. p. 218). Knowing, tliere- 
fere, the coordinates of a point F in the line AF passing through the 
flrigin A, we know enough to enable us to write the equation of this 
line or of the resultant. These equations are (Anal. Geom. p. 224, j 

Z Z 

« = x" '' * = y" ^* 



J 
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If we remove the origin of the lectangnlar axes without alterinf 
directions of the axes, so that the coordinates of the point of concc 
A may be x\ y, /, then the equation of the resultant will be 

or the line will be equally represented by combining either of i 
equations with that of the third projection, viz. 

Having now established the general theory of the equilibrium 
free point acted upon by any number of forces any how situated 
shall devote a short chapter to the application of this theory to ] 
cular examples. 



CBAPTSlt ZZ. 

PROBLEMS ILLUSTRATIVE OF THE PRECEDING THE< 

(24.) We have already adverted (4) to the propriety of represi 
balanced forces by means of weights, from the circumstance tha 
influence tending to move a free point may be always counteracte 
rendered nugatory by the opposing influence of some weight coi 
nicating to the point, by means of a cord attached to both. All, 
fore, that has been established in the preceding chapter respectii 
equilibration of forces acting on a point, applies when these fore 
weights acting on a point through the intervention of cords, pro 
only that we consider these cords to be themselves without wei| 
thickness, to be inextensible, and to be perfectly capable of moving 
the fixed points or pullies, (as at fig. 12,) employed to direct the infi 
of the weights, vrith perfect fireedom. The consideration of a s 
of weights thus acting on a free point through the intervention of 
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md fixed points, introduces the consideration of two new modifications 
if force, viz. Tension and Pressure. 

By the tension of a cord is to be understood its tendency to stretch 
mder the influence of an appended weight; as this tendency varies 
^ith the weight, this is taken as its measure; so that when we speak 
3f the tension of a cord as a force, we always mean the weight which 
{produces that tension. The pressure on a fixed point is measured by, 
kx is equal to, that force which must be applied to it, when supposed 
fcee, to keep it in equilibrium. 



PROBLEM I. 

A cord PABP, pas<«es over two fixed points or small pulleys A, B 
% the horizontal line AB, and two given equal weights, suspended at 
Ike extremities P, P, support a third given weight W. It is required 
to determine the position of C, (fig. 12). 

I The point C is kept in equilibrium by the equal tensions (P or P, ), 
of the strings C A, CB, and by the weight W acting vertically. Hence, 
by resolving the forces in the directions of two axes CX, CY, the one 
parallel and the other perpendicular to AB, the forces in each axis 
Hiust destroy each other. Hence, taking first the components in CX, 
We have the condition 

I 

P COS. « 4* Pi COS. a, = or P cos. « — P, cos. « = 0, 

torn which we immediately infer that as P = Pi , « = «', and there- 
ioK |3s=i8i, so that the triangles ACY, BCY are equal, and CY 

uoects AB. 

Again, because /3 = /3 , the components in CY are 2P cos. /3, and 
W in the opposite direction, therefore the second condition is 

2Pco8.j3--W = .-. co8.j3 = 8ln.B=-2p-- 

TTiis equation is sufficient to determine the point C or the line EC; 
but, to avoid any trigonometrical computation, let us put for cos. /3 its 

YC 

equal — -, then 
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BC >/bY* H- YC« _ 2P BY« _ 4P« — W» 

TC " YC "W" • • YC» ■" W« 

W 

The solution of this problem may be conducted differently as foll<r 
Parallel to CB draw AE, and produce the perpendicular CY iii 
meets in E; then the triangle ACE thus constituted will have its i 
sides in the directions of the three balancing forces, and will, therei 
be proportional to them; hence, as the tensions of CA, CB are eq 
the sides CA, AE are equal, so that the perpendicular AY bis 
CE; also 

P: W:: AC:EC=:SiYC 

2P AC 



• • w ■" YC 

and the remainder of the solution may be as above. 

If we suppose W =; 0, then the above expression for YC si 
that YC = 0, as it obviously ought to be; that is, the cord wil 
brought into a horizontal line AB. But upon no other hypothesis 
this be the case, except, indeed, we suppose the weights P to be 
nitely great, for however small W be assumed, yet so long as P 
finite magnitude YC will have a finite value, and can never be a 
rately 0, so that it is impossible for any two weights P, P,, hov 
great, acting as in the figure, to draw a third weight W ever so $ 
up to the horizontal line AB. The same is true if instead of a s 
weight W attached to a cord without weight, we consider the 
itself to have weight : we may therefore say with Professor Whew 

''Hence no force, however great, 
Can stretch a cord, however fine. 
Into a horizontal line 
Which shall be accurately straight." 

As W increases firom 0, YC increases and becomes infinite ' 
W = 2P, so that when the weight W is either equal to or greater 
2P, there can be no equilibrium, for W will continually des 
drawing up the weights P, Pi . 



f 
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PROBLEM II. 



Suppose the weights P, P„ are imequal, and that the line AB, instead 
of being horizontal, makes a given angle BAB' with the horizontal line 
AK : to detennine the position of C, (fig. 13). 
Hie solution will perhaps be most easily obtained without resolnng 
ftnces; thus, draw A£ parallel to CB, meeting the vertical line 
in £y then the three sides CA, A£, EC, being in the directions of 
t^oee equibbrating forces P^ , P, W, are proportional to them; hence, 
the proportion of the three sides of the triangle A£C, we may 
i taenvne its angles : we may, therefore, consider the angles ACE and 
[ AEC=: ECB as found; consequently the angle CAD, the complement 
I of ACE, becomes known, and DAB being given the angle CAB 
)mes known; hence, in the triangle CAB, we have the side AB and 
angles C and A to determine the two sides AC, BC. 
Thus, suppose P = 4ft, P„ = 3ft), and W = 5ft : also AB = 6 feet, 
the angle DAB = 30^, then the angles of a triangle whose sides are 
;=3, AE = 4,EC = 5,areCAE = 90°=BCA,AEC = 36*'.54' 
lECB; hence DBC = 90*^ — ECB = 53° . 6', and consequently 
;==DBC— 30°=23<» . 6'. We thus have AB = 6 feet, ACB = 
*, ABC = 23° . 6', whence AC = 2 • 354 feet, and BC = 5 • 518 



PROBLEM III. 

Two equal weights P, P,, balance themselves over any number of 

pulleys : to determine the pressure on each, (fig. 14). 

]' ladi of the points A, B, C, &c. are kept in equilibrium by three 

fcfces, viz. by the equal tensions on each side of it and by the pressure 

lit sustains, which latter is therefore equal and opposite to the resultant 

rfthe two equal tensions P, Hence, calling the angles at A, B, C, &c. 

[o, by Cf 8cc. we have 

the pressure on A = 2P cos. i a 

B = 2P COS. ^ b 

C = 2P cos. \ c. 

<fec. <&c. 
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PROBLEM IV. 

A cord ACB of given length is fastened to two hooks A and B, z 
a weight W is at liberty to slide by means of the ring C freely uj 
this cord; at what point will it rest? (fig. 15). 

It is obvious that if the two hooks were in a horizontal line, as 
B the weight W ought to settle itself at a point symmetrically situa 
with respect to the two points A', B, that is CA'B will be an isosct 
triangle, and therefore the angles A'CH, BCF, made with the harm 
tal line HF, will be equal. But if the hook be at A instead of at 
then the force in CA being the tension of CA, or the pressure uf 
the hook A, we may consider the hook to be removed and a h 
equivalent to this pressure to be applied at A ; but it matters not 
what point of its direction a force is applied, so that C will contii 
undisturbed if the force be applied at A', that is, it will make 
difference as to the position of C, whether the hook be at A or at - 
the tension of CA being the same throughout; hence the angles AC 
BCF are equal, and the tension of CA equal to that of CB. Prodr 
AC to meet the vertical ED in D, then the sides of the triangle BC 
being in the direction of the forces, are proportional to them; t 
triangle is moreover isosceles having CB = CD on account of the eqi 
tensions of CB, CD, or of the equal angles BCF, ACH; hence AD 
equal to the length of the string. We thus have given 

AB = flf, AD = /, EAB=a 
.*. AB=:acos. a, EB=:a8in. A 

Pri ^/n i T" tjo ^ ^* — a' COS.* a — « sin. « 

EU = V /» — a* COS.* a .'. BF = ; 

2 ' 

also, since 

DE : EA :: BF : FC 

„_, a COS. a ,, a sin. a , 

.-. FC = — - — {1 ■ 1 

2 v^/2 _ a* co8.« a 

these values of BF, FC determine the point C. 
As to the pressure p on the hook B or A, we have 



BF : BC : : i W : ;?, 
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BF : BC : : ED : DA 
DA ^ / 

le pressure may be found by first determining the angle D by 
s of the sides AE, AD; this angle being equal to BCY or ACY, 
ive, by calling it /3, and resolving the equal tensions p along the 

W 

2»cos. j3 = W ••. » = -. 

^ ^ ^ 2C08./3 

Jie very same way the problem may be solved, when, instead of 
;ht W acting vertically, any power acting obliquely be attached 

ring, for the lines BA', AE being drawn perpendicular to the 
on of this force and £D parallel to it, the above reasoning be- 

then obviously applicable to this case. 

I question may be viewed in rather a different manner from that 
, by considering that as the cord ACB is of constant lengih, the 
C, before arriving at a state of rest, must describe the arc of an 
3, and, moreover, that the place of rest must be at the lowest point 
)le ; hence the horizontal line HF must be a tangent at C to the 
J whose foci are A and B, seeing that every other point in this 
; is above that line ; hence, by the property of the ellipse, the 
1 BCF, ACH are equal, and, consequently, the tensions are equal, 
se their components in the directions CF, CH must be equal, 
s very clear, although we have not assumed it above, that because 
•rd passes freely through the ring, the tension of the part CB 
be communicated to the part CA, for nothing hindera this com- 
lation, so that the cord will be equally tense throughout. 



PROBLEM V. 



)ord of given length passes over two pullies, and one of its extre- 
; P is put through a small ring or noose at the other extremity C ; 
in weight W is then attached to P : it is required to deterinine 

D 
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the tension of the string when in equilibrium, as also how 
cord will hang below the ring (fig. 16.) 

The tension of CP is measured by the weight W, ar 

tension must be communicated to the parts CB, BA, A 

cord passes freely through the ring and over the puUie 

three equal concurring forces are in equilibrium, the angl 

their directions are each 120°; hence, drawing the horizo 

we have in the isosceles triangle ADC, the angles A, E 

to 30°, and the angle C equal to 120° ; consequently, a 

of AB, with respect to the horizon, that is, the angle BA 

we know in the triangle BAG the side AB and the ang 

which is suflBcient for the determination of AC, BC, and 

the place of C; also the perimeter of this triangle being t 

whole length of the string, leaves CP the distance of th 

the noose. 

If, instead of the loop or ring at C, the extremity 
fastened by a knot to BCP at a given distance from the o 
P, then the tension of CP, would not be freely commur 
or CB, but whatever tension CA had, the same would 
cated to AB and BC, for the rope being freely moveable 
could not rest so long as either of these tensions prevaile( 
tensions of CA, CB, as also the position of the knot C, 
mined in this case as in problem iv. 

PROBLEM VI. 

The extremities of a given cord are festened to two 1 
position, and to a given point in it is applied a power 
given direction : to determine the pressures upon the hoc 

As the point C in the given cord ACB is given, as als 
therefore the three sides of the triangle ABC are givei 
quently, the three angles; also, as the direction of YCl 
angles at Y are given ; hence the two exterior angles A< 
given. If, tlierefore, we draw CX perpendicular to ( 
a, a! will be known, so that calling the pressures on B ar 
we shall have, by the conditions of equilibrium, 

p cos. 0. — j9 cos. a' = 0, ;? sin. « -f jy' sin. a' = 
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/ = 



COS. a sin. a 4- sin. a COS, «' sin. ACB 

P COS. g p COS. a 

COS. a sin. «' + sin. a cos. a' sin. ACB 



Hie pressures;), p', therefore are to each other as the smes of the angles 
A, A or of the angles ACP, BCP; but this much we might imme- 
diatdy have inferred finom the property that when three forces equili- 
brate, each is proportional to the sine of the angle between the directions 
of the other two. 



OBAPTBlt ZZX* 

ON THE FUNICULAR POLYGON AND CATENARY. 

(25.) If a cord be kept in equilibrium by means of several forces 
P, P,, P,, P„ &c. acting at the knots pi , p^, Ps , &c. the figure Px^p^y 
pit &c., which it forms itself into, is called the funicular polygon (fig. 
18). We propose here to investigate the conditions of equilibrium of 
such a figure. 

And first it is obvious, that the several points /^i, p^^ &c. are each 
kept in equilibrium by the three forces which concur there; it is equally 
obvioiis that the tension of the string p^ p^ being the same throughout, 
there is the same pressure upon the knot/?,, as upon the knotp^, but 
exerted in the opposite direction, and the same of any two consecutive 
knots p,, Pz; PifPip &c. Hence, if the three forces which equilibrate 
Pg were applied to p^, the equilibrium of />a would remain undisturbed ; 
but of the forces thus acting on pa two would destroy each other, since, 
as just observed, the tension of Pi p^ presses the points p„ p^ with 
equal force but in opposite directions; we may, therefore, consider but 
four forces acting on pj, viz. the forces in p^ Pj and in p^ p.^ together 
with those in pi P, and in jpj Pj. Again, if the four forces equili- 
botbg p^ be transferred to p^, the equihbrium of p^ will remain un- 
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disturbed, and, as before, tbe two forces due to tbe tension of |>, p, 
will destroy eacb other, and thus the point p^ will be kept in equi- 
librium by five forces of which only one, viz. that in p, p^ will be a 
tension, the others being tlie forces P, P,, P,, Ps, originally applied 
to the cord at the knots p^, /?,, p^* Proceedmg in this way fiom 
knot to knot, it is plain that when we shall have arrived at the ItM 
knot or at the extremity of the cord that the point will be kept m 
equilibrium by the concurrence of all the forces originally distribotBd 
along the cord at the points p,, p^ &c. the directions of these §onu 
being preserved. 

From all this it follows then, that for the funicular polygon to entt, 
the intensity and directions of the several forces acting at the knots 
must be such, that if they were all applied to one point they would 
keep it in equilibrium, and that to find the direction and tension of the 
n ih side of the polygon it will only be necessaiy to ascertain what 
would be the direction and intensity of the resultant of all the lones 
acting on the n — 1 preceding knots, if diey were all to concur. 

It thus appears, that in the funicular polygon the conditions of equi- 
librium are the very same as if the forces all concurred, or were to be 
transferred parallel to themselves to a single point, so that if we assume 
three rectangular axes, and call, as before, the angles at which the 
several directions of the forces are inclined to these, «, «^, «,, &c. fi, 

Ptf ^2? &c* r? 73> r»? &c-» the conditions necessary to the existence of 
the funicular polygon will be 

P COS. a + P, COS. «j -|- PjCOS. a.^ -f- <fec. =0 
P COS. /3 4- P, COS. j3i + P^ COS. j8a + <fec 
P COS. 7 + Pj COS. y^ + Pj COS. yg, -f <fec 

^Vhen the forces all act in one plane, then two axes taken in this piane 
will be sufiicient, as one of these equations then becomes identically 0, 
the conditions being 

P COS. * + P| cos. ai + P, COS. a, + <fec. = ^ 

> . . . . (2). 
P COS. /3 + Pi COS. /3, + P, COS. /33 + &c. = 03 

To construct the polygon in any particular case, we must know not 
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only the inieDsities and directions of the several forces^ but also their 
points of application ; when these are known, we may easily construct 
the successive sides of the polygon: thus the resultant of P, Pi being 
determined, we shall thence have the direction and intensity of the force 
^^ P\ Pty and the point p^ being known we thus have the side /?, p^ ; in 
like aoamier the resultant of />, and the force in p^ p, just determined, 
will make known the intensity and direction of the force in p, p^, so 
that, as the point 773 is given, we may construct the second side p, p^, 
and so on till the polygon is completed. 

If any one of the forces were attached to the cord not by a fixed knot, 
as we have hitherto supposed, but by a moveable ring, then in the 
equilibiated state of the system the tensions on each side of the ring 
would be equal, and would therefore form equal angles with the force 
on the ring. 

In this way may the absolute tension between any two proposed 
knots be determined, but if we wish merely to find the ratio of the 
tensions of any two sides of the polygon, then, recollecting that each 
of three equilibrating forces acting on a point is proportional to the sine 
of the angle between the other two, and calling the several tensions 
t, tip.t2 9 &c. (see fig. 18,) we have 

t sin. a, <, sin. a^ t^ sin. a^ 

77 sin. a ' #j sin. a^ * t^ sin.tf^ ' 

Multiplying these equations together, and omitting the factors common 
to both numerator and denominator, we have generally 

t sin. flj sin. 03 sin. 05 .... sin. asn~i ,o\ 

t* sin. a 8in.a3sin.a4 .... sin. a3Hr->2 

Should, therefore, the angles «, «,,a2,&c. be equal throughout, the 
tension will be uniform throughout, and, conversely, if the tension be 
uniform throughout, the angles must be all equal; when, therefore, the 
angles are equal, the uniform tension of the cord is measured by either 
of the extreme forces P, Pn, which are necessarily equal in intensity, as 
they measure the equal tensions of the extreme sides of the polygon. 

(26.) The most important case of the funicular polygon is that in 
which the several forces Pi, P2, &c. (fig. 19,) are weights, acting in the 
same vertical plane upon fixed points of the cord when suspended at 

d2 
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its two extremities P, ?«, (fig 19), we shall therefore consider this case 
in particular, and first we may remark, that the polygon so formed wiU 
lie wholly in the vertical plane of the forces, for of the three equiUbratnig 
forces concurring in pj, two, viz. those in /?, P, and in p, Pj, are in 
the vertical plane ; therefore the third, or that in p, p,, must be in the 
me plane; also, tliis last and that in p^ P, being in the vertical 
plane, the force in p^ p, must be in that plane, and so on. Let us 
then draw in this plane the horizontal and vertical axes PX, PY; the 
angles a, ai, &c. which the directions of the forces make with the first 
of these axes, are each equal to 90°, and the angles /3, /3,, &c. made 
with the other axis, are each 0; hence, denoting the sum of all thci 
weights P, P, , &c. by W, the equations of equilibrium (2) at page 
28 become, in this case, 

* 

P COS. a -^Tn COS. An = *! 

S . . . . (J), 

P COS. j3 + P« cos. /3« H- W = 3 

where P and P™ are the pressures on the two points of suspension; 
these pressures are therefore readily determinable if the angles «, ««, 
that is the directions of the extreme cords, are given, there being no' 
necessity to know the situation of the knots, nor yet the separate forces 
P,, Pj, &c., but only their sum W. All this, indeed, may be deter- 
mined from the equations themselves; thus, let t represent the tension 
of any side of the polygon, and let us put a for the angle it makes with 
the horizontal axes, and b the angle it makes with the vertical axis. 
The tension t may be considered as exerting a pressure upon the knoC 
at that extremity of the proposed side which is farthest from the point 
P, so that substituting this pressure for P„ in the equations (1) and 
calling the sura of the weights between P and this knot iv, we have 

P cos. a -^ t cos. a = ) 

P cos. /3 4- ^ cos. b-\-w=zO J 

two equations from which the two unknowns t and a may be dete^ 
n)iiied, and thus the intensity and direction of the force in any side <rf 
the polygon ascertained; and, from knowing the intensities and directions 
of the forces in two adjacent sides, we find the intensity of the vertical 
force at the angle by taking the resuHant 
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As to the ratio of any two tensions, it is involved in the general 
expression (3) of last article, which, because in the case under con- 
sideratwo a, is the supplement of a,, a^ the supplement ofa^, and so 
on, reduces to 

t _ gin«ga,.i 

tn sin. a ' 

in like manner 

t sin. aan/:— 1 



tn' sin. a 

tn' sin. ffj,— I 



tn sin. asii'-i * 

so that the tensions of any two sides of the polygon are reciprocally as 
the sines of the angles which they form with the vertical axis. 

Since these angles are the complements of those which the same 
sides form with the horizontal axis, we may substitute the cosines of 

these latter for the sines of the former, or because cos. =: we may 

sec. 

say that the tensions are directly as the secants of their inclination to 

the horizon, 

(27.) The Catenary, By referring to equations (1), last article, we 
see that they express the conditions of equilibrium of these three forces 
acting at their point of concurrence, viz. the force P inclined at an 
angle « to the horizon, the force Pm inclined at an angle ««> and the 
vertical force W. Hence, in our polygon (fig. 1 9), if we produce the 
directions of the pressures P, P«, that is the extreme sides of the polygon, 
the point O in which they meet must be the point of concourse of 
which we speak, at which the vertical weight W and the pressures P, 
P, acting maintains the equilibrium of O ; these pressures are there- 
fore the same as if all the weights acting at the angles of the polygon 
were collected and applied at O, it would therefore not be improper 
to consider W so applied as the resultant of all the original weights. 

If we suppose in our polygon the weights to be attached at equal 
distances, the less these distances are taken the greater will be the 
number of sides of the polygon, and, consequently, the figure will 
approach the more nearly to a curvilinear form, which form it must 
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actually assume when the distances between two consecutive weights 
become 0, that is, when the weights act upon every point of the coid; 
now this is the same as considering every point itself to be weighty, so 
that the curve, of which we speak, will be that which a perfectly flex3>le 
physical line or chain actually assumes, when suspended at its extie- ' 
mities. It is called the catenary curvcy (fig. 20.) 

The direction of the pressures on the points of suspension will, obvi- 
ously, be tangents to the catenary at those points, and, from what has 
been said above, it appears that the point O, in which these directi<ms 
meet, would be kept in equilibrium by the pressures or the tensions of 
the lines OP, OP», and by the whole weight W of the chain suspended 
atO. 

(28.) Let us seek the equation of the catenary, supposing that the 
cord or chain is uniformly heavy throughout, that is that the lengths of 
any two portions are to each other as their weights. Taking the hoii- 
zontal and vertical lines AX, AY, for axes of co-ordinates, we shall havt 
for any point M, Pm = x, mM r=zy and PM = s; and the portion i 
of the cord is held in equilibrium by the tensions at P and M, acing . 
in the directions OP, OM of the tangents at those points and alflOJbf 
the weight of s; or the point O is held in equilibrium by the same tew 
sions and the vertical weight s, the relation therefore between s and the 
tensions is determined by the relation between the sines of the angles' 
about 0, that is (14) 

sin. POM _ s 
sin. MO* p ' 

where p represents the pressure on P. Now 

sin. POM = sin. (lOM + POI) 

= sm. lOM COS. POI + cos. lOM sin. POI 
= sin. m MO sin. a — cos. m MO cos. *. 

consequently, since w?MO = MOs 

sin. POM 

. m,.^ = sin. ft — cot. m MO cos. «; 
sm. MO* ' 

but (Di^.Ca/c. p. 112.) cot. 7wM0=—: hence 

dx 

• ft 

1 



h 



r - 
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-. = siD.a— ^COg.a.-.t=;,gln.*-|i^COi.a...(l), 

whidi is the differential equation of the catenary. 

We may obtain a differential equation, involving only r and y, pro- 
vided we differentiate this widi respect to x and substitute for — its 

dx 
equal 



W we thus have 






Nl+--=^;,COS.--^- 



'. 1 = — ;>co«. a — — 



^ rfx» 

The numerator of the fraction in the second member of this equation 
will obviously be the differential of the denominator if we multiply it 
by dj^; by doing this, therefore, and then integrating the equation, we 
have 



= — /) COS. « N 1 4- -J^ 
from which we get 



y =— ;»cos.«>I 1 + -^j^-hc, 



dy V(c — y )^'—p^cQA^a 

ax p COS. a 

It remains to determine the constant c, for which we have this con- 

dy 
dition, viz. that when x = and y = 0, that is at the point P? T" '^ 

tan. a so that for this point the equation (2), just deduced, is 

sin. a vc' — j»*cos.'a 
tan. a = = y 

COS. a p COS. a 

dy 
* This is the same as multiplying both sides by -f- and then multiply- 

dx 

ing by dx, to prepare each side for integration. 




7- 



34 ELEMENTS OF STATICS. 1 



.,.*- 



tfj 



or 

/> sin. • = ^/^a _^a coa.a . 

••. c* srjJ* (sin.* a + COS.* «) ^/>' 

hence the differential equation of the catenary (2) is ^•- ' 

dy s/{p—yf'-p^coBJ7 . 

-r- =S — • • • K^J- 

ax p COS. a 

dj/ 

If we substitute this value of-—, in the equation (1), there results 

dx 

8 szp Sin. a — \/(;i— y)*— ;?«cos.«*. . . . (4), 

which expression, for the length of the arc, proves that it is rectifial; ; 

In order to obtain an equation between x and y, independent ' ' 

differentials, let us put in (3) 

p — y = «, /> cos. a s= a, 

then dyss — dz and the equation reduces to 

dz 
dx=s — a • , .... (5) J 

V2* — a* 
to render this rational we must assume 

n/^* — a* = « — a', 
from which we get the equation 

which differentiated gives ^^ 

idsZ + z'dizsix'dt' 

dz ' d^ ,. , 

- = — 3r=— rflog.s; 



'\ ' 



. . 



that is, from (5) 

dxssiad log. z' .*. ff =: a log. s' -f c 

that is restoring the value of «' 
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« = alog. {i — \/,«-_a«} ^c; 

[KstooDg the values of 2 and a 

:jlCOl. • log. { (p — y) — \/(p — y)» — />« COS.* •} + e . . . (6). 

' wwfcDt c may be determined from the condition that jt = when 
tO, ie origin being at P, this condition gives 

<? =— pco8.«log. {;>(1— -rin.tt)}, 
Etetiie equation (6) is 

*=,.,..iog.{ <^-y)-^f-^^+> 'lf!iLY..(T). 

^ />(1 — sm. ft) ' ^ ' 

Voder to determine the lowest point in the catenary, or that point 
mA tibe tangent of the inclination to the horizon is 0, we must put 

fcoiD (3), which will give for 1/ the value 

y=^p(\ — cos. a) . . . (8), 
I this put for y in the equation (7) gives 



x=spC08,a\0g, 



COS. a 



1 — sin. 



. . (0;j 



jf 4e length « of the cord hanging between the point of suspension 
^ the lowest point is, by equation, (4) 

I 
I 

8 ^=,p sin. «... (10). 

).) If both points of suspension F, Pn, are in the same horizontal 

portion of the cojd between P and the lowest point will, obvi- 

be equal in length, and symmetrical in figure to that between 

the lowest point: hence the value of « in (10) will be half the 

of the cord. When, therefore, we know the horizontal distance 

die points P, P„ and the length L of the cord, we may by help 

last three equations determine the angle « and the tension "p : 

^dividing (9) by (10) we have 
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D COS.* , COS. a ,-,- 

-r=l ^^S^ -. : ; .... (11) . , 

L sin. a 1 — sin. a 

.' -.i.i-. 
an equation from which, the unknown quantity a, may be det^nuf^ 



i'lt 



by approximation^ after which p will be given by (10), viz. 

^ 2 sin. a ^ 

knowing, therefore, a and p, we may readily find the tension ^ at any 
point of the cord; for if s be the length, hanging between P and to 
point, then from equations (2) art. 26 

p cos. a-^t cos. a = -v 

pcoa, p '\-tcoa, & + * = s ... (13); 
also 4 

COS.* a + COS.* 5 = 1-' 

from which, cos. a and cos. b being eliminated, there results for t the 
value 

t = vp* — 2ps sin. a + «* 

= v^*cos?* -|- (/?sin. a— «)' .... (14) 

This expression we may simplify and render independent of p; thus, 
substitute for s the value in equation (10), and we shall thus have Iv 
the tension a at the lowest point A, 

a =/> cos. A =, (equa. 12), J L cot. «... (15); 

consequently, by substitution, the general expression for t is - • 

J 

^=>/^L2cot.»« + (iL— «)«.... (16) ... i 

k 

and from this we may get the value of cos. g, by means of the fdii*\it ^ 
(13). It thus appears that when a flexible cord, or chain of "gifliii- ( 
length, is suspended from two points, at a given distance from 4^ 
other, in the same horrizontal line, we may always determine its teMHNi- * 
and direction at any point. 

(30.) The general equations of the curve (4) and (7), as also the 
expression (14) for the tension at any point, will become simpler in 
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foim, if the origin of the axes he taken at the lowest point A of the curve; 

fee confining ourselves to the consideration of the branch A P«, we may 

view A and P. as the two points of suspension of the cord A P„ in 

wUch case • = 0, and as yy which has heretofore been measured down- 

wudt, will now be measured upwards^ we must change the sign which 

it cairies in the preceding formulas when we wish to adapt them to 

this anangement of the axes. Calling the tension at A, « , we thus liave, 

by equation (4), 

t=:\/2ay^-7 .... (1), 
also from equation (7) 

.= alog. r+^+f^^ j....(S), 
or iince by the equation just deduced 

we may put the last equation under the form 

i zz a log. { — ■ — } .... (3). 

The expression (14) for the tension t at any point will be 

t = ^Ja^ + *2 .... (4). 

All these equations involve the unknown tension a, but this may be 
detennined by trial from (3), since we know the values of x and &- in 
one case, viz. s = ID and i = |L. By means of this value of i and Uy 
tfans determined, we may obtain y, that is the length of A A', or the 
diHance of the origin A from the middle of P Pny^^d knowing thus 
\ the position of the axes, the curve may be constructed from its equa- 

\ U0D(2). 

) We shall now give an example of the preceding formulas. 
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PROBLEM I. 



(31.) The length of a heavy flexible chain is just double the hori- 
zontal line, joining the points of suspension to determine the pfWiaR 
on these points, the inclination * to the horizon, &c. 

It is obvious, from equation (11 , p. 36), that it is sufficient to koow % 
ratio of the length L to the distance D, in order to determine the angle*. • 
We shall not, however, employ this formula, but that above mulBd 
(3), as this is of more easy application. If then, in this fbrmuk, m 
suppose $ equal to half the length of the chain equal to 1, then «, wideh 
is half the horizontal distance between the points of suspensioDy linat 
be k; moreover a will then be cot. a (equa. 15, p. 36): hence wtB ahaE' 
have 



t=aiog.{ ~^}; 



the logarithm here indicated being hyperbolic, it will be convenieitf to 
convert it into a common logarithm which requires that we multipty its 
value by -43429, so that 

•21715 = «log.{i±^^±i}. 

Now the first side being little more than |, a near value of n, at odm 

presents itself, viz. a = J = 2, which substituted in the second member 

gives 

•2 log. 10-099 = '20086 j 

a result which is rather too small; let us, therefore, take a a little iaigCTi 
making it « =: ^ = '25 ; the second member will then be 

i log. 8*1231= -22743, 

i 

which is a little greater than the true result. Hence by the knowQaie > 
of trial and error, since the diflerences of the results are nearly jit Ite i 
differences of the suppositions which have led to them, we have 

•22743 — -20086 = -02657 : -22743 — -21715 = 01028 : : -05 : 'OVH 

.-. a s -25 — 0194 = '2306 nearly. 
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To obtain a still nearer approximation to the truth, let us now assume 
ff=*23, then the second member of the equation in a b 

•23 log. 8-8092 = -21735, 
■nd M tins is a little too great, let us, finally, put a =-22 and we have 

-22 log. 9-1996 = -21203 } 
oonaeqaently, 

•S1TI6— -21203 == -00532 : 21735 — -21715 ss '0002 : : -01 : 00037, 

.-. a sr -23 — -00037 = -22903. 



1 

) 



now in the tables for the natural cotangent corresponding 
to this number, we find for the angle a, or the inclination of the chain 
to the horizon at either point of suspension, the value 

ft = 77°, 4' 

tiienfove putting /^| L, the pressure on these points is (equation 12) 

_ / _ / 
^~ sin. a ""-97463 * 

and the taision at the lowest point A is (equation 15) 

a = /cot. A = '22963/. 

Abo for the distance of A, below the horizontal line P Pn, we have 

(equation 8), 

y z=zp (1 — cos. a) = -79638/. 

the depth of the lowest or middle point. 

PROBLEM II. 

A heavy flexible chain, 100 feet in length and weighing 1000 lbs. is 

mpoided at its extremities to two fixed points, in the same horizontal 

Mm^ 05 feet 1 J in. asunder. Tt is required to determine the greatest 

depth of the curve, the tension at the lowest part and the tensions at the 

points of suspension. 

In this example the ratio -— is -95125; hence, as in the former 

1a 
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problem, we shall have to determine a, or rather cot. «, from the equa< 
tion 

•43429 X -95125 = -41312 = a log. {—^- -^--~}. 

7 

After a little consideration vte find that a = — = 1-75 is a near Taloe, 

4 

substituting this, therefore, in the last member, we have 

-^ log. 1-7232 = -41359} 

this being a little greater than the true result, let us take ^ = 1- 7, and 

we then have 

1-7 log. 1-7484 = -41249; 

consequently, 

•41359 — -41249= 0011 : 41359— 41312 = -00047 : : -05 : -02136 
.-. o = 1 -75 — 02136 = 1-72864 nearly. 

Again, let a = 1* 73, then 

l-731og. 1-7331 = -41316. 

Comparing this result with that obtained by the first supposition, we 
have the proportion 

•41359 — -41316 = -00043 : -41359 — -41312 = -00047 : : '02 : -02219 

.-. a = 1-75 — -02219 = 1-72781, 

this number corresponds to the natural cotangent of 30°, 4', therefore, 
for the inclination a we have 



,0 Af 



a = 30°, 4 

/ 50 

.-. pressure, p = — : = = 99-8 ft. = 998 lbs.* 

sm. a -50101 

also tension at A, a = / cot. a = 50 X 1-72781 = 86-4 ft. = 8641bs. 
and distance of A from P P«, y ^ /> (1 — cosl a) = 13-4 ft. 



• Because the weight of a foot of the chain is lOlbs. 
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PROBLEM III. 

K chadn of given length, 2 / hangs freely over two given points, in a 
hoDionlal line, in what position will it rest (fig. 21). 

When the chain is at rest it is plain that what in the former problems 
was the pressure upon the points of suspension P, P«, will here be 
equivalent to the weight of either PP', or of P«P«', the parts hanging 
vertically, these parts are, therefore, equal to each other, aod to what we 
liBve hitherto called p; hence, calling half the length of the catenary s, 
the expression for / will be (equa. 10, p. 35,) 

/ = # +;i=;?(8in.a + l) .... (1); 

alfo tiie expression for half PP» or t is (equa. 9) 

^ 1 — 810. a ^ ^' 

diridiDg this by the last equation we have 



/' 


=: 


1 


COS. a 

-{- sin. 


a 


log. 




COS. a 




/ 


1 


— sin. 


a 




=: 




sin. /3 




log. 


T 


sin./3 
— cos. 






1 


-\- COS. 


P 


P 








tan. I R 


\no 




1 


• 





"^ ° tan.4/3 
= — tan. ^ /3 log. tan. j^ fi ; 

&e first member of this equation being given, it follows that to determine 
• For _?i'll^- = ^^lE^Ih = J LH^^ = tan. I ^ 

*^°'l+C08./3 1+C08./3 >ll+cos./3 

X ,„ sin. /3 
{Gregory's Trigonometry, p. 4T.) In like manner, -y— = 

f Tf COS. P _ 1 

Nl -I-C08. /3 ■" tan.i/3' 

£ 2 
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p the angle, at which the chain is inclined to the vertical, we have only 
to find by trial a number such that when multiplied by its logarithm, 
the product shall be equal to a given number. When this is found, 
a becomes known, and from the above equation (1\ we get 



P = 



sin. tt •{' l' 



which gives the length of that part of the chain which hangs verti- 
cally on each side of the curve. 



PROBLEM IV. 



Given the distance 2/' between two fixed points in the same hori- 
zontal line, to determine the length of the shortest chain that can remain 
suspended, as in the preceding problem. 

We have just seen that 

~ = — tan. i /3 log. tan. ^ /?; 

and as / is to be a minimum, y must be a maximum, /' being constant, 
that is to say, calling tan. ^ /3, x, 

— xlog. » = — log. jc* = log. — = max. 

I 

►•. -- max, or a' = min. 
x* 

This equation is solved at page 72 of the Differential Calculus, where 
the value of x is found to be 

_ 1 _ r 

•"■■7-2.7J828i8... = *^-*^ 
.-. coUn. J /3 = 2-7182818..., .-.i/Jss: 20^ 12' .-.^ = 40°, 24', 
It appears, therefore, that in this case we must have 
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r 1,11 

-j- =— — log.~ = --..-. / = tfr = 2«7182818r. 
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» that if the distance 2/* between the fixed points be 10 feet, then die 
length 21 of the shortest chain, which will suspend itself by hamrinK 
orar them, will be 27182818 feet 
For the lengdi of each part of die chain hanging vertically we have 

^"■«in.«-f 1 ""cos.jS+l^acos.'i/J""*'^^'^*^-'*^) 

md for the distance of the lowest point in the catenary from the hori- 
mtd line 

■ y -. v COS. a 

S y=:;»(l— «>..«)=/— /^-p^j—=;, — / tan. 1/3 

=i/(i+i)_|=i/{i-L}.. 

For farther particulars respecting the curves formed by flexible lines, act- 
ed on by different forces, as also respecting those which elastic lamins 
assume under like influences, we must refer the student to Professor 
WkewelPs Mechanics, chap, x and xi, (the first edition of this work is 
bere referred to,) where these matters are very elaborately treated, and 
at great length. 
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CBAPTBlt ZV. 

ON THE EQUILIBRIUM OF A POINT ON A CURVE OR 

SURFACE. 

(32.) If a material point be placed upon a curve surface, and be kept 
in that place by the mutual action of any number of forces applied to 
it, the resultant of these forces, must be in the direction of the hobmI 
to the sur&ce, and must be equivalent to the pressure which the 
&ce sustains. For, if the resultant had any other direction^ we 
decompose it into two, one in the direction of the normal, and the < 
in the direction of a tangent to the sur&ce; the first of these 
opposed by the resistance of the surface, but the second, beii^ x 
posed, would cause the point to move. Considering, thereim^ 
resistance which the sur&ce opposes to the normal force, as one of i 
system of forces acting upon the proposed point, we may altogedier dl^ 
regard the surface and view the point as a free point kept in equiUfariai; 
by the system offerees P, Pj, Pj, &c. and N; and, hence, wehMfc 
same equation of condition as in (22), that is putting 0, O', ff', iat ik, 
angles which N forms with the three rectangular axes, we have ''^' ;^ 

N cos. d + P COS. a + P, cos. ft, -f Pj cos. a, -j- &c. ssO 
Ncos.0' +PC0S./3 + P, cos./3, + P,cos./33-f &c.r=0 
N cos. 0"+ P cos. y + Pi cos. y, -}- P^cos. y, + <fec. s=0; 

or, putting as at (22) X, Y, and Z, for the sums of the componaaH 
along the respective axes, the three equations may be written 

N cos. + X = 0, N cos. e' + Y =0, N cos. 0" + Z =0 . 

Now we must here remark that the angles 9, 9", 0", which 
the direction of the force N, are entirely dependent on the eq 
the surface, and on the coordinates of the point to which tiie 
P, Pj, &c. are applied. Knowing, therefore, the equation of the 
and the position of the point, we may always determine the 
in which the resultant of the applied forces P, P„ &c. must 
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i ensure the equilibrium. Thus, the equatioo of the tur&ce 

ti = F(ap,y,«,) = Oi 
ive,(Di^. Cak.ip. 164,) 

du ^ du -,, du 

COS. = 9-T-, G08. ^=rt;-~, COS. ^'=sp — , 
dw dy dz 






\di^ . rf»/« . du^ 
dx' ^ dy^ ^ dz^ 

ahies of cos. 9, cos. G', cos. 0"', being thus found, if we substitute 
n the equations (1) and then eliminate N between each two, we 
ibtain two equations expressing the conditions which must exist 

I the applied forces and their inclinations to the axes, in order that 

esultant may be a normal force. Indeed, to obtain these equa- 

we Deed not take the trouble to first calculate v, but may simply 

du du du 
ttole — ^,--,and — , for 0, 0', and &\ respectively, because v dis- 
dx ay dz 

18 with N. It hence appears, that by means of the equation of 

i&ce and the position of the point, the equations of equihbrium, 

aJly three, become reduced to two. If, indeed, one of the axes 

rence, as the axis of z, coincide with the normal, and, consequent- 

ginate at the point, then to find these two equations it will not be 

ary to know the equation of the surface; for then the equations 

II be 

P COS. a -|- P, cos. *, -|- Pj COS. a, + &C. = 

P COS. /3 -f Pj COS. /3, + P, COS. /3a + &c. = 
N -f P COS. 7 + Pi COS. 7, -f- Pj COS. y, -|- Ac = ; 

o first of which are all that are requisite to establish the equilibrium, 
these hold, the third must necessarily hold, since the intensity of 
)rmal forces or pressures may be any whatever, without disturb- 
« equilibrium. This third equation is necessary, however, to de- 
le the resultant of the applied forces, or the intensity N of the 
> normal pressure. 
L) Having thus briefly noticed the conditions necessary for the 
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equilibrium of a point on a sur&ce, viewing the matter in die vtiam 5:e 
generality, we shall now consider the equilibrium under moreparticolli ^'. 
circumstances, taking those cases only, which are likely to present them- 
selves in nature, where the acting forces are gravity or weight. 

In this point of view, where we are to consider the means of retain* 
ing a heavy point on a given sur£au^, the problem becomes very mndi ^ 
simplified from the following considerations. A heavy body (considenil 
as a point) placed upon a surface, will, unless it presses entirely in tti ^v 
direction of the normal, tend to move on that sur&ce towards the lioll' ^ 
zon, and this tendency will be in a certain determinate directioD, m 
in that direction which is nearest the perpendicular to the horizon. . ^ 

Now if through the point at which the body is placed ataiigent.plMil ,,, 
to the surface be drawn, and from the same point a tangent line^ pa>« 
pendicular to the horizontal trace of the tangent plane, this tangoDl ^ 
line will, obviously, be shorter than any other drawn from the nsH «i 
point to the same trace; hence this tangent line must be mof8 aeii^ ^ 
perpendicular to the horizon than any other through the body's 



and, consequently, in the direction of this line the body will tend-.lB 
move; the very same conditions, therefore, which would be 



-:a 



to counteract the tendency to move on the surface, would be 
to counteract the tendency to move if the point were placed on tiUi 
line, instead of on the sur&ce ; we may, therefore, in seeking the oa|d^ 
tions of equilibrium, substitute the straight line, of which we areifMlkfr T 
ing, {oT the curve sur&ce. The position of this line is always detOEBpfr 
nable from the equation of the surfece, for the trace is found by pittim ' 
in the equation of the tangent plane, z=zO, supposing the plane cf '^ 
xy to coincide with the horizon, and the line sought will be representff ^ 
by the equations which characterize the perpendicular to this ttaf$ ^ 
through the given point. In the vertical plane through this line miat 
the forces act, so that we may resolve each into two, one acting in tfcji 
line, and the other in a line perpendicular to it; the sum of the fbica i. 
acting in this latter line, be it what it may, will be counteracted by the 
resistance of the line, so that to establish the equilibrium it will ma^ 
be necessary that the sum of the forces, acting in the inclined line, beO. 
Hence we shall need but one equation of condition; and, indeed, m 
whatever two rectangular directions the forces be resolved, the conditioM 
of equilibrium will always be expressed in a single equation. ForciO- 
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iog the resistance of the line R, and the sum of the components of the 
otfaef forces X and Y^ we know that the conditions of equilibrium are 

X _ p ^ 
r X + Rcos. a=:0^ ( COS. a / 

sin. a ^ 

Kow each of these equations exists separately , whatever be x, or what- 
ever be Yf because R is always equal, and opposite to the pressure 

X Y 

or — : 9 whatever this may be ; and, as the equilibrium re- 
cos. * sin. a 

quires that they exist together y it is merely necessary that we have 

X Y 

= -: orXtan.* — Y = .... (B.) 



coa* a sin. a 



If we take the axes of components the one parallel and the other per- 
pendknlar to the horizon, then the angle a (fig. 22) will be obtuse, and 
COS. • as ..— cos. a = — sin. i and the equation of condition just deduced 
is, tiierefiney in this case, 

X-hYtan.i=0 .... (C); 

m 

i being the inclmation of the line of support to the horizon. It must 
bt remembered that when this equation is satisfied, and we wish tode- 
tpgmifift the resistance R or the pressure on the line, we must recur to 
one of the equations (A). 

F^m what has now been said, it appears that the equation (C) ex- 
pmaes the conditions of the equilibrium of a heavy body upon any 
enrve maface, i being the inclination of its tendency to move, in virtue 
of its weight, to the horizon; and the horizontal and vertical axes of 
components being taken in the vertical plane of this tendency. 

We shall now pioceed to the solution of a few problems. 
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PROBLEM I. 



(34.) Given the inclination t, of the straight line AC, to the hd 
ABy and the weight of a heavy body W to determine what weiA ^ 
acting in a given direction, W M will be sufficient to sustain W If 
line (fig. 23). 

Here are three forces acting at W, viz. the weight W in the vv 
direction ^^^fy the resistance of the line AC acting in the perpenfl 
direction WR, and the weight P acting in the direction PM , m 
these directions are given: hence, as one of the forces W is gifH 
have enough to determine the other two. ^ _ 

Let us call the given angle CWM, e, then CWQ befaig eVfl 
90 H- i, we have MWQ=:90 + i + «, which call 9, then we hli | 

i 

sin. MWQ=sin. 9, shi. MWR = cos. c, sin. RWQ = sin. QWN ai' 
consequently, calling the resistance WR, R, 



W cos. C COS. C COS. C '. £ 

P sin. I sin. i ^ 

W— - — — — — .•.It ^— W — • 

COS. c cos. e 

If the power P act along the plane, then € = 0, and, consequent^ 
this case, 

R = W COS. I , P = W sin. I 

P sin. I 

•*• "5" ^ :• 

H COS. I 

If the power act in a direction parallel to the horizon then « =s- * 
hence 

R=W-l-. = Wsec.t,P = W?l!^* 

cos. t COS. I ' 

p 

.*. -5-^sin. t. 

If Jhe power act in a direction perpendicular to the horixon, 1 
9 — 180°, also cos. c == sin. t, therefore 

R = 0,P=Wj 
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i'jkexe must be no pressure upon the line, and, therefore, the 
[P must be equal to the whole weight which it sustains. If we 

I die power to act perpendicularly to the line, then c := 90° 

, (t + ^ 3^^- h ^ncl the general formulas give 

„ _„ sin. t ,> «. sin. 1 

ii^tions shew that the equilibrium cannot be maintained under 
ices, unless an infinite pressure is exerted on the line 
infinite power P. On reviewing the foregoing results it 
the power P, necessary to support a weight W on an in- 
\pbie, will be the least possible when it acts in the direction of 

j; indeed it is plain from the general expression P = \\ , 

cos.c 

'viU be the least possible, i remaining the same, when cos. « = 1 . 

ilad solved this problem by the method of resolution, tak iii^^ 

hues WC, WR, as recommended at the former part of 

then the single equation of equilibrium of which we hn\ e 

[en would have been 

Pcos.£ — W8in.t = .... (1); 
we immediately get the value of P sought, viz. 



P = W 



sin. t 
cos.c' 



btennine the pressure we must employ the equation furnished by 
ilber component force§,-:viz. those acting in/ WR, this equation is 

R-I-Psin.e— Wcos.i = .... (2) 



•.R = 



sin . I sin, e — cos, i cos, c __ 
R, ^s W '-^——~ ■" ~~~ 

COS. £ 

„ COS. I COS. £ — sin. 1 sin, e _ cos. (f -f «) 
W ~ ~~ 



cos. e 



cos.c 



ly employing the second, mode of resolving the forces, that isaccor- 
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ding to horizontal and vertical axes, we should have for the condii 
of equilibrium the equation (C), in this case, 



sin. I 



PCO8.(€+t) + {P8in.(€+t)-W}^^. = 0. 

whence 



P cos. 6 cos,' I -|- P cos. f sin.* i ^ W sin. f 

.'. P cos. c = W sin. f .•. P = W — '—. 

cos.c 

For the resistance R we must employ one of the equations 
taking the first we have 

p cos, (t -f _ j^ _ ^ COS. (£ -f- 

sin. f cos. c 

as before. 



PROBLEM II. 

Given the position of the line AC, and of the pulley iVl, as als 
weights of W and P, to determine whereabouts W must be placet 
the equilibrium may be possible (fig, 24). 

The perpendicular MM' is given because the position of M ai 

AC are given. Call this perpendicular a; then by equation (1) 

proposition, 

W 
COS. « = -p- sin. I 

>/pa -_ w=» sin.* i 
.*. sm. £ =s . 

P 
Now WM sin. €= MM' = a 

a Pa 

.-. WM = „T«— . =17: 



sm. « sin. t ^ pa __ ^, gj^ a ,' 
an equation which determines the place of W. 
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PROBLEM III. 

• 

Two weights W, W, attached to the extremities of a string, whicli 
passes Offer a fixed pully, mutually support each other on two inclined 
planes (% 25), to determine the relations between VV, W, the tension 
of the stringy and the pressures on the planes. 

Hae each weight is supported by the tension of the string which is 
the tame througfaout; this tension will then be .the same, as regards each 
body* as the power we have hitherto called P. 

H dtesefiMne, we designate the angles concerned in one of the planes 
as IB problem i. we have 

R __ cos, (t ^ c) P __ sin, t 

W cos. € W COS. c' 

In like maimer, for the other plane we have 

y _ cofl. (t^ -f O P _ sin. *' . W _ sin, t" cos. £ 
W"" co«.€' ' W'""cos. «' •*• W "■ sin. • cos. «' ' 

winch equations exhibit the relations required. 

If die pulley be fixed at* the intersection of the planes, so that the 
ftniy acts in each plane, then e = 0, c' = and 



W sin. i' C A 



W sin. I C A" 

dat is, the weights are in this case as the lines on which they 
int 

It has been already observed that when the weight rests on a point 
of a curve, the conditions are the same as if it rested on the tangent 
Boe through that point; the inclination of this line to the horizon, 
which it is necessary to know, may be determined when we know the 
eqiiation of the curve, referred to vertical and horizontal axes, and the 
eooidinates of the point where the body is placed. If we resolve all 
the forces which are applied to the point, in the directions of the axes, 
ttdcall the inclination of the tangent line to the axis of x, i, then we 
haow fiiat the conditions of equilibrium will be expressed by the sin- 
lb equation (C), at page 47, viz. 
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X-|-Ytan.i = 0; 

but, if x,y are the coordinates of the point, we know {Biff. Calc. p. 112,) 

(1y 
that tan. i = — , hence the equation of condition is 
dx 

If a weight W be supported on a curve by means of another 
weight P (fig. 26), hanging vertically, the two weights being connected 
by a flexible string passing over a pulley, then it will be most convenieBt 
to take the vertical line MX as axis of x, and the horizontal line MY 
as axis of y. In this case we shall have the foUovnng values for the 
forces X and Y, viz. for X we shall have the weight W diminished by 
P cos. MWn = P COS. W Mw, and for Y we shall have — P cos. MPw, 
that is, putting MP = r, 

X=W— P— 

r 

Y = — Pi^: 
r 

substituting these values in the above equation, we have 



but, since 



2 2 12 ^^ . (ly 



hence the equation of equilibrium is 



T,r « dr 

'''-'^^=" • • • • w. 



PROBLEM IV. 



A given weight W rests upon a circular arc, as in fig. 26, being support- 
ed by another given weight P, by means of a string passing over a pul- 
ley, fixed at a given point in the vertical line MX, passing through the 
centre C : to determine the position of W. 



EQUILIBRIUM ON A SURFACE. 53 

Refenring the ctirve to the vertical and horuontal axes MX, MY, 
and calling MC, x% we have, for the equation of the curve, 

« lubfltitiiting /, the length of the string M W, for x* -f- y« 

HcMc differentiating with respect to x 

ax dx I 

JO llat te general equation of equilibrium (2) is, in this case, 



nhidb gives the position of W. Or, because 
P=:^ + y« = r»-}-2»'*-x'«,.-.x = M»t={^ + l}~- 



W« ' ' 2 2if 



PROBLEM v. 



Instead of a circle let the curve of support be an hyperbola with its 
tnmsveise diameter vertical, the pulley being in the centre (fig. 27). 
The equation of the curve is 

«d the expression for /, the distance of any point in it from the centre, 
'm{A3ial, Geom. p. 99,) 






a' + h^ 
^ being put for ;— . Hence, by differentiating, 

,d/ , dl e^x 

dx dx I 

mk te equation of equilibrium is^ therefore, 

r 2 



I 
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e'j? 



W — P — = 

.'. y = COS. Z. M = -p^- 

This fixes the position of W ; or if we substitute for / its value in terms 
of e and x, as given above, we shall have 



^2 — _: »a ^ 



.*.x = 



e v^wa — P« e* 



s:M»2. 



It appears from this expression that the equilibrium is impcMsibSe if 
W is less than Pe; and if W =Pe the point of rest tnust be at an in- 
finite distance. 



PROBLEM VI. 

It is required to find a curve such that a given weight P hangiDg 
over the pulley may balance another given weight W at every point of it 
(fig. 28). 

We have here to find a curve such that the equation 

dr 
W — P r-=0; 

ax 

dx 

may exist not only at one particular point, as in the preceding cases, 
but at every point (j, y) of the curve. This equation, therefore, can 
be no other than the differential equation of the sought curve. Hence, 
multiplying by dx and integrating, there results 



Wx — Pr + C = 



or 



or 

P2_W> , 2WC C« 

• X X 

pa pa * pa 



^'+ — pa — «^' pT-* — ^=<^ • • • • (O; 



for the equation of the curve sought. In order to simplify this equa- 
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on, let us remove the term containing the first power of jt, which i» 
one by substituting for x, in this Equation, the value (See AnaL 
weom, p. 145,) 

* — pi y^t + X J 

vhich leads to the equation, 

Y' p5 X'^ ^8 p3 • • • • (*)> 

md this equation characterises an hyperbola related to its principal 
ixes. 

For the distance c between the centre and focus of this hyperbola, 
we haLYeX^AnaL Geo7n., p. 141,) 

_ WC 

^ '~' ^a pa ' 

but this is the distance of the new origin from the primitive origm, 
and the primitive origin is on the pulley; hence the pulley is at the 
focus of the hyperbola. 

By putting first Y = and then X = in the equation (2), we have 
for the semi-axes of the hyperbola. 



^n which equations C is arbitrary. 
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SECTION II. «'P>;£c^- 



ON THE EQUILIBRIUM OF A SOLID BODTf. "^^i 






(35.) Having considered pretty much at large the equiliWnm «l 
forces, acting upon a free point, it is time now to examine the agj 
general case in which forces act upon different points, all coaifc^fe! 
together in an invariable manner, as we shall here suppose ^^P^^ffi^ 
a solid body to be. We shall divide the theory into two pntoi'iPlfii 
considering the forces which act upon the body to be all paikHeli ill'. 
then considering them to act in any manner whatever. 



CBAVTBlt Z. 



ON PARALLEL FORCES. 



iL 



(36.) Let us first consider two parallel forces P, Pj, acting at tin ^ 
extremities of a straight line AB, (fig. 29,) and let it be required to detsf* '"^ 
mine what must be the intensity, and where the point of application, oft -^ 
single force, which, acting on the line, shall have the same effect as then ^ 
two. Let us represent the parallel forces by the lines AP, BPy and * 
let us apply to the extremities of the line any two equal but opposite '^ 
forces AM, BM,; these will destroy each other, and will, thereibie, 
have no effect on the system. Hence, instead of the two forces AP| 
BP„ acting on the line, we may consider as acting the four forces AM, 
AP, BMj, BP„ or the resultants of these AR, BR,. We hare tboi i 
exchanged our two parallel forces for two oblique forces, meeting ii 
some point C. Considering the lines to be all rigid, we may faH^ T J ftfa- " 
the points of application of these forces to their point of concunenoeC, 
making CE = AR, and CE, = AR„ so that these concurring foioes, 
acting on C, have the same effect on the rigid line AB, with which diey 
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"€ connected by the rigid lines CA> CBj, as the original forces 
', Pj. Let us now resolve the forces CE, CE„ into their original 
omponents Cm, Cp, and Cwtj, C/?,; then since the two Cm, Ctn^, are 
:qaal and opposite they destroy each other, so that the system will be 
reduced to the two conspiring forces Cp, C/?„ or to the single force Cp 
•f Cp„ iriiich is equal to AP -f BPj ; thus we have, for the intensity 
3f the resultant of the two forces P, P,, 

P4-P,=:R; 

and as this force may be applied at any point, in its direction CO, O 
wm be that point in the proposed line to which it must be applied ; 
the situation of this point is thus determined. By similar triangles, 

CO Co ^ OB Ep, 

— — - =r — =—• and = — ^-i- 

AO Ep CO Cpi 

OB _ C p. Ep, _ Cp 
•*' lO "■ Ep. Cpi — Cpj ' 

that is 

OB : AO : : Cp : Cp, 

or Cp, Cpj being equal to P, P, 

OB : AO : : P : P,. 

Hence we conclude that the resultant of two parallel forces is also 
parallel, is equal to their sum, and acts at that point which divides the 
distance between them into parts reciprocallj/ proportional to their 
intensities. This point therefore is fixed however the direction of the 
components may vary. 
The proportion, just deduced, gives also (see fig. 30,) 

AB : OB : : R : P 
AB : AO : : R : Pj ; 

theiefbre P, P,, and Rare to each other, respectively, as OR, OA, AB, 
that is to say, that ani/ two of the three forces are to each other recipro- 
cally as their distances from the third, so that when any three of the 
six quantities concerned, viz. the three forces and the three distances 
are given, the other three may be determined by the successive appli- 
cation of this theorem. The same theorem then serves to divide a given 
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force R into two others parallel to it, acting a' given distances Oi|=^ 
OB, on each side of O. And lastly, it serves also to determine tfae i# '. 
tensity and point of application of that force Pj (fig.31)wbidiwiQ|M|||^ 
in equilibrium the line AO, acted upon by two opposing parallel IniVj^ 
P, R', whenever such equilibrum is possible. This qualificilk^4l^ 
necessary, because there is one case in which two parallel forot^pdbf j. 
on opposite sides of a line, cannot be equilibrated by any thnni mpd^ ,, 
viz. die case in which the two forces are equal; for it is plain teftlff|(,|, 
be equal to P, that R, which is equal and opposite to R', 
the resultant of P, and any other force P^ because if it wore we i 
have P -}- P, = R, whereas P alone is equal to R: hence Pj 
0, and, therefore, by the theorem, the point of application B 
infinitely distant, so that no single force can keep the line AO ati 
when its extremeties are solicited by equal parallel forces acting k 
posite directions. The tendency of these forces will plainly be to < 
the line to turn about its middle point, this being at rest. , .j,, . ' 

From what has now been said, it follows that the resultant ^-^ 
opposite forces, P, R', applied to different points, A, O, i$ equal iotUk, 
difference P/, acting parallel to them in the direction of the greatff'f 
and that its point of application B is given 6y the proportion. 

V\ : R' : : AO : AB 
.•.AB=^' AO= ^' 




From knowing how to compound two parallel forces acting uposl-^ 
straight line, we are enabled to compoimd any number so acting. Tll^ 
resultant will, obviously, be equal to the algebraic sum of the compo^- 
nents, affixing opposite signs to those which draw in opposite direction « 
As to the point of application of this resultant we shall not stop to de- 
termine it, for this particular case, but shall proceed to consider 6w 
theory of parallel forces in all its generality. 

(37.) Let P, P„ Pj, &c. be parallel forces, applied to any sy8t0» 
of points A, Ai, A^, &c. any how situated in space, but invariably co*» 
nected by rigid lines, (fig. 32,) and let it be required to determine *• 
resultant of this system both in intensity and position. 

The most obvious mode of proceding is this, viz. first to compoiO** 
two of the forces P, Pj, and to substitute for them their resultant t^ 
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> compound this with the third force P,, and to sohetitnte for the 
P,, that is, for the three P, P,^ P„ their resultant Rp and soon 
system is reduced to the two parallel forces R» — 1, Pa, of which 
iltant win be that of the whole system ; and will, therefore, be 
a intensity to the sum of the components. In this process of 
dtioii the several partial resultants R, R|, R,, &c. are not only 
Ined in intensity, but the point of application in the line joining 
ntSy acted on by the two components, is in each case determined. 
mdi point would remain fixed, however the direction of thecom- 
parallel forces might vary, provided their respective intensities 
: vary (36); and, therefore, the point of application of the final 
It would remain fixed, however the direction of the system of 
I forces might vary provided they retained their respective in- 
8 ; it is through this point, therefore, that the resultant of the 
must always pass under every change of direction; it is hence 
die centre of these parallel forces. 

) Let now there be assumed any three rectangular axes, and let 
iCKnt by 

X, y, z, the co-ordinates of the point A 

*ryi>'i .... A, 

'«>ya>^8 "^a 

<fec. <fec. 

f X, Y, Z, those of thecentre of the parallel forces; weshall prove 
lese latter are severally 

Px-f Pi»i + Pa^a -| 

'^- P + Pi + Pa...- 

,. Py + P»yi-f Paya »-" I . . . (i). 

P + P, + Pa---- 

Pg + Pi»i-i-Pig« '- 
^- P + P, + P,.... 

let US first consider only two forces P, P„ acting on the points 
l^(fig. 33), of which the abscissas are 0A'=: x, OA/ = x^, and let 
«the centre of these two forces, its abscissa being 0C'= X'; then if 
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a, c, fl„ be the projections of A, C, A„ on the plane of 
have, on account of the parallels, 

A|C: AC::a,c: ac:\ A.\C' ^x^ — ^: \ A'C = X^ 

but (36), 

.'.a:, — X':X' — x::P:P, 

.•.(P + P,)X' = Px-f P,x, 

••^■" P-fPj ' 

Let us now proceed with the two forces (P -|- Pj) and P^, i 
joined their points of application C, A^, exactly as we have 
with P and Pi, and, calling the abscissa of the centre of oui 
X'', the result must be 

(P + P,4-Pa)X" = (P + P.)X'4-P,i.; 
or, substituting for X' the value just obtained 

(P + P, + P,)X"=Px-f-P|X, + P,x, 

. -y// '^ "T Pi ^'i "T "2 ^2 
P-i-Pi + Pa 

Proceeding in this manner till we arrive at the centre of all 
forces, of which the abscissa is X, we shall have, finally, 



X = 



_ Px-fP, X, + P 



2 *2 



P 4- P, + P2 . . . 



as announced; and if for the axis of x we substitute succ 
axes of ^ and of z, we shall have the similar equations 

Y = Py + Piyi+Pgya-- 
P + Pi 4- P2 • . . 

Z = P" -^ ^1 '» + P2 »2 ' • ■ 

P + Pl + Pj... "' 

and thus we may always determine the coordinates of the c 



f 





.■1 



re know those of ihe points of applioation of the tfMma of pamllel 
Iwpws, as well aa the serend. intensities of these forces. Calling the 
^ of the forces R, the preceding equations give 




RX = Par-f-P,x, +P,T,. 

RZ = Ps + P^ r^ 4- Pj, r, . . . 

We may here reBoerk that it is possible so to place the aies of coor- 
dinalesy ttiat two of the three equations (2) will suffic* to fix the 
pontkm of the resultant of the system ; for let one of the axes, as the 
axis of j^ be taken parallel to the direction of the foices, then, as the 
nsultant itself will be paradlel to the same axis, its position will be 
known if we only know where it meets the plane of j:^, that is, if we 
know the X, Y of any point in it; hence the two first of equations (2) 
He sufficient to determine the line in which the resultant acts, and this 
ii aU we want to know, since on whatever point in this line it acts, the 
eSsct is the same. Under this arrangement of the axes, therefore, the 
ttpations necessary for the determination of the resultant in intensity 
md position are 

R=P + P, + P, + P, + ... .J 

RX = P* + Pi Xj -f P, Xj -f P, a^, + . . . >► . . . . (3). 

RY = Py + P,y, + P,y, + P,y, + ...'' 

(38.) The product of any force, by the perpendicnyiUur <ilistance of 
the point on which it acts from any plane, is etjlled the moment of that 
force wiUi respect to the plane; thus Pr is the moment of the force P 
with respect to the plane of YZ, because x is the distance of the point 
A on which it acU from that plane. Hence we learn from either of 
the three equations (2) just given, thai the mom&nt of the resultant of a 
igttem of parallel forces in reference to any plane is equal to the sum 
of the moments if the components in reference to the same plane; the 
rigebiaieal sum being always understood, regard being had to the signs 
of the forces as well as to the coordinates of the poinU on which they 
act It is eftsy to see how the foregoing results become abridged when 
die foices all act in one plane, as also when the several points on which 

o 
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they act are in one straight line; in the former case only one coordinate 
plane is necessary, viz. the plane in which all the points are situated; 
in the latter case only one axis is necessary, viz. the line in wfaidi die 
oints are situated, so that either one or two of the foregoing genend 
equations may in particular cases become superfluous. 

The preceding theory will enable us readily to determine the con- 
ditions of equilibrium of a system of parallel forces; for let us aeevnoe 
the axis oi z parallel to the direction of the forces, then, since ibe^ 
of the forces, that is the resultant R, is 0, we have, by the 
marked (3), . .^.4 

P + Pi + P, + P3 + . • . =0 ^ ' *^'^-^ 

Px4.p,a?j4-p,x, 4- PgTj-f ...=ov — (4), ;..v^5 



1 1 

■y* • • • •^— II ^ • . • • 

+ .. .=0'' 



Py + Pi yi + Pa y, + P3 ^3 + • • • = 0^ '■'■' ■'*^ 

which are the equations necessary to establish the equiUbriuBLjM! 

they express these conditions, viz. 

1st. The sum of the forces must be equal to 0. ., _ "' 

2d. The sum of their moments^ in reference to each of two nenxa- 

dicular planes parallel to their direction, must he equal to 0. 

(39.) Before terminating this chapter we should remark, that a moit. 

concise notation is frequently employed to express the equations (ij^. 

(2), &c. thus the equations (1) are written 

S(P) ' S(P) ' S(P) ' 

the character S signifying the sum of the whole system of quantiti^ of 
the form of that to which it is prefixed. In like manner, the equatim^ 
(2) may be written s- .. 

■ I • I' 

RX = S (P»), RY = 2 (Py), RZ = 2) (P,), 
and the equations of equilibrium according to this notation are 

S(P) = 0, I!(Px)=0, S(Py) = 0, 



I 1 

. I'i 



provided the two perpendicular planes to which the momeiiti #e 
referred are parallel to the direction of the forces. We shall MW^ 
proceed to some interesting and important applications of the tiitoiy* 
delivered in this chapter. -. y^^. 
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ON THE CENTRE OF GRAVITY. 

(My) Experience teaches us that all bodies withm our reach tend to- 
imds the earth, to which, if abandoned to themselves, or left unsupport- 
cdy tej wcmld fidl in a vertical direction. The reason why smoke and 
tipofim in general do not fall to the earth, is that they are not left unsup- 
ported, Veing indeed borne up by the air in the same way that a piece of 
woodk borne up by the water in a vessel, and prevented from reaching 
Ae bottom as it would do if this support were removed. This universal 
tadmicy of all bodies to the earth, proves the existence of a soliciting 
power whose influence extends equally to every body with which we 
m SDROunded. By the tendency here spoken of we mean the dis- 
poslfioo to move, and that this is the same in all bodies, great and 
anaO, when all support is taken away, has been fully and frequently 
cilablished by the most convincing experiments; thus if a very small 
pntick be placed beside a large mass in a vessel exhausted of air, 
thfff will, when let go, continue beside each other during the whole 
lime of descent, and will both strike the bottom of the vessel at the 
WDe instant, so that if it were possible to destroy the cohesion among 
the particles of matter, in virtue of which it becomes a solid mass, thus 
enabling each particle to obey whatever force acted upon it individually, 
jet ibe tendency to move being exactly the same in each, no one 
pvticle could in descending displace any other, so that the same 
aiaogement would be preserved during the descent as if all the par- 
ticles cohered. We call this soliciting power of the earth, which we 
tee is altogether independent of the mass on which it acts, the force 
OP GRAVITY, or simply gravity, thus naming an influence, the nature 
of which we know nothing only as regards its effects, and this is in fact 
all that we here require to know of it. 

• li any be proper here to caution the student against a very common 
iMtpplication of the term gravity. We use incorrect language when 
ne speak of the gravity of this body, or the gravity of that, for gravity is 
notdf the body but of the earth, and is always the same at the same place, 
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exerting the same effect on all bodies however difoent, that is^ producmg 
in all the same tendency to move. The weight of a body furnishes « 
with no information respecting the force of gravity, but only with reipecl 
to the number of its constituent particles, for if one body is double Ae 
weight of another this does not arise from any variation in the finoe of 
gravity, but because there are twice the number of particles in one 
body that there are in the .other, and each particle is influenced 9iiklb\ 
so that it will require double the effort to support one that . U MmHIW 
to support the other; Uie lighter body may, however, h^nre mcyoe WNni) 
sur£ice or appear under greater bulk than the heavier, but lfa|||t||(| 
pores which separate the component particles will be propQrtHMrib 
larger. . ^ 

Uncle^tanding by the weight of abody the,effoKt nefiessarytkoimral 
its &lUng, we may correctly say that the weight of a bo^iiihit^ir 
sultant of all the efforts (or weights) which gravity impresses ^yii.il| 
con^ponent padjides; ^s these component efforts are all dinwIliA'Jit 
paitallel lines, iheir resultant must be equal to their savAf and MtlP 
their common idijrection and at a point which will be the oentie of , Ami 
parallel forces, and which in the present case is called the centre ^grmUt^ 
of the body. The determination of this centre in different bodies 4M| 
be effected by the application of the theory delivered in the preoediig 
chapter, provided we suppose, as we shall hare do, that t^ bodioi 
proposed are perfectly homogeneous, so that the effort neoennijla 
counterbalance the influence of gravity on any part of the body wiU be 
proportional to the mass of that part. 

Before proceeding to particular applications of the theory, we may 
as well here notice the distinguishing characteristics of the point ^iriudi 
we have called the centre of gravity, and which are direct infmiwat 
from that theory; these are, 1st, that if the centre of gravity be mpc 
ported, the whole body will be in equilibrium, because the reauUaatitf 
all the forces which act on it will be opposed in whatever positioii me 
body be placed : moreover every body kept in equilibrium by a siB^ 
force, must have its centre of gravity in the line of direction of Alt 
force. 2d. The sum of the products of es^ch particle of a body into its 
distance from any plane, the distances on opposite sides taking opponli| 
signs, is equal to the product of the whole mass into the distance of itn 
centre of gravity fsom the same plane; so that if a pl%ne divide a body 
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into synumcstrical halves, it must pass through the centre of gravity. 
Ihe fint of these properties points out an experimental method of 
Wing tiie centre of gravity of a hody : thus, let the hody be suspended 
by & Btiing attached to any point, it will arrange itself so that this string 
woald, if we could continue it, pass tlirough the centre of gravity. In 
like maimer, if it were suspended from any other point, the line of the 
firing would also pass through the centre of gravity, consequently tlie 
iDleEKction of these two lines would determine that centre. If the body 
Item a flat sor&ce, we may lay it on a horizontal table pushing it more 
ud more over the edge till it just balances itself, in which position the 
of gravity will be vertically over the edge of the table; if, then, 
mrit die line of the edge on the body, and proceed in the same way 
witt the body in another position, we shall thus have a point in tlie 
■me vertical as the centre of gravity, and to which if, as a support, an 
indefinitely slender vertical rod were applied, and tlie table removed, 
Ae body would remain in equilibrium. Or if it were to be suspended 
by this point, the Hat surface would assume a horizontal position. 

(41.) We shall now investigate general analytical expressions for the 
ddeimination of the centre of gravity of any body whatever. 

Let ABC &c. (fig. 34,) represent any solid body, the component 
pnticles of which we shall call P, P,, Pj, &c. and their sum or tlie 
■MM of the whole body, B. Then, if G be the centre of gravity of this 
body, and the body be referred to three rectangular planes, the distance 
of G fiom the plane of jy will, by equation (1), page 59, be 

X ==: GH = P^ + Pi ^i + Pa ^a + « ■ ■ ^1^ 

The numerator of this fraction consists of the sum of tlie innumerable 
putides P, P , Pj, &c. multiplied by their respective distances from 
die plane of xy; but although the terms are innumerable, yet their sum 
may be accurately determined by the aid of the integral calculus. In 
Oder to this determination, let CN be any increment of the body, then 
die cofiesponding increment of the expression under consideration, that 
if of the numerator of (1), will be equal to the sum of all the particles 
in the slice CN, multiplied by their respective distances from the plane 
of xy. Now, calling the increment MN of the abscissa, h, it is obvious 

G 2 
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that however small we take A, that is however slender die- sliee 191 
may be, the sum of which we have just spoken wifl alwajs-be*4 
prised between these two» viz. the sum of the same pttrticle» 
multi{^ed each by the distance AM = x, and the sura wfaoi n mW^K lt 
each by AN zax -\- k; that is, putting S for the expression weoR^ei^- 
sidering, and A S^ A B, for Ihe corresponding inerement» of Ml vlf 
of die body, a S ^^U always be intermediate between 2> A B Hdt 
(x -f A) A B, but the ratio of these is '» 



(x 4- A) A B , . ., ,. ,. 

-i — ^ — =s 1 m the limit, 

X aB ^ 



■'■a 



or when h, and consequently a B, is 0; thereibie the ratio of dlli%, 
termediate quantity A S to either mu«t in the limit be 1; thatia, ut-m 



that is. 



AS 



=s 1 in the limit. 



•t^ 



rfS 



a</B 
hence the expressiop (1) is 



= 1 .". dSssxdB .•. S=fxdB; 



In like manner 



X = GH=•/^^ 



_JifdB 
B 



Y=; 



> . . . . (A), 



B ' 

equations from which the coordinates of the centre of gravity of B mi^ 
be determined when the equation of B is known. 

But it must be observed, that though in all these equations dB 9^ 
nifies the differential of the body, yet it is not to be represented in dl 
by the same analytical expression: for regard must be had to the 
position of the slice A B, as this will in general be different in its thrM 
positions, parallel to the rectangular planes; and therefore also, id 
general, the expiessions for e^B will all three be different; but thiswiK 
be shewn more clearly when we come to apply the formulas to H* 
determiimtion of the centres of gravity in surfeces and solids, (art. 48;)* 
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It is sridom, however, requisite to employ all three of these equations 

ferlliaipiirpoee; much will depend upon a happy arrangement of the 

coswjinite axes: thus, if we know the position of a plane that will 

dnide tbe body into symmetrical halves, then we know that the centre 

oCfnffity must lie in this plane, (p. 64 ;) taking, therefore, tiiis for one of 

lbs ooovdinate planes, it is clear that two of the equations (A) will 

l- saffioe to determine the centre. If we know two perpendicular planes, 

[ of which each divides the body into symmetrical halves, and in all 

bodies of revolution any two planes through the axis of revolution will 

% do tins, tben we also know the line in which the centre lies, and hence 

ose of the above equations will be suflScient. Should the body be 

merely a hmina of matter, so thin, indeed, as to be taken for a plane 

soAce, tfien, by choosing the axes in this plane, more than two of the 

Jbregoing equations can never be requisite, and but one if one of the 

opQidinate axes divide the figure symmetrically into halves; and the 

ame is obviously true if the body be considered merely as a plane line. 

If die curve be of double curvature, all three of the equations will 

generally be necessary. 

Let us now proceed to the actual determination of the centres of 
gravity in given figures, considering in order lines, surfaces, and solid 
bodies. 



Determination of the Centre of Gravity (fa Fime Line, 

(42.) When the body may be considered as a line lying in one plane 
we shall put 2« for B; and supposing first that the line is symmetrically 
nfoated with respect to the axis of x, that is, that the centre is in thisv 
axis, we shall have by the first of (A) this expression for the distance 
of the centre fin>m the origin, viz. 






_ /«* _ •^'^'■^■^^'" 



8 



8 



But when the line is not symmetrical with respect to the axis, then 
fie must determine the Y of the centre of gravity as well as the X, and 
tins, by the second of equation (A), is 
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Y = =^= ; . . -..■.m- 

■■■ «T 

in which — ^ is given in tenns of x by the equation of the line. 

d X ] 

PROBLEM I. 

To determine the centre of gravity of a given straight line. ^ 

In this case we have . ^ 

therefore, representing the whole line by a^ we have, when jtim^ 
X ^ i a, so that the centre of gravity is at the middle point, as indeed 
is obvious without calculation. 



PROBLEM II. 

To determine the centre of gravity of the contour of any polygon. 
Let us represent the sides of the polygon by P,, Pj, P3, &c. and 
let the coordinates of the angular points be 

*i>yiJ ^aJ^ai ^zyVz'y ^^'> 
then tjie coordinates of the middle points of the sides will be 

^1 + J^a yi-f ya . J^a-fa^a y, + ys . - , 

2 ' 2 ' 2 ' 2 ' 

and these points are, by last problem, the several centres of gravity of 
the sides, so that we now have to find the centre of gravity of the 
weights P, Pj, Pj, &c. acting at these points, and for this weihave 
the equations '■ 

X -3 P. (^1 + ^a) -f Pa ('a + ^3) + Pa (^a -f ^4) 4" » » . P» (JP, + «,) 

2(P, -fPj-hPa-f P») 

Y = Pi (^i + ya) + Pa ( ya + y,) 4- Ps ( ys + y4) -f « . . Pn ( y> -f y . ) 

2(P, +Pa + P3 4- P^O 
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k i8i»byto«isthBtif theipofygOB beregvkr, liie middk poiat^ or die 
cntfi^ef ^ JBfOEibed £irclfiy will lielfae eeBtie<of gnority, and P,, P^» 
Ptf fccu iriU teailj«pia§; heice if ^ polgrgon hare n ndei 

ir — 2 (;r, + j, + ar, + « - *n) 

2n 



,•, fiX := Xj + re, 4" *3 + 



'•> 



in equation which expresses this geometrical property, viz. thatii^ fiom 
the comeis, and from the centre of a regular polygon, perpendicolais 
to toy line ia tta plane be drawn, the sum of the perpendieulan fnm 
IfceaBnai will be equal to as many ^imes that from the ontn as diere 
to ^e polygon. 



PROBLEM III. 



To determine the centre of gravity of a circular arc BAC =s 2s (fig. 
35.) The equation of the curve referred to the axes AX, AY is 

y' =: 2rx — x* 



... ^ =, ^£^£^ ... ^j 1+-$^ = -_^ 



dx V 2rx — X 



dr" V2rx^ s* 

... X = — r *^ = — { — >/2rx — a«-f*} (Int. Calc. p. 96) 
»^ V2rx — x2 * 



= — (* — y)=^r 



.'. OOasr — Xs=^, 

8 



10 that the distance of the centre of gravity from the centre of the circle 

ii a fourth, proportional to the arc, the radius, and flie chord of the arc. 

When the arc is a semicircle the chord is double the radius, and then 



OG 



2r 



3 . 141593 . . . 



1 . 57079 



•asflesr, 



»d whoa it is a whole circle, then, y being =? 0, OG ia fi| aa we other- 
wiie know to be the case. 
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It may be here observed, that in this solutkmwe have not 8C»q|^ 
for the arbitrary constant necessary to complete the above iatt^giily^iii^ 
need we seek for it in any case, because it is always the definite ii^tifK ' 
that we want. Since the body whose centre of gravity we reqnin^ ■ 
necessarily limited, it is between its limits that our integral is tp'jb ! 
taken, and thus limited it can require no correction, {Int, Cole, p. 9^ 



PROBLEM IV. 

To determine the centre of gravity of the arc of a cycloid. .^i )J 

The differential equation of this curve is, (see Int, Cole, p. UM^^iihr 



where r is the radius of the generating circle '■- ■ s 



f-h 



■.«i 



.-. y = i- fyds = . '>/Tr fyi dy ^\y* 

' 2 V 2ry * 

For the whole curve y=z2 r, so that the distance of the centre 
gravity G from the vertex is equal to one third of the diameter of .tri 
generating circle.* 



Determination of the Centre of Gravity of a Plane Area, Jf 

(43.) When the body is considered as a plane area w, the first of the 
equations (A) becomes, by substituting u for B, 

V _ fidu _ fxydx '5 

^-""^-"Tpr — ^^^' 4 

which is of itself sufficient to determine the centre when the axispatseiLf 
through it, that is when this axis divides the figure into symmetiicBl 
halves. But suppose we require the centre of gravity of the part u on 
one side the axis, that is of the area ABD (fig. 36), then, in addition to 
X = AM, we must abo know Y = MG. i -...* // 
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Now P-beiDg any point (j, y\ wa are not to substitute in the ex- 
>Tession for Y, instead of d B, the value ydxy which we put in the ex- 
pression for X ; because now we want, agreeably to the general investi- 
Satkm, not the differential of APN, but that of APN'D; the former 
was cofrecdy expressed by PN . dx^ but the latter must be PN' . dy 
=. (AD -r- AN) dy^s^{a — x) (fy, a being the distance of the bounding 
ordinate from the origin; hence 

Y = r^ _ fif^—^)ydy ^ . 

u f{a — x)dy * * ' * w* 

It appears then that the expression for du depends upon the manner in 
which vfe conceive u to be generated, that is whether we consider the 
increment a ^ to be parallel to the axis of y or to the axis of x, or, 
wbich is the same thing, whether we consider in the equation of t/, the 
independent variable to be x or y. We may, however, express du in 
» form which will leave it optional with us which shall be the indepen- 
dent variable, this form is 

dw^fdxdy, 

^here the integral sign applies to either of the differentials under it, 
'regard being had in the integration to the limits between which the 
Variable is comprised. Thus, in the case we are considering, if we take 
tile integral sign to apply to dx, and integrate between the limits x=za 
tiid x^Tj then the above equation is the same as (/u = (a — x)dy'y 
biiit if we consider tlie integral sign to apply to dy^ then the integral y 
being between the limits y=y andy=0 (see fig. 36), the a^ove ex- 
]pression is the same as du^ydx. Hence, by writing du in the above 
general fiwm, the expressions for X and Y will be 

y _ Jfxdydx ^_ Sfydydx 
ffdydx ' ''•-' Jfdydx ' 

in which the integrations may be performed in any order. If in the 
first of these we integrate for y, first, we shall have the form (1) above : 
and if we integrate the second for x first, we shall have the form (2), 
but if we integrate this for y first, then 

Y= ^7 . .... (3). 

jydx 
W hen the area is bounded by straight lines only, ihe case will be too 



/ 
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shBple W Kqtrim tlie ai^of ifnecalculus^ as in the iSnt of the foltomf 
probiems. 

MLOBLEM V. 

To determine the centre of gravity of a plane triangle ABC (fig: 3t). 

Bisect any side as A6 by a line CD from the opposite anglcy ftei 
the centre of gravity must be in this line; for it will bisect any line • i 
whatever drawn parallel to AB, so that, taking any point in da, dMrt 
shall always be a corresponding point in db equidistant from CD, ei 
from a plane through CD perpendicular to the plane of the triarg^i] 
hence the sum of the moments on one side this plane will be tqwj^ll 
the sum of the moments on the other side; hence the centre of gnOi||| 
being necessarily in the plane of the figure, must be in the line €ph 
In like manner, if AC be bisected by the line D£, the centn-iiipl lil 
in this line, henoe it is at the point G where it intersects.thelbpfifr,*. 

We might immediately infer from this, that the three lines fiws>ljbt 
angles of a triangle bisecting the opposite sides necessarily meet in • 
point. To determine the distance of this point from C let us draw "ESk 
which, as it bisects the two sides AB, AC, must be parallel to CB M 
equal to half of it; hence the triangles £GD, BCD are similar 

BC CG 
.•.E^=-^ = 2...CG = rCE; ^ 

to express this distance analytically, put a, ft, c, for the sides respecti?« 
opposite to the angles A, B, C, and e for the lineCE, ihea (Ge&m^ 
p. 37,; • 

2<? = n/ 2a« -f 2*2 — c^ .-. CG = jN/2a« -|- 2*2— -<?« 

in like manner BG =s } V 2a* + 2c* — b* 

AG 3s I V^2A» -f 2c« — a* 

Adding together the squares of these expressions there results Af 
equation 

3 ( AG«+ BG* + CG*) = AB* -f BC* + CA*; 

that is, in any plane triangle the sum of the squares of the sides Ir 
equal to three times the sum of the squares of the distances of tll^ 
▼ettices from the centre of gravity of the triangle. 



I 
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'^ If tfaiee equal bodies be placed at the vertices of a triangle^ their 

centre of gravity will coincide with the centre of gravity of the triangle; 

for the centre of gravity of the two equal bodies A, B will be at D, 

and the weight at this point will be 2 A; hence, joining D, C, the 

' eenire of gravity of 2 A and C =s A will be a point G, such that 

^ lA _ CG 

^ A "" GD ■ 

^*' Again, the centre of gravity will still be the same point if the equal 

'^iw itfite be placed at the middle points D, £, F; for the middle M of 

'iMft IriA be the centre of gravity of two of them, and the centre of these 

Ml'Atftfiiid will be a point G, such that MG =£ |GF and MG it 

.(jl|Hll'-%o ^GFy because, by similar triangles £GM, 6GF, =b 

' I*- 2 

6H 

* ' ifiic centre of gravity of any plane polygon may be found by first 
L _ ig the centres of gravity of its component triangles, and then the 
'ennmon centre of gravity of all these points loaded with their respective 
triangles. 

PROBLEM VI. 

To determine the centre of gravity of a circular segment (fig. 38.) 
From the equation of the curve, taking the centre for origin, and 
jMitting OD ±s a, we have 

ysaVr* — «« 

u «* w 

If the segment is a semicircle a = 0, and m = 1*57079 r\ hence, in 



this case, 

^ ti ~ 2 . 35619 



X = -i^ = ' = -42441 r. 



PROBLEM VXI. 

f*^' To determine the centre of gravity of the common parabola (fig. 39) 
From the equation of the curve 



H 
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fiy dx fo^ da S 3 . -7 

/y^^ /xi^^T 5 5 ... ^^ 

If we require the centre of gravity of the semi-parabola ABx, then Y, 
which for the whole parabola is 0, will have to be calculated by the 
second formula (3), that is, we shall have 

V fy^dx . fxdx 3 ^/— 3 3 „ 

I 

I 
Determination of the Centre cf Gravity of a Surface of Revolvtimi-^ 

(44.) Let the aids of x be the axis of revolution, then it will pass Ihivi^ 
the centre of gravity of the body, and therefore the first of the §H^l9l^^^ 
equations (A) will be sufficient to determine it. Putting S for die 
surface, this equation becomes, {see Int, Calc. p. 144,) 



S '/yds - I af/ 



dx 
dx 



PROBLEM VIII. 



To determine the centre of gravity of a spheric surface (fig. 40.) 
By the circle 



r^A...2. 2 . ^!/^ _^' 



x^ + ya = r« ... -^^=^ .-. yds^rdx 
fxy ds fxdx 

Hence, integrating between a: = r and x = OC = a, we have 
heice G is at the middle of CB. 



I ■ 



1 ^ 



. ' , 
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PftOBLEM IX. 



To determine the centre of gravity of a conical sorfiice (fig. 41). 

lydng line eentie of the cone as the origin, we have for the revolving 

iioe OB the equation 

d^ t 

jrssflx.*. -^=sa'.vyd#=:o v 1 + a« rfx 

' ' fyds fxdx 3 3 

Bnoe G it at the distance of one third the hei^t fiom the base. 

DttermintUion of the Centre of Gravity, of a Solid of Revolution. 

(45.) Patting V for B in the general expression for X, and we have 
ftr ai^f Toinme of i«w)lutie» 

V "fy^dx' 



PROBLEM X. 

To detennine the centx« of gravity of a segmentof a spheroid (fig. 42). 
Taking the origin at A, the vertex of the generating ellipse, we have 
hr its equation 

Sf*5=-^(2a«-.a^) 



fx^dx f(2ax — 1*) 



fy*dx /(2a« — x»)rfx' 
that is 

Aft — !<»** — i/g* _ 8a — 3j 
ax*— Jr» "'12a — 4«' 

5 
For a hemispheroid we have x = a and X ^ — - o. 

As the foregoing expression for AG is independent of b, it remains 
the same when 6 =a, or when the body is a sphere, so that if a sphere 
be described on either axis of a spheroid, any segments cut off" by a 
plane perpendicular to this axis will have the same centre of gravity. 



76 ELEMENTS OF STATICS. 

(46.) The general fonnula employed in this article will, after m digM 
modification, serve to determine the centre of gravity of any votalDe 
generated by the motion of a varying sur&ce along a fixed axis> ipm- 
pendicular to its plane, and passing through its centre of gravity, as Ae 
axis of T, provided only that in every position this sur&ce is ^ noi - 
function of x. For, calling the generating plane R, the differential ^9 
of the body generated will be R cir, (Int, Cole. p. 150,^ and hence (be 
formula in last article will be 

We shall give two examples of the application of this fonn of the geoenA 
equation. 

PROBLEM XI. 

To determine the centre of gravity of a pyramid or cone. 

Let AB be the axis, which call 6, and the area of the bass Bky a; 
then, since the area of any two sections perpendicular to the axis son 
as the squares of their distances from A, we have 

substituting this value of K in the fonnula above, there results 

hence AG is equal to | the altitude of the cone or pyramid. 

If the solid is the frustum or trunk of a cone or pyramid of whkb 
the distances of the two ends from A are respectively 6', 6, then, in tbp 
expression for .r, we must integrate between these values of i-, that is 



PROBLEM XII. 

To determine the centre of gravity of any segment of an ellipsmil.' 
Calling the principal semiaxes a, b, c, the equation of the suHace is 

a«^»« + o»c«y« -f 6«c*x = a«6»c«, 
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anditevtquatio&oC 8 section at the distance x torn, and parallel to, the 
plane atyz is 

fiom ^Huch we get these functions of x for the semiaxes of the genera- 
diigellipse, viz. 

a 

e >/«« — *«, 

c= ' 

a 

aod toefore the area of the generating surface in any position is, (Int. 
CmIc. p. 129 J 

iry<?'=-^(a» — xa) = K 

3r 



'"• /Krfx ""/(o« — «a)dx "" a*x — Jx3 ""l2o« — 4r» 



X. 



This expression being independent of b and c, shows us that ellipsoids 
having one common axis, have a common centre of gravity for all the 
segments cut off by a plane perpendicular to that axis; which is an 
atoision of the property noticed at (45). 

(47.) Having now given, in succession, all the most useful formulas 
for the determination of the centre of gravity, together with their prac- 
tical illustration, we shall terminate by merely writing down the forms 
which the general equations (A) take when we wish to apply them to 
a fkir&ce, or a volume which is not of revolution, nor yet symmetrical 
vhh respect to an axis. 

The general expression for the differential of a surface S, referred to 
three rectangular planes, is, (Int, Cak. p. 157, J 



wheie it is optional for us to consider the differential (/S to be taken 
odKT with respect to jr or with respect to ^; hence putting this for rfB 
in the gaieral equations referred to, or rather writing the coefficients 
under the radical in the more abridged form j/, q'y we have these ex- 

H 2 
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pressioDS for the coordinates of the centre of gravity of the suifiK^, 






-it\ 






^ _ j7s >/Ti:7j+7^» rf^ dy y 

Again, the general expression for the differential of a volume V illf 

(Int. Calc. p. 154,; -= -^ 

dV s^jyz dydx\ ... .'ij 

in which it is optional whether we consider the differentiatioii to be, 
performed with respect to the independent variable j: ory : but tieak9J 
render this expression still more general, as well as more SjrmmetnbBl 
by putting//^ for z, for then the differential 

dV^^SCfdzdydx 

may be considered as taken relatively to either of the three variables 
X, y, z, we please. Hence the expressions for the coordinates of the 
centre of gravity of the volume are 

X = SfS^dz dydx Jfxz dx dy 
"" JJfdzdydx Jfzdxdy 

Y = jffyy dz dy dx ^^ ffyzdydx 
jffdzdydx J/zdydar 

2 =± fO'^dzdydx ^^ jffz^ dydx ^ 
Xffdzdydx fj'zdydx 

On Guldins Theorem, or the Centrobaryc Method. ; 

(48.) The expressions for Y, at articles (42) and (43), furnish a very* 
remarkable theorem for the determination of the surfaces and volumes 
of bodies of revolution. The expressions referred to immediately give 
Uie equations 

2 TT Y« =r 2 irfyds and 2 ir Yfydx = tr/y« rfj ; 
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tbe firmer relating to the curve line, the latter to the sur&ce. Now 
2rYis the circumference of which Y is the radius ; it, therefore, expresses 
the circumference which would be described by the centre of gravity 
of the line » if it were to revolve roimd the axis of or: but 2 irfyds ex- 
presses the area of the surface which would be engendered by this re- 
▼ohitioD; hence, 1. The surface generated by the revolution of a curve 
nmnd an axis is equal to the length of that curve multiplied hy the 
dfcunrference described by its centre of gravity. 

Again, 2 ir Y, in the second of the above equations, being equal to 
^dicomference which would be described by the centre of gravity of 
ftlsiBfiwe s^ if it were to revolve round the axis of or, and trj^^dx being 
tbeer/neBion for the veiy volume which would thus be generated, it 
Allows that, 2. The volume generated by the revolution of a plane 
wafiice round an axis is equal to the area of that surface multiplied 
if lie circumference described by its centre of gravity, 

llfese two propositions comprise the theorem of Guldin, and their 
ijiplication to the determination of the surfaces and volumes of bodies 
ooostitutes the Centrobaryc method. By this method we see that when 
we know the length of the generating line, or the area of the generating 
mAfoe^ as also the distance of its centre of gravity from the axis of revo- 
litioo, the value of the surfoce, or solid generated either by a whole or a 
partial revolution, may be at once found. Also any two of these three 
diiags being given, viz. the generatrix, the distance of its centre of gra- 
fity from the axis, and the magnitude generated being given, the third 
ma^ be found. 

As an example of this method, suppose we wanted to know the 
Tolume of a paraboloid of revolution : Let a be the axis or height of the 
generating semi-parabola, and b its base; then the distance of its centre 
of gravity from the axis is |6, so that the circumference generated by this 
centre is J^tt. Again, the area of the generating surface is, {Int. Calc. 
p. 127,) § ab, consequently, multiplying these two quantities together, 
bve, for the volume sought, 

3 2 1 

4 «> 2 

this volume is, therefore, i that of its circumscribing cylinder. 
Suppose now that we wished to determine by this method the centre 
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of gravi^ of a semicircle of ladius^r. We knew that the area of dii 
semicircle is i t^^ and that the vohnne of the sphere, geoeiated hy it 
is ^ IT ; hence, as this expccBsion mast be eqnol to the fomwr midli- 
plied by the circumference described by the etntie of gravity sottg^ * 
we have for this ciic\Hnferenee, the value 



.•.~r-r9iras*42441rs:X; 
3 • 

and this is a moie simpleway of determining the centre than lki|-«fe> 
ployed in problem Ti. .^^ 









We shall conclude the present chapter with a few misceUaneevS; 
amples for the exercise of the student. 

1. For the centre of gravity of a parabola of the nth ordfl^..iiliQ0e 

equation is 

o* — 'y = *"; 

the expression is 

2. For the distance of the centre of gravity of a semi-ellipse wfaoit 
axes are 2a, 26, fix>m the base or minor axis, the expression is 

3 IT 

3. For a paraboloid of revolution, whose altitude is a 

X = — -a. 
3 

■ « 

4. For a segment of a hyperboloid, whose altitude is a 

8a-f 3j? 

12 a 4- 4 r 

5. The convex surface of a conic frustum, or trunk, is found by 
Guldin's theorem to be equal to half the sum of the circumferences of 
the ends multiplied by the slant height. 
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SCHOLIUM. 

it has been shewn in the outset of this chapter that for a body to be 
supp(»ted it is absolutely necessary that its centre of gravity lie in a 
vertical line, passing through the base on which the body stands, or i{ 
the body stand on props or legs this vertical line must pass through the 
aiea, which a string stretched round these legs would enclose. The 
space thus enclosed by the feet of the human body, is, obviously, but 
sDDall, and when we consider the very various positions in standing, 
9toGpbi|[, walking, &c. which we can easily and safely assume, and the 
gieat lapidity with which we can pass from any one of these positions 
into anod^er, we cannot &il to be impressed with the wisdom and bounty 
dfthe great Creator, who, by such admirable disposition of the limla 
and joints of the body, has rendered this small space sufficient for its 
support in all these various attitudes. A person in danger of Mling 
experiences an irresistable impulse to overtake as it were the point where 
the line of direction seeks to meet the horizontal plane, and hence the 
long strides which he is impelled to make when violently pushed in the 
back, the feet endeavouring to overstep the point alluded to; so when 
standing and incUning the body forward, till the line of direction is about 
to fell beyond our toes, we cannot help putting forward our foot to over- 
step it. Children who have not the same command over their limbs as 
grown persons, and who have, moreover, a less sense of danger, do not 
always use the best means to recover their stability when about to fall, 
but then in the more hazardous circumstances they usually take care to 
secure for themselves a more spacious base than grown persons; thus 
in walking up or down stairs, we commonly see children employ botli 
Aeir hands and feet, thus securing for themselves a very considerable 
base out of which the line of direction is not easily forced. 

If a body rest on a suigle point it is necessary that the vertical line 
through it should pass also through the centre of gravity, but " in certain 
cases a body resting upon a single point may yet have a disposition to 
recover from any derangement, and to resume its vertical position. Thus 
if the base be a plane, and the bottom of the body rounded, but such 
tfttt the centre of gravity lies below the centre of curvature, the mass 
may rock backwards and forwards, but will soon regain its erect site. 
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Let O (fig. 43,) be the centre of the incurvation at the end of the bodj, 
and G or g its centre of gravity lying in the axis AO. Conceive 4e 
body to be rolled on its horizontal plane from A to A', the point ^rhkk 
toudied A willmecge into a, and ^ axis will come into tfao ponlioik 
aO'. Now if the centie of gravity G stood above O^ it would evidiot^ 
in the position G^ lean beycmd the. vertical A' O,. and the body sranli 
fall over: but if the centre of gravity were at g below O, it would stU 
in changing to g lie. within the vertical A'O'y and, contequently, tlie 
body woiOd itOl back to it». first position." LesHe^s Natural PAttoio- 
pAy, p. 55. 

It may be remarked that when, as in the caae just deduced, the body 
resists the tendency to» overturn it, and returns' to its first pontkm of 
equilibrium, thi» equilibrium i» called stable; but when it yieldi'lD 
every tendency Uy oveitum it^ and &lls, th^ equilibrium from wlndl: it^ 
has been disturbed,, is called unstable. The equilibrium of aa . d Mp m 
resting on the ^ctremity of its minor diameter ia stable, but lilttoiiBi!- 
librium when it rests on- the extremity of die major diameter is wnittWit. 



ON THE EQUILIBRHTM OF A SOLID BODY ACTED UPON 

BY FORCES APPLIED- TO DIFFERENT POINTS 

AND IN DIFFERENT DIRECTIONS. 

(49.) We come now to consider a body or system of material points 
connected together in an invariable manner, when in a state of equi» 
librium from the action of any system of forces whatever, and to deter^ 
mine what the conditions are which must necessarily characterise audi^a 
system. The reasonings, therefore, of this chapter will be so Q^>mm L 
that the results to which, they lead will comprehend in them all the 
particulars hitherto deduced respecting the equilibrium of foiees actii^ 
under certain restrictions, whether through the intervention of a solid 
body, or upon a single point. The more important of these particular 
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deductions axe, howevery essential to the eslablishment of the geneial 
theoiy^jo that we are not to expect that the discussion of the genecd 
proposition^ on which we are about to enter, wHl be independent of its 
particulsr cases akeady considered, but that it will od the contrary be 
in tL graat iDeaaare founded upon them. We shall find it convooieRt 
to dmde tiiis pi(^[x>8ition into two parts,.taking first the csaae where the 
component fixoes all act in one- plane, and afierwasds considenng them 
to act without lestBotion. 



I. When the forces are aU situated in .one plane. 

(^.) Let the plane of the forces P, Pj, P^ &c. be taken for the plane 
of ;^y and let their points of application be (:r, y), (x,, y^), {x^f y»), &c. 
also let the inclinations of the forces to the axis of x be as usual, «, ai, 
fl^thc, and to the axis of y, p, Pi, p^y &c; these latter angles being the 
coiB^lements of the former. Let now each force be decomposed into 
two paiallel to the axes, and we shall thus have instead of 

P the components P cos. a, Pcos. /3 

P, . . PC08. »pPC08.i3, 

P, . . . P cos. «„ P cos. j3, 
Ac, <&c* 

90 that the points are now acted upon by two systems of parallel forces, 
and,si4>posing that each system has a single resultant, it will be parallel 
to the components, and it follows thatthe original system maybe replaced 
by two forces X and Y, of which the intensities are 

X^ P cos. a 4- Pi C0«- «i + P« COS. «, 4- «fcc. "J 

> . . . . (1); 

Y s= P COS. j8 + Pj cos. j3i + P, COS. j3j + Ac. > 

tims when we know the right-hand members of these equations, as we 
tte here supposed to do, we know also the intensities and directions of 
the two forces X, Y, but not as yet their points of application. 

To Aetennine these let y be the distance of the force X, from the 
Mds of r, to which it is parallel, and j/ be the distance of Y from the 
of y, then we know (38) that 
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Xy'sryPcos. « +yiPiCOs. ft, 4- y, P, COS. A, +^kc. 
Yx'=a?Pco8./3 + ffi 



fj Pj COS. a, 4- y, Pj COS. A, + ^kc. "J 

> . . . . (2)j. 
Cj Pj COS, /3j 4- Xg Pj COS, j3, + &c. 3 



from which, as the values of Xy jr,...., y^y^,,., are supposed to beknowi, 
af and y become known, and two lines drawn parallel to and at ^hMe 
distances from the axes will coincide with the directions of the fam 
X, Y, and as a force may be applied at any point of its direction, ive 
may consider the intersection of these two lines to be the common point 
of application of the two forces X, Y, so that the original system is ttnii 
reduced to two determinate forces, acting on a determinate point k 
known directions; and, lastly, these are reducible to a single detenni- 
nate force R, by the equations 



R = V X' 4- Y*, cos. a = — - , cos. 6 = — - . . . . 

R R 



(3); 



a and h being the inclinations of R to the axes of x and y. 

It is thus proved, that when a system of forces, acting with given In- 
tensities, and in given directions, upon a given system of points invari- 
ably connected, has a single resultant, its intensity, direction, and point 
of application may all be determined by means of the given quantities. 

(51.) It should be remarked here, that the equations (2) which en- 
able us to determine the point (x', y') of application of the resultant, 
after we have found X and Y, furnish us with more information dMQ 
we absolutely require, for it would be quite sufficient for us to know 
the situation of any pomt through which the resultant passes, for know- 
ing this the position and intensity of it would be given by equations 
(3), and the effect of it will, we know, be the same to whatever point 
it be applied. Again the position thus determined ought, obviously, 
to be independent of the coordinates x^y; x,, y, ; 8cc. because it would 
remain the same to whatever points the forces P, P„ &c. are applied, 
provided we take them in their directions. What is here said amoQits 
to this, viz. that we ought to be able to determine the perpendiculai 
distance of the resultant from a given fixed point, when we know the 
perpendicular distances of the components from that point, and this 
determination we shall be able to effect by means of the equations (2). 
The given fixed point from which the distances of the directions of 
the several forces are to be estimated, we shall, for simplicity, consider 
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1) be die origin and die product of each force by the perpendicular on 

•kdirecdon, we shall call the moment of that force with respect to the 

^^repoied point This being premised let us substitute for X and Y, in 

(2X their values (3), viz. R cos. a and R cos. ^, and then 

the one equation £rom the other, and we shall thus have 

l^tycof.fl-'.af'cos. 6) = P (y COS. »--a:cos. j3) + Pj (yi coi. «i — X, 

cos. jSj) + Ac. 

mquiie into the meaning of the first side of this equation. Sup- 
I (fig. 44) to be the point of application of the resultant R = m??, 

jhniMBs j^, m A=yy and let perpendiculars be drawn torn O, A, 

£^ en the resultant, then it is plain that 

y COS. a = Ap, af cos. b=sBq; 

aim, if Os be drawn paraUel to m p the triangles, mq3, OsA, will be 
in all respects equal, and, therefore, As = Bq, therefore Ap — B^ = Or, 
vUdi call r, consequently 

R(yco0. a — x' COB, b)^:zRr^ moment of R .... (4). 

Ib like manner, for any other force P* , we must have 

■P«Cy«c^**» — SnCoa.Pn)^=^^nPn^=momento/F^. . . . (5); 

jb representing the perpendicular from O on the direction of Fn', hen^e 
Ihe fos^oing equation is the same as 

Rr = P;?-|-P,;?, + P97>8 + Ps;?8 + &c (6); 

10 that the moment of the resultant is equal to the sum of the moments 
^ the components. 

In the figure, to which our reasoning has been applied we have so 
liken the direction of the force R that the angles a and b may have 
'positiTe cosines: but the inference (4) will always be the same what- 
be the directions of R, thus in fig. 45, where cos. b is negative, the 
reasoning as that employed above shows us that Or = B^ + A/?, 
and thus the same conclusion (4) is obtained. 

(52.) The foregoing general theorem is analagous, in terms, to that 
given at (38), for the moments of a system of parallel forces with respect 
to a plane; but the student must carefiilty observe that there is no ana- 

I 
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logy between the theorems iheratelves; for the tttotitijlit #M 
respect to a point, is altogether distinct from its inoiiMattH|t 
to a plane; ^ns latter moment depends on the |K>int <^M| 
the fbtrce, and is independent of its direction; whereat Ibi 
with respect to a point, on 'the t^ontrary, depend on iIMb *fll 
the ibrcey and is independent of its point of ap()lication. 

The second side of the equation (6) is suppossd to be entiv 
and this is only supposing that the intensities P, Pj, &c fl 
and the several directions in which they act^ or which is th6^ 
the ec^uations of ihese directions. Thus^ suppose the equaA 
direction is Icnown to be 

cos,l3» , . . -, 

y = ar-fo ,•• 6 cos. on =^ cos. «« — xco»»a 

COS. An ^ 

X and^ bong coordinales of any point irdiajaemt in 1k» giireftl 
if we take any p«rtiei]dar point ^«w, yn) we hate | 

b cos. an =yi» cos. On — »» COS. /5» J 

therefore, by equation (5), last article 

/»iit±sdcos. »»; 

and b and cos. #« are, by hypotiiesis, losown both as to sign a 
tity ; hence pn is known both as to sign and quantity. Henc 
cond member of the equation (6) is entirely known when the i 
and directions of the forces are known; also R is known, ftom 
data, by the equations (1) and the first of (3) in aitide {5C 
quently, r, and, therefore, the position of the resultant R i 
By using the notation employed at (39) the expression for r i 

and the equsTtions necessaijrlor the deterio^ination of the TeM\ 
in intensity and direction, will be those marked '(\) and <6 
article; that is the ^hree fdldwingr 

the first two giving 







\ 



TUP V ^- / V.' 



ASTOP. LrN'OX 






BQiritjmvii o« A aoup body. a? 

Y «ro^ «id^ CMiatqigKiillor^ R w: C^ so 1^ 

Poos, a + P, coe. a, + P, cos. a, 4- Ac. = 

P<0ft./8 + P,cotw/9,-f P,eo«./3,-f*<frc.«xo( .... (1). 

^f -tViPi +P,;>, +&c. = 0^ 

We faKfe already shown how the signs and values of the several pro- 
tof k the last of these equations are to be determined from the data 
oftiie pioblem; but, in the case of equilibrium, it sometimes is conve- 
VDt to determiqe the signs from other considerations less analytical, 
let mi nppose the origin of the axes A (fig. 46), which we have taken 
Irtlie centre of moments^ to be connected with the system by means 
of the rigid perpendiculars p, pi, p^ &c. on the directions of the several 
tiees; then the whole system being at rest the point A will be at rest, 
aid may, therefore, be considered as fixed. Now the tendency of the 
fiiees P, Pi> Pt9 as marked in the figure, is to make the extremities of 
hh> P» ^^ ^hich ^ley act, to turn round A in the same direction, and, 
eoDsequently, the tendency of the whole system with which these points 
are invariably connected is to turn round A; to prevent motion, there- 
five, the remaining forces P,, P4, &c. must impress on the system an 
equal tendency to turn roimd A in the opposite direction; we ought, 
tfaerefinre, to attach to these opposing tendencies contraiy signs, that is, 
if we consider the forces P, Pj, P„ &c. conspiring in one direction to 
be pontive, we ought to consider the forces Ps, P4, &c. conspiring in 
die opposite direction to be negative. In the former method of deter- 
mimng the sign of any moment P* pn, we considered P» to have always 
dtt same sign, or to be positive, so that the moment always took the 
sign of p*. If, on the contrary, we attach the sign to P«, it ought, ob- 
viously, to be in conformity to the principle just stated, and then we 
must consider fTn to be always positive. 

(54.) Of the preceding equations of equilibrium we may now remark 
thit the two first establish the condition that there must exist some ^jre^i 
point, Ay in connectioD with the system, round which, however, the 
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system may revolye; the third equation, incoDJunction withifaese^ JDUt 
then establish the remaining condition of equilibriuniy vis. Alt thevj 
can be no motion of rotation. If the body or system, on iriudi die> 
forces act, be not entirely fice, but be only at tiberty to mote in any 
direction about a fixed point, then the last of the above equations^ 
be sufficient to establish the equilibrium, the fixed point being takes 
for the centre of moments. 

If of the equations (1) only the last has place, then all ire ci& 
infer is that the system has no tendency to move round the point titt 
for the centre of moments, and since wie here' suppdse that the vidoe of 
R, viz. 

is something but that Rr or 2 (Pp) is 0, we must conclude that rs 0^ 
so that the point taken for the centre of moments must be on the lesol* 
tant, in order that the equation 2 (Pp) s= may have jplace, and fijr eMrf 
point on the resultant it obviously will have place; so that if any pent 
on the resultant were to be fixed, this point would sustain the yiUit' 
pressure of the system. 

JJ. When the forces are situated in different plane9, 

(55.) Let us now consider the f(»ces P, Pj, Ps, &c. as acting, in any 
manner whatever upon a solid body, or upon a system of points, ini^ 
riably connected. Let the inclinations of P to the axes of jr, y^ and ^ 
be as usual », p,y; the inclinations of Pj, «i, jSj, y^ ; and so on. MbiB- 
over let the coordinates of any point in P's direction be i*, y, and z; 
those of any point in Pi's direction, Xi, y^, z^ ; &c. and let all these di- 
rections be produced till they pierce one of the coordinate planes, say 
the plane of xy^ excluding for the present those forces which may be 
parallel to this plane. Let us call the coordinates of the point where 
P pierces the plane of xy^ sf^ and y, then, for the equations of tUft 
line, we shall have, (Anal, Geom,, p. 223,) 



— afssaz'^ 

[....(1); 



X — afssaz 

y 

where a and b denote the tangents of the angles which the picjcfidais 
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line hself to tlie axes, there exbts the relations, {Anal, Geom. p. 226,) 

co8.«^aco8. 7, COS. /3ss6cos. y 

COS* a . COS. Q 

.\m^ , 6aB ^i 

COS. y COS. 7 

beace sub^tiitiog these values in the equations (1), and putting z^xQ, 
we U^ for tb^ CDonJiaates, /, ^', of the pojnt where F pierces the 
p^.ofo;^^ the values 

, «COS. 7 — (COS. A 4P P COS. r — xFcoB.a 
^=a ~- = =r ^ • • . . (2) 



, y COS. 7 — X COS. /3 y P cos. 7 — « P cos. /3 

COS. 7 



Jt COS. 7 



at this point («', y), since it is in P's dinaetioa, we may comider P to 
be applied; let us then do so and decompose P thus applied, accord- 
ing to the three axes, and we shall then have, instead of the original 
force P, these three, viz. 

P CO0. »^, P 00*. , P 001. 7 f 

Ae first two acting in the plane of xy^ and the third actmg parallel to 
the axis of z, and all upon the point (y, y*) where Pt original 'direction 
pierces die horizontal plane. Hence the mpments of the vertical force 
P cos. 7, vnth respect to the vertical planes, are, hy taking account of 
equations (2) and {2)p^ give% 

IT P fH»»«y;:9PcM.7 ^f P oof.^ 
y'Pcos.7=:y Pcos. 7 — sPcos. j3. 

Now whatev^ we have said respecting the force P and its components, 
equally appHes to any other force P., that is, it is equivalent to the 
diree component forces 

P^cof.*., P«pos./8«) P«coi.7»; 

acting on the point whese P«s directioQ piter^es ti^e horizontal plane: 
the first two being 19 ijn&t plape and parallel to the axis of x and y, and 

i2 
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the third force bemg vertical, or parallel to the axis of »; monow tks?09 
moments of this last force, in reference to ihe vertical planes^ Bunt ^ . _ 

f»P«cos.7»— x«P»cos.a» .^ 

and 
y»P»C08.y» — f»P»C09./3»; . 



Consequently, the original system of forces may be reduced to 
distinct parallel systems; one system being vertical, and the oAetVn" 
both in ihe horizontal plane, one of these parallel to the axis of :t, 4e' 
other to the axis ofy, and the combmation of these systems TaaateifA^ 
librate if the original forces equilibrate; but, in order to tbis^ it -ft'' 
necessary that the vertical forces of themselves equilibrate, or haveW ' 
resultant, because no vertical resultant could be counteracted by §i^ 
horizontal forces; hence the vertical and horizontal forces equiKborter 
separately. The vertical forces, therefore, must fulfil the condition il 
page 62, that is, they must satisfy the equations 



. - 1- 



2 (P cos. 7) = 0, 2 (a? P cos. y — » P cos. a) =: 0, 2 (jf P cos. y — i F . j 

co8./3)^0 .... (4). 

The horizontal forces being also in equilibrium they must satisfy the eqafr- 
tions (1) at art. (53), viz. 

S(Pco8.«) = 0,S(Pco«./3) = 0,S(P;>) = .... (5) 
where it must be observed that 

P ;> = y' P COS. « — x*^ P COST. jS J 

and, by the equations (2) and (3) above, the second side of this eqoatien 
is the same as 

y P cos. a — xF cos. j3. 

Hence, writing the equations (4) and (5) in their expanded format we 
have these six equations of equilibrium, viz. 



P COS. * + Pi cos, «! + Pj cos. a, + <fec. =sO, 

Poos. 

Pcos. 



5. * + Pj COS, A} + Pj cos. a, + <fec. =sO 
J./3+PiCO8.ft+P,CO8.ft+&C. = 0( .... (6), 

1. 7 + Pj cos. 7, + JP, COB. 7, + <fec. = 0'-' 
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I (S6.) Let OS inquire a little into the meaning of these two groups of 
i eqoatioitf. 

I .!Ebe fint of the group (6) shows us that in the case of equilibrium, 
I ttenttUiant of that set of components which is parallel to the axis of 
I t^WMtibe 0; and, in order to this, it is necessary that the resultant 
c(^A|Q^^iees Which pull one way must be equal to the resultant of 
AfM.vUch pull the contrary way; these equal and contraiy resultants 
MCjT fldi|er act upon the same point, and thus mutually oppose each 
oAc^.or they may act at different points, but both in the same plane 
II Aeipe joining those points. If the forces we are now considering 
106 all diat acted on the system, then, in the first of these cases, the 

(niiole system would be kept in equilibrium, and the body would be 
It equal liberty to obey any new influences as if these forces had not 
beea applied. But in the second case, where the contraiy resultants 
of die systems of parallel forces do not concur, the body would not 
equilibrate, but would have a tendency to revolve round a fixed point 
in tiie middle of the line, joining the points of application of the two 
resultants. As, however, the equation under consideration, the first of 
(6), thus bi fixes a point in the system, it prevents the body firom tending 
to move in the direction of the axis of x. Appljring the same reasoning 
to each of the other two equations of the group (6), we infer that they 

iaie sufficient to prevent in the body all tendency to motion in the 
direction of the axes of i/ and z, so that the entire system cannot tend 
to dnnge its place, that is, there can be no motion of translation. 
There may, however, exist, in conjunction with these conditions, a 
tendmcy to rotation in three distinct directions, and these three ten- 
dencies must be counteracted before the equilibrium of the body caii 
be established. It must be these tendencies then that are counteracted 
by the remaining three conditions (7); but let us examine into the 
meaning of thcsc equations, and, for this purpose, it will be sufficient 
to consider the first termj/ P cos. a — x P cos. P, The forces P cos. «, 
Pcos./3, act perpendicularly to each other on the point to which P is 
originally applied, and in a plane perpendicular to the axis of a: ; j^ i& 
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the disfanoe q£ that pointy in the axift of ^» whioh is in thi^ plm» fan 
the direction of the force P cos. a, and jr is ihe distance of die WOM. 
point from the direction of the force P cos. i9; so Aat if these distaoM}. 
wen ngid lines, these two foioea would tend to turn the system ahfil 
this pointy that is about the axis of ar in contrary directions; beoo^tfcft 
expressions y P cos. a and x P cos. /3 are the moments of the fblQCI 
P cos. A and P cos. P, with respect to the axis of 7^ or, which is the nme 
thing) with respect to the point where their plane cuts the axis of J- 
Hence the group of equations (7) intimate that in the caae qf efitSh 
briuniy the sum of the moments of the component forces^ with respe^ p 
the three axes, are severuUy Q; understanding by the moment of a foppiy 
with respect to an axis, the product of that force by the distance of fe 
axis from its direction, the force itself always acting in a plane perp6D- 
dicular to the axis. We have thus a right to infer, seeing that equatjpps 
(6) and (7) fully establish the equilibrium, that when there is no m^jtiop 
of translation, and when moreover the moments of rotation about flujee 
rectangular axes are each 0, the moments of rotation 4bout any o^ 
axes whatever must be 0. 

It remains to consider the efiect of those among the original fo|oe$ 
which may be parallel to the plane of xy^ since the decompositioQ wig 
have hitherto employed supposes the forces all to meet this pbne. 
Suppose P to be parallel to the plane of j^; at its point of app^catioo 
apply also two equal but opposite vertical forces Q, — Q, then ope of 
these being directed towards the plane of jy, the component of tbi« 
and P will meet that plane. 

Call this resultant F, then, instead of the force P, we shall have the 
two forces P' and Q acting at the same point, and to which the pre- 
ceding theory is applicable. Now the horizontal components of P' are 
the same as the horizontal cosaponepts of p, seeing that P' is compoKd 
of P and a vertical force; and therefore the two first of equations (6) 
aud the first of (7) remain unaltejred^ whether we substitute the two 
fojcpes P' and Q for P or not. For the third equation of ((^\ these two 
forces furnish the term? ¥' cos, y + Q = — Q4-Q = 0, the same as 
the original force P for which cos, y is 0. For the second of equations 
(7), these sa^ke foices furuish the terms 

and 
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die aggrqgale of iniiich is the term — zF cos. a, the same that would 
be pfen by the original force P, for which cos. y is 0; and precisely in 
die none wwf is it to be shown, that there will be no difieience in the 
last eqaBtion wfaedier we substitute for P the forces F, Q, or take the 
Race P jfselfl Hoice the foregoing equations establish the equilibrium^ 
bowevei the original forces may act on the system. 

X57.) Whoi the body to which the forces arc applied is not free, but 
ii ttdj at liberty to move in any direction round a fixed point, then, 
taSoti^ tti point for the origin, the equilibrium will be established if 
tke'eqntiotis (7) have place, for these equations forbid all tendency 
to move in the only way in which the body is at liberty to move. 
' Bi sodi a case the pressure on the point must be equal in intensity 
6 die lesoltant of all the applied forces, or to the resultant of the same 
brees if they were all to be transferred parallel to theii directions to 
he filed point itself, since, as is plain from equations (6), it will 
eqoive die same pressure or opposing force to preserve the equilibrium 
a one case as in the other. Calling the pressures on the point, esti- 
Btfed in the several directions of the axes of Xy y^ and j;, X, Y, and Z, 
te have, from equations (6), 

X=s— S(Pcos.«), Ys=— S(Pco8./8), Z=— 2(Pco8.7). 

' When the body can move only round a fixed axis, then, taking this 
far the ans of jr, all tendency to this motion will be prevented if the 
angle equation 

(y Poos. a — ar P COS. /8) + (j/i Pi COS. «i — a?i Pj cos. /3|) + 
( J/a Pj COS. oj — J, P, COS. /Sj) + <fec. = 0, 



.We may consider the fixed axis to be secured at its extremities by 
two fixed points or pivots, and then the general equations of equilibrium 
irffl fbmish us with expressions for the pressures sustained by these 
photo. Call the pressures upon one of the points, (0, 0, Z',) in the 
Ihections of the axes, X', Y', Z'; and the pressures upon the other 
point, (0, 0, Z",) X", Y", Z"; then, these being the forces which, with 
hose applied to the body, secure the equilibrium of the system, we ' 
nust have, between them and the applied forces, the conditions 
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Z'+Z'=— 5(Pco».y) .... (1), 

in order that tbe equations (6) may be satisfied; and Iftewiaa Ae ei 
ditions 

»'X 4- f'X'ss^ S (x P COS. 7-*i P COS. •) 
«'Y'-f t'Y'ss— X(yPeofcr— •Pcos./ft) 



^ • • • • 



(«)> 




in order that the equations (7) may be satisfied. 

The third of the equations (1) shows that the axis is pressed ^ 
direction of its length by the force 2! (Pcos. y); which is, 
divided between the two pivots, although there is nothing to 
in what proportion. The remaining four equations of cooff ^ 
enable us to determine, when the intensities and diiectionsi as ^><-" 
the points of application of the applied forces, are given, what 4 .v 
they exercise on each pivot to carry away the axis. , 

(56.) Before concluding the present chapter, we shall briefly % ' 
to the remarkable analogy which exists between the theory of m<M 
and the projections of plane figures in geometry; and first ws. 
remark, that the several terms which constitute the equations (7V J 
each of which we have called the moments of two component i 
with respect to the axis perpendicular to their plane, mayeitf 
considered as the moment of the projection of the force itself on 
plane perpendicular to the same axis, with respect to the oiigit '^ 
Thus let us take any force Pi,, and represent it by a part of its dii» " 
estimated from the point of application; then the projection of thfr ' 
Pi, on the plane of ay may be considered as the projection ott ' 
plane of the proposed force. It is obvious that the components d ' 
projection parallel to the axes of jr and y must be the very same m - '* 
components of P* parallel to these axes, that is, this projection i -'- 
resultant of the two forces P^ cos. «» and Pi» cos. fin; but when^ ^ 
forces act in a plane, the moment of the resultant in reference '-'^^ 
fixed point is equal to the sum of the moments of the componentry 
to their difference if they tend to turn the system in contrary direel 
about this point, and the moment of our two forces is i/n P* cos. «n» ^ 'i 
jr, P, cos. Pn. Hence, calling the resultant of these forces, or the ,^ *; \ 
jection of P,, F«; and p'«, the perpendicular upon it from the ce*^' 
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WmHDn^ Ay ^fV flBW 

/•P'.ssy. P« toi. •» — », P« coi. /S, , 

jA^Jpair €ipwimom obviomly hav« place for the momeoti of tke 
fcjectiw OD tiie odier two planes. 

As Ai fRQeodea of a line on a plane is the product of the line by 
Is sssbs of its indinatioB to lim pbii^ or by the sine of in incUmtion 
lapgpendicnlar to the plane^ tke projection Ps, of P« on the pUite 
tmff win be ezpxessed by the product P« sin. y«; and, in like manner, 

tpnjactioDS P^* and V\, of the same line on the planes xi and yt, 
ibs 

P',= P«8in.i3,, P^«=P«8in.«.5 

liHi^ fldling the perpendiculars on these projections from the origin, 
Vcntae of moments^ j^« and fT^y we may write the equations (7) in 
piBOn concise form, viz. 

'|^P4l.y-(-yi P,8in.7,-fy, P, dn. y, + <&c. =r 
/P*up-f^, P,8in.ft-f|/, P,8in.ft + Ac. 
^I^P rib. a 4- jfT^ P, dn. oj + pT^ P, sin. •, -f- «fec. 

[. B |W be the perpendicular irom the origin, or centre of moments, 
fan the line Ps in space, then pn P» will be double the area of the 
^fljk vfaose base is P« and vertex the origin; also p. P» will be 
jpiUe tfis area of its projection ; we may say, therefore, that the moment 
f Ibe pqlection of any force is equal to the projection of its moment 
As tfie moment j/ F'y of the projection of any force P on the plane 
f ^ or &e moment p' P% of the projection on the plane of x«, or the 
WKmtpr P^'y of the projection on the plane of yt, is in each case 
Ifd to double the projection of the trian^ whose base is P and 
die origin, or centre of moments, it follows, from the theoiy of 
(Anal. Geom. p. 2T0,) that if ;>" V" represent the moment 

[ 1^ pnjection of the same force on any fourth plane, passing through 

[' ll centre of moments, we must have 

|(/-P^ as cos, ^ S (/>' P') + COS. ^^ S (// P') + cos. ^ 2 (/I"' F"), 

d^ 1^ I*, ^, ore the indinatioos of the new plme to the planes of 
f^Trf / P^i M^ <>^ P" ^ respectively . 
Udso fi^lovs fitNn the same theory, (AnaL Gcom. p. ^l*) that if 
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any number of forces be projected on three rectangular planei^ and 4( 
moments of the projections on each plane, regarding the origin as the 
centre, be collected into one sum, the squares of the three sums thus 
furnished will be constant for every system of rectangular planes hariqg 
the same origin. 

For the determination of the principal plane^ or that in ^vbich the 
moments of projection of any given forces amount to the greftteit MOf 
see the Analytical Geometryy p. 271 et seq. 
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PROBLEM I. 



(59.) A bent rod or lever ACB is suspended at C, about whidi 
point it is free to move in a vertical plane, and weights P, P, aic 
attached to its extremities; to find the position in which it'will reM 
(fig. 47). 

Let us take the fixed point C for the centre of moments, then it will 
be sufficient for the equilibrium that the moments of the applied forces 
baJance each other. These applied forces are first, the weight P, of 
the arm CA acting at its centre of gravity, the middle point a; 
secondly, the weight P acting at A; thirdly, the weight P, of the arm 
CB acting at the middle point b; and lastly, the weight Pg acting tt 
B: these forces all have vertical directions, and the moments of the 
two latter oppose the moments of the two former. Hence, diawiog 
the perpendiculars firom C on the directions of the forces as in the 
figure, we have this equation for the conditions of equilibrium, tix, ' 

F.Cp + F,.Cp, = F,. Cp, + P3 . Cp,, 



' "i* 



and it is from this equation that the required position, that is, the an^ 
AC/) or the angle BCpg, must be determined. Put « for the angle 
AC>, a for the angle BCp^ and 9 for the given angle ACB; alsc, call 
the given length AC, 2 a, and the given length BC, 2 o', then 
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qp3 = 2a'cos. «' = — 2a'co8. (a + 0) J 
Wnce the equation of equilibrium is the same as 

(aP -I- P,) a cos.« = — (Pj 4- 2P3) tf'cos. (a + 9), 
\ ^iiktXB « ■ the only unknown quantity. Or, since 

COS. (a -|- ^) sin. « sin. — cos. a cos. 9 

Sr7~ = ^5^77 = tan..8ln.e_co..O, 

te eqation reduces to 

(8P + P,) a = (P, + 3F,) of (tan. a sin. 0—coa. $) 

. tan « - (2P + P.)a + (P» + 2P.)a'cO8.0 

(P8H-2P,)a'sin. 

If the extremities of the lever cany no weights 

P, a + P„ a' COS. 9 

tan. a = — = ■ — > 

P3 fl' sin. 

Rsnlts would remain unaltered, though the two arms CA, CB 
of different thickness; but when they are equally thick, since 



[ . Pa a 
' dieir weights must then be as their lengt^° ^^ &nna 

liit expzession may be put under the form 



a' + fl** cos. 9 

tan. a = — ' 

a'^ sin. 9 



PROBLEM II. 



' (60.) An oblique cylinder stands on a horizontal plane, its inclination 
to wbicb is 60**, perpendicular height 4 feet, and diameter of the base 
9 feet. Required the diameter of the greatest sphere of the same 
material as the cylinder that will hang suspended from the upper edge 

J. 48,) without overturning the cylinder. 

The centre of gravity G of the cylinder is at the middle of its axis 
Ci); hence the acting forces are the weight of the cylinder in the 
vertical direction GE, and the weight of the sphere in the vertical 
direction B'P and these two forces are just sufficient to prevent any 

K 
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tendency to motion about B; hence die eqaation of equilibrium is 

BE X cylinder =: BF x spBere. 

Now by trigonometry 

sin.GBE:DGE :: GE:DE=:2>/| 

.-. BF = 2DE=4>/1, BErsBD— DE = |— 4VJ5 . 

hence, substituting the volumes of the cylinder and spheie fbr Ml 
weights to which they are proportional, the equation of equilibriniiis 

(i — 4 VJ) X 3» X -7854 X 4 = 4 VJ X J X '7854 X diamiif \* - 

.-. diameter = 2 • 006 feet. 

PROBLEM III. 

(61.) One extremity C of a heavy rod is moveable about infixed 
point in a vertical plane (fig. 49), and to the other extremity B iilhit- 
ened a chord which goes over a pulley A in a horizontal line wi^ C, 
and supports a weight P equal to half the weight of the rod: lequired 
the position in which the rod will rest. 

The forces which prevent motion about C are the tension of the isocd 
BA, measured by the weight P, and the weight 2P of the rod acting 
vertically at the middle of CB. 

Draw BF perpendicular to AC, and CE perpendicular to AB, then 
the equation of equilibrium is 

P.CE = 2P.JCF = P.CF.-. CE = CF. 

Put BC = a, AC = b, and AF = x, then the right-angled triangles 
A EC, AFB being similar^ we have 

EC* BF» ^ (6 — x)» _ a«-~(6 — j)» a« — ^a+2^y> 

AC« ^ B A« •*• b^ — ja 4- a» -^ {b — x)» "" «« — 6« + 2^ ' 

an equation which reduces to 

2*a»— (4A» — «»•;««— .2fc(a« — 6)« = 0. 

One root of tliis equation is x « 0, and the of er two, as given* by Ae 
quadcatic, 



! 



V 

V 

J 
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«» -^_x-a«-4« (1) 

are 

*as*^i(«±^8*«-f «•) .... (t). 

I^gmwimi into the nature of these as connected with the positions 
of the JoL Hie first root x = gives the position in fig. 50, ^ich 
yWiiD% htmewu, the rod cannot take if AC is greater than CB, that 
kiU neteds a; but idien b does not exceed a, then this will be one 
tftefqatiom of equilibrium, and it may be remarked that whaterer 
te ^h^^liplght of die rod moveable about C, the other end B will 
9hnj9 be supportad in every position by a vertical fi)rce equal to half 
tnt weight. 

cannot be any other position of equilibrium for the same 
F between die lines CB, CA, because in no such position can 
jb| eeadlHoM of equilibriom^^viz. C£ = CF, have place; hence no 

loot of (1) can be ccKUustent with the conditions of the 



-.'IW ddermiBe in what circumstances the two roots are admissible, 
^ pot assnb, then the values of x will be 

«:^6(1 ), 

lAidk lorn ^ 1 gives « ap 0, and j: = ] 6 ; when n is less than 1, then 
it is obvious that both values of x are positive; hence, when a is not 
greater than 6, there are always two positions of equilibrium determi- 
naUe fiom the two roots or values of jr in (2). As one of these 
filMi of X is always greater than b, the corresponding position of the 
lod will be as in fig. 51. When n is greater than 1, one of the above 
> ^allies of * is always positive and the other always negative; hence, 
when a i* greater than b, there is but one position of equilibrium 
(fig- 52) determinable fiom the positive root or value of * in ( 2 ), 
bat then there is another position determinable from jr = 0, that is, 
the citremity B will rest in the vertical line fix)m the pulley, as in 
fig. 50. 
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PROBLEM IV. 

(62.) AD and BC (fig. 53^) are two heavy bars moveable k 
vertical plane about their extremities A, B in the horizontal line A 
required the position in which they will rest by leaning agaiiiflttt 
other. 

Call the weight of the bar AD, acting vertically at its mkklk I» 
and the weight of the bar BC, acting vertically at G, P, ; tboillM te 
acting on AD, to turn it round A, are P ii) the direction EK, fnd ' 
pressure of CB in the direction DL perpendicular to BC ; taH^ 
pressure Ps> then the bar AD beii^ at rest^ we must have 

P.AKzsPj.AL, 

also the forces acting on BC^ to turn it round B, are Pj in the diieci 
GH^ and the pressure P» in the perpendicular direction LD ; honei 

Pj.BH=rP,.BD, 

these two are therefore the equations of equilibrium. EliminatiDg 
we have the single equation 

P . AK . BD = P^ . BH . AL. 

Put AB = a, AD = 6,BC = c,andBD=jr; then 

Av AP A i&(*' + a» — »») 
AK =: AE • COS. A ^ ^ — i — — 

2 ah 

BH = BG.cos.B = ii<2l±f!zi*!l 

2 ax 

ALs=AD»C08.D=:^-^^^ ^. 

2x 

Hence, by substitution, we have 

2i(69 + a»— x«)P = ^(a»-|-x« — A«) (*» + «*— a»)P,; 

an equation of the fifth degree, fix)m which, when numbers are put 
a, b, and c, the values of jr may be determined, (see Algebra, p. 196 
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PROBLEM ▼. 



t Ijl given rod or beam, not of unifbnn UHckness, has one end 
•{j-. B bf a cord of a given length, fixed at a given point above an 
^v. T.B*K 0^^ given inclination, and the other end of the beam is 
the inclined plane ; it is required to determine the pestlm 
^ Bf*"'' ^eigbt sustained by the cord, and pressure against the in- 
^ . Ipne when the beam is at rest, (fig. 54.) 
^ . ■Be die given point, AP the string, AB the position of the beam 
^;,. Wm, with its end B on the given inclined plane BK. 

acting on the beam are the tension of the string in the di- 

*, the weight of the beam acting vertically at the given point 

of gravity, and the pressure at B acting in the given direc- 

c> -• ^perpendicular to the plane. Let PA, D'B, be produced till 

in D, then, as the resultant of the forces acting in these lines 

dnough D, and as the directioa of this resuhsmt is vertical, 

that the vertical line D6 must pass liknugh the centie of 

hetkce to determine the position of the md, draw AH, PK, 

ti lyu, and AM parallel to BK, also produoe BA to N; then 

will be ascertained, if we can find the angle PCK va PAM 

known quantities are BG=s<7, GA=sb, PK :»c, PAx=/, 

i inclination of the plane ; ii, therefore, we call the unknown 

, or NAM, 0, we shall have 

PMac^stn.^ 

AH as KM = (ft -f b) iin. ^ 

,% PM — KM = /8in.0-|-(a-|-6)8in.0 = c .... (A). 

I 

^reibre, we can obtain another equation involving no other un- 

f quantities besides 9 and 0, this latter may be eliminated, and 
B determined. Now two different expressions for BD, involving 
kese unknown quantities, may readily be obtained from the two 
pABD, GBD, which have this side in common; for observing 

PAN = BAD = 0— 
ADB = APM =; 90° — e 
BDG = RBQ = « 

BGD ?= cwof. QBG ?» 90° ^ (t + 0); 

K 2 



y 
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we have, from the triangle ABD, 

■in. ADB : sin. BAD : : AB : BD ^ "^ 

that 19, 

COS. 0: sin. (d — 0) :: a-fft :BD . . . . (l)j 

and in the triangle BGD, we have 

sin. GDB : sin. DGB : : BG : BD; 

that is, 

sin. f : COS. (i + 0) : : a : BD .... (2), 

Equating now the two expressions for BD, furnished by (1) and (2% 

we have 

(a + b) sin. (9 — 0) a cos. (i -\- 0) 

cos. 9 sio. f 

.'. (a + 6) sin. I sin. (0 — ^) = a cos. 6 cos. (t -f- 0) .... (B); 

hence, by means of equations (A) and (B), 9 may be determined, vaX 
thus the position of the beam found. 

It remains to determine the tension T of the string, and the presfuie 
P on the inclined plane. In order to this draw GV parallel to PA, 
then, since the sides of the triangle GVD are respectively parallel 
to the three forces, they, or the sines of their opposite angles, axe pro- 
portional to these forces ; that is, calling the force in GD, or weight of 
the beam W, we have 

sin. GVD : sin. VDG = 8in. i : : W : T 
gin. GVD : sin. VGD = cos. : : W : P ; 
consequently, 

cos. 9 COS. 9 



PROBLEM VI. 

(64.) A given beam AB is supported by strings which go ove'pollies 
C, D, and have given weights P, P„ attached to them, to find the posi- 
tion of equilibrium (fig 55). 

Produce the strings till they meet in g, then the vertical gE will pass 
through the centre of gravity G of the beam, and if GF be drawn 
parallel to DG the three sides of the triangle GFg will be piopor- 
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tional to the three equUibrating forces, and these are all given. Put 
AGsso, GB= 6, the inclination of CD to the horizontal line CK, or 
DK', i; these quantities are also given. Let a represent the angle DCA, 
and ^ tite angle CDg, then sin. BDPj = sin. (/3 4. i) = sin. FGg, 
and C08.^K =: cos. (» — t) = sin. FgG; hence, from the triangle GFg, 
we have 

P^ cos.(i3-fO .J. 

?! COS. {^a f ) * * * ' ^ "^ 

£ _. cos . (/3 + _ cos. (P + 1) 

W sin.(180«» — /3 — a) "" sin. 08 -f «) * 

From Aese two equations the unknown angles a and p may be de- 
tenniiied. But to find the position of AB, we must also know the angle 
k'ssi. From G draw the perpendiculars Gp, G;>p on the strings, then 
Gji= GA sin. A = a sin. (* — d), and G;>i = GB sin. GB/?i = 6 sin. 
(fi-^^), hence 

asin. (« — ^)P = *sln.(/3+^)P, 

bom ifiuch equation ^ may be determined, a and /3 having been pre- 
nouaiy found. The quantities thus found enable us to find the two 
unknown sides of the triangle CgD, and those of the triangle AgB, and 
thence the distances CA, DB. 



PROBLEM VII. 

(65.) A given beam AB hangs by two strings, CA, DB, of given 
lengths, from two given fixed points C, D ; to find the position in which 
it will rest (fig. 56). 

Here instead of the tensions we have the lengths a', b' of the strings 
CA, DB; hence, usmg the same notation and the same reasoning as in 
the last problem, we get two different expressions (1), (2), for the ratio of 
these tensions; that is, we have one equation between the unknowns 
m, fif and $; it will, therefore, require two more equations to determine 
them; these two may be readily obtained, since we may deduce two 
^tfiJBient expressions for the perpendiculars firom A and B on the strings. 



I 
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Thus, if we diaw AM paiallel to BD, it 19 plAln tfx^ Ibftptl 
from A OB PB will be equal to Uiat ton C cm PB, nnmn 
Q on AM; Hud is, eallingCD, c, ibee¥pifimmf»tiii»p« 
will be 

but the expression for the same perpepcjicular is also AB sii 

(a + A) ai«. (/3 4. a) 
.-.cBin.iS — «'»la.(» + /3)==(a + ja)8iii.(/3 + ^) . . 

Again the perpendicular from B on Ag is equal to the pe: 
on it from D, mmus that from D on BN parallel to Ag, tin 
for this perpendicular is, therefore, 

c sin. » -»- 6' sin. (« + ^3); 
but the expression for the same perpendicular is also AB sii 

(a + fc)sin. (« — ^) 
.'. c sin. tt — A' sin. (« + j3) = (a -f &) sin. (a — ^) . . 
These equations, iu conjunction with that before mentioned 

co 3.(i3 + _ 38in.(j3 + ^) .3. 

sin. (/3 + «) a sin. (* — ^) ' ' ' ' ^ ^ 

are sufficient to determine the unknown quantities sought. 



PROBLEM VIII. 



• 



(66.) A given solid hemisphere, with its convex part up( 
inclined plane of given inclination, is kept from sliding by 
given length having one end fastened to a given point, anc 
end attached to the edge of the hemisphere : it is require 
mrae the point where the hemisphere touches the plane wl 
the pressure on the plane, and tiie tension of the string, (fig 

Let P be the given point, PI the string, IFM the hemisj 
centra and CT perpaidicular to MI, then the distance CG < 
of gravity is } CT. The forces acting on the body are the 
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mlbe vertical direction GR, the pressure P in the directi<»i FO perpen- 
dicnbr to the inclined plane AB, and the tension T in the direction 
IP; this last direction must when produced meet in O the point of con- 
eaneoce of the other two forces. To determine the point F, draw GN, 
n^and PEy perpendicular to KF, ID perpendicular to PE, and PH 
to AB, then the given quantities are 

C6 = a^ CF = &> PH = EF = e, PI = /, cot. angle BAR s= 

cot. angle GON := t ; 

andweinsh to find HF or PD and IL. Put j: and y for the sine 
and ooane of the angle GKN, or KIL, then we have 

KN = ay, GN = aj?, CL = bx, LI = ^ 

.•.ON==^-GN==toa?,'C0 = CN — ONr=a(y — ^«) 

LO = CL — CO = Ax — o(y--to),LE = CE — CL=s 

ID = & — c — *x. 

' Bf the similar triangles OLI, IDP, 

OL : LI : : ID : DP 

...DP=M5zi£ziM. 

bx — a(y — tx) ^ 
. •d since DP + DP« = IP« = /» 

This equation joined to 

if sufficient to determine x and y, and thence DP and LI. The sides 
U, LO, being now known, the angle LOl is known; hence, taking the 
centre of moments at L, we have 

OL sin. LOI x T = OL sin. LOG- W ; 

and LOG =r/. A, 



• . 



gim LOG 
* ■" sin. LOI ' 



abo, 



P 3= T cos. LOI + W cos. LOG 
vs (sin. LOG • cot, LOI + cos. LOG) W. 
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(67.) To determine the position in whicl) a paraboloid A^ ^ 
rest upon a horizontal plane, (fig. 58.) 

Suppose P to be the point on which it rests, then &e pteum 
in the vertical direetioa PG, is in ^ nofnal to the snifoee «l P, 
moreover, passes through the centre of giavity 6. Taking As 
AX, AY the equation of the vertical section, through AX^ 
PGis 

y*s=2px; 

therefore, the subnon:qal NG is 




■4 



but, calling the altitude AX of the paraboloid a, the distatiof AfJ V >^ 
(ex. 3, p. 80) AG=:ia, - - « y, 

this therefore is the abscissa of the point on which the body rests^ hencK^ 

the tangent of the inclination XRP pf 1^9 axis to the horiaop, ^ H^ 

dy 
the value of -^, for the point P i 



dx 



16 



tan.0=^=:N/-^=N/;>^2(Ja — ;i) .... (1). ' 

Besides the point thus determined, there is no other en which we eas 
place the body where the normal shall be equal to the distance of the 
centre of gravity from the horizontal plane, which equality must eiirt 
in order that the body may rest on that point, making, however^ OM 
exception, viz. when the point is the vertex A; for at this point tb^ijMift' 
mal being in the line of direction of the centre of gravity, the M^ 
would necessarily rest <m it, be the length of the normal what it msf. 
In order that the body may be unable to rest on any other point besidci 
this, the altitude must be such that between the vertex and base there 
shall be no point yihoa^ normal shall ^qual the distance of the centre 
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ty from the plane, thereibre, the condition is that the result (1) 
either impossible or ioAnite, wUcfa requires that 

3 3 

beft^MB, 0^:)p we see thsft die vettex is the point at wfaidi Ae 
meBsmes its distance from the centre of giarity. Henotf if'aii^ 
t of a paraboloid, whose altitude does not exceed \pf be* placed 
r on a horizontal plane, except indeed on its base, itnmstathtlijrir 
itself to an upright position and rest, when it does test, oA Ha 



PROBLEM X. 

) To determine the pressures exerted by a door on its hinges or 
two pi^^ots upon which it hangs. 

the weight of the door acting at its centre of gravity P the di»- 
)f ihe centre of gravity, that is, of the direction of the force from 
tical axis j:, and the distance between tiie pivots z — s'; then 
leing no pressures in the direction of the axis of 3< the equations 
age 93, become, in this case, 

X" = — Pco«.« = 0,Z' + Z" = — Pcos.ysr— P .... (1) 

.•.X'== — X"; 

the equations (2) furnish only 

(;»' — OX'= — P^ 
Pr „ Vt 

#•. X SSS -,, f •*• X — "7 -^ .... f «}. 

Kpiation (1) shows that the door presses with its whole weight P, 
ertical line of the hinges; and the equations (2) express the hori- 
1 finces on the hinges, the lower hinge being pushed inwards, and 
pper hinge drawn outwards, each with a force equal to 

Pi 
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PROBLEM XI. 

(69.) One end of a uniform beam of weight W is movebble lom 

Axed point in a vertical plane, and to the other end is attached a il^ 

which passes over a pulley, and is loaded with a given weight P^ 

fixed point and pulley are in a horizontal line, and their distance 9f 

der is equal to the length of the beam, which, however, is not giii 

required the angle 9 between the beam and horizontal line when 

beam is at rest, 

P P* 1 * 
cog. e= -t ( 1- --r • 



PROBLEM XII. 

(70.) A cone of marble, the axis of which is twenty feet, md'l^ 
diameter, six feet, stands on the edge of its base, the axis iBaIdii| 
angle of 60° with the plane of the horizon; what must be Aeit 
tion and intensity of the least force applied to its vertex that wiB j 
sustain the cone in that position; the weight of the cone being 284C 

The least force is 1 '377 cwt. acting perpendicular to the axis. 



PROBLEM XIII. 

(71.) What will be the height of the greatest segment that can be 
off a prolate spheroid whose longer axis is double the shorter, by a pi 
perpendicular to the longer axis, so that it may be unable to rest u^ 
any point of its convex surface except the vertex. 

Height = semi, trans, x (3 — \/ 5). 



PROBLEM XIV. 

(72.) A beam of given weight W, rests with one end against a m. 
tical wall and the other upon an inclined plane; calling the inclinalk 
of the beam to the horizon i, the pressure against the wall P, and • 
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ist ibe inclined plane T, to determine the intensities of P 



I A ladder of uniform thickness and neight v> pounds is placed 

n vertical wall, and at a given inclination i to the ttorizon, a 

lighing W pounds ascends the ladder, and it is required to 

K the prtsaure at the top and the thrust at the bottom of the 

(triien Ihc peison arrives at any given height, 



OHAPTBB. XV. 



ON THE MECHANICAL POWERS. 

I) Huvlnu now considered pretty fuUy the theory of the equilibrium 
Ki, applied to diiferenl points of a solid body, it is proper that ne 
Bspeak of those caaes iu which the forces are not immediately 
id. to the body, on which their influence is ultimately exerted, but 
"Qe intermediate body contrived for the purpose of transmitting 
tafluance in the most advantageous manner. These contrivances 
*lled 3JacAine«, and the simple elements or constituent parts of all 
Wtierj are called the mecliaakal poweri. These are sii in number, 
^**e as follow : the Lever, the Wheel and axle, the Putlei/, the In- 
e, the Screm, and the Wedge. 



The Lever. 

fS.) A lever is a rigid bar, or lod, moveable about a fixed point or 

fcand it is divided into three differenl kinds, depending on the 
of this fulcrum with respect to the applied force, and the body 



I 
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to be influenced by it; thus, if the fulcrmn be between the ibioe ar; 
power and the body or weight, as in fig. 59, the lever is said to be of At 
first kind^ if it be situated so that the weight is on the middle, ii-l 
fig. 60, the lever is of the second kind, and when, as in fig. 61, the power 
is in the middle, the lever is of the third kind. In the figures Aendi 
are straight, but they would still be levers if bent or curved. ^ 

That a lever acted upon by any forces may be in a state of eqidBfanaaC 
it is, obviously, merely necessary that the sum of die momeaby 
the fiilcrum as the centre, be equal to 0; this condition, tfaerefi9i% 
prises the whole theoiy of the lever, so that when, as is commoi^ Al 
case, the equilibrating forces are a weight W and a power P, tWihl I'' 
condition is '" f 

Wi».=Pp.-.p-=f- (1)5 ■ t 

hence the weight and power are to each other, reciprocally as iliar'dii- ^ 
tances firom the fulcrum. If, as is usually the case, the dbjed lit ^ 
balance W with the least power possible, this must act so that p may 
be the greatest possible, and, therefore the power must act perpendi- 
cularly to the lever. ¥ 

When the weight w of the lever itself is to be taken into considentioa 
-we must view it as a third force, acting at its centre of gravity; if we 
call the distance of this new force fix>m the fiilcrum g, then the above > 
equation will be • s 

y^Pi±^g = Pp .... (2); 

the upper or lower sign being used according as this force tends to 
fdvor or to oppose W. 

(76.) The mechanical advantage of the single lever may be conside- '. 
rably increased by combining several together, so that the power of oris 
may be communicated to another. 

llius in the system of levers, represented in fig. 62, if wetxdl the aiins 
which are on the same side of the fulcm as the power p, p^^ »^ Jic. 
and the other arms p%p\f p\, &c. and, moreover, call the powers actmg 
at the extremities of the latter arms P„ P,, &c. then in the case of 
equilibrium we shall have the equations 

Pp=P^p', ?,/». = P,p/, P,p,=:P,p;, Ac. 

and multiplying these together. 
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■* 



((ft^ iMt power P» being the weight \V^ 

"" ' ^PPiPf • . • • -^pyiP\ ; 

ID iDtf the power is to the weight, as the product of the arms on the side 
^,flm ynof^t, to the product of the arms on the side of the power. 

•Otrr PROBLEM I. 

f J) A body is weighed successively in the two scales of a false 
ID the one scale it balances a weight />, in the othar a weight q^ 
nqoked the tme weight of the body. 

8 upp o6e the lengths of Ae arms of the balance to be a and 6, and 
kt X lepiesent tte true weight of the body, then its moment in one scale 

■ axp and in the other bx, and, by the problem, 

■» ' ■. ■ 

OMsszbp^bsssafi 
■nltiplying these together we have. 




the true weight is a mean prop<Nrtional between the two fidse 
weights. 

PROBLEM II. 

(78.) The common steelyard (fig. 63), is a bar AB, moveable about 
a fulcrum O ; P, the body to be weighed, is hung at the shorter arm A, 
md a given weight W is moved along the other arm till it balances Q ; 
then the weight of Q is known from the place of P ; to find how the 
dklances OC increase with regard to the weight Q. 

Let G be the centre of gravity of AB, and Gg vertical meeting the 
tenyontal line AOC in g. Call the weight of A£, u;, O A = p, OC 
»/»» ^^ =^» ^^^i ^y equation (2) above, 

^g __ ^P 



'-'Pi + 



WW 
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wg Pp 

hence, if we take O^rs-rrr-, we have xCss-rrr-; hence *C 

W W 

as P ; and, proceeding from x, equal additions of distance to jC 

respond to equal additions of weight to P: that is> if xC be 

wiU) points 1, 2, 3, &c. at equal successive intervals from x, W 

at these points will successively balance the weights 1^ 2, 3^ &c. 



PROBLEM III. 



y. 



(79.) A homogeneous lever AB (fig. 64) of the second kindii 
thick throughout ; it is required to determine what must be the 
the arm AB, that a given weight W, acting at the extremity of thBLj 
AC, may be supported by the least power P possible, taking into 
the weight of the lever itself. 

The lever being homogeneous, and equally thick throughout any pQ^ 
tion of its length, may be taken to represent the weight of that portioi; 
hence, calling the length AB of the lever x, its weight will be i «| acl- 
ing at G, its middle point; therefore, putting AC=p, we have, liy? 
equation (2), 

To determine for what value of x this expression for P is a minimumi 
we have 



d P 






dx X* 

from which we immediately get 

the value required. 

It must be remembered that we have taken lengths to represent weights, 
so that, whatever our unit of length has been, the weight of that unit mult 
be considered as the unit of weight, tlius if we have measured pj, and, 
therefore x, in inches, then the numerical expression for W will be the 
weight W, divided by the weight of an inch of the lever. 
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By sabBtituting this value of jr in the foregoing exptenion for P, we 
, for the intensity of this power when acting at the gioatest advantage, 

V 2 Wp^ 



The Wheel and Axle, 

(80.) This machine is in reality only a modification of the lever; it 
of two parts, a cylinder called the axle, and a surrounding circle 
rwbeJ connected with it, having its centre in the axis of the cylinder 
j[|loiit which the whole turns, (see fig. 65.) 

[<t ^^ machine is not complete in itself like the lever, requiring the 
■ 'tli Miti on of cords, or chains, or some other intermediate body, to com- 
with the forces engaged. 
Tbe more immediate object of this machine is to support or raise a 
Ik^ht W, suspended to a rope wound about the axle, by means of a 
/ ftiKst P applied to the circumference of the wheel. But in numberless 
lifpUcations of this machine the axle does not communicate directly 
iriUi the weight by a cord: but, by being surrounded with teeth, as in 
i%.66, acts upon a toothed wheel, and the axle of this last upon another 
llBothed wheel, and so on, the power being thus transmitted to the 
jiBght W. The effect of a power thus transmitted we shall consider 
[presently, examining first the more simple case just noticed. 
I Let the radius of the wheel be p, that of the axle j?„ then (72) 

P Pi 

1 the weight and power being to each other, reciprocally, as tlieir distan- 
ces fix)m tbe fixed axis, as in the lever. 

' If the equilibrating forces do not act tmgentially, as we here sup- 
I pose, then instead of /?, p, representing the radii, they will represent the 
distances of the directions of the power and weight from the axis. 

It is obvious that the greater be the wheel the less will be the power 
lequisite to support or move a given weight: and that a continually 
decreasing power may have a uniform effect upon a constant weight, it 
must act upon a series of continually increasing wheels, constantly 

l2 
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keeping up the above proportion, the radii of the wheels Taiying ii 
vereely as the powers : thus, P and F being any two values of the 
we have 



^"Pi'Pi Pi'''P' P' 



jl 



In this way the varying power exerted by the main spring of a 
while uncoiling is made to produce a uniform effect; this power 
on a series of varying wheels (fig. 67) called iheftizee. 

It should be remarked that the machine we are now considi 
virtually unchanged, though the wheel be stripped of its rim md-^ 
power be applied at the extremities of the spokes. 

It should be further remarked that the thickness of the rope^' 
considerable, must not be neglected in estimating the condi 
equilibrium; for we ought to consider the forces to be transmit 
the middle or axis of the rope, and, therefore, the radios of die; 
should be added to that of the wheel, and of the axle, so that m 
above expressions p and p^ are the distances of the axes of the 
from the axis of the machine. 

(81.) When the axle is toothed it is called a pinion, and the teeth its 
leaves. If a power be in equilibrium with a weight by means of a 
system of toothed wheels and pinions, as in fig. 66, then we shall find 
that the power will be to the weight as the product of the radii of the 
pinions to the product of the radii of the wheels. 

For let the radii of the axles or pinions be r, r„ r^, &cc. and those cf 
the wheels R, R, Rj, &c. then the power P acting on the first whed 
equilibrates a weight W or power P,, on the pinion, expressed by 

P-ZL. ^ 

this then is the power applied to the second wheel, and which, Aere* 
fore, communicates to its pinion a power expressed by 

p Pi Ri P RR, , 

*a — ~ — J 

this is the power applied to the third wheel, and continuing this conL 
putation it is plain that the power with which the wth pinion or axil 
acts is 
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— A Iv lv| Ivj • • • • IVm— I 

F» ^ J 

r r, Tj . . . . rn— 1 

-aad, conaequently, P« is the weight which the power P will balance on 

the n& axle. 

Instead of expressing this result in words, as above, we may say, since 
thcjadiiare as the circumferences, and these, again, as the number of 
teeft they carry, that the power is to the weight as the product of the 
numbers expressing the leaves to each pinion to the product of the 
numbers expressing the teeth to each wheel; the number for the first 
ivkel, which is plane, expressing the number of teeth it could carry, 
and, in like manner, the number for the last axle being that expressing 
the Bumber of leaves it would carry. 

. For further particulars respecting tooth and pinion wor/c, and, indeed, 
respecting machinery in general, the student is referred to Professor 
(ksgory's Treatise of Mechanics, a work abounding with valuable in- 
fooaation. Much interesting matter will also be found in Dr. Lardner's 
ekgant volume on Mechanics, in the Cabinet Cyclopaedia. 



SCHOLIUM. 

(82.) The student will have observed that the foregoing theory of 
oo&ed wheels is founded on the supposition that the power communi- 
cated from the tooth of one wheel to that of another is in the direction 
of a tangent to the circle on which this latter is raised, as in the plane 
wheel and axle, and that such may really be the direction of the power, 

particular figure must be §r^h to the teeth, at least to the working 
sides of them. This figure is that of the involute of the circle on which 
they are raised. Thus, let IHF, KE6 (fig. 68) be the wheels to which 
the teeth are to be accommodated, the acting face GCII of the tooth a 
must have the form of the curve traced by the extremity H of the flex- 
ible line FflH, as it is unwrapped fi-om the circumference; and, in like 
manner, the acting face of the tooth h must be formed by the unwrapping 
of a thread from the circumference of the circle KE6. The line FCE 
drawn to touch both circles will cut the surfaces of the two teeth in C, 
the point where they touch each other, at a point in the common tangent 
to both circles, and the force arising from their mutual pressure will 
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always act in the direction of the eiicmnflsrence of tb 
and F. But, continues Di. Gregory, whose words we ha 
the preceding description, although Bx)emer, Varignoi 
Camus, Euler, Emerson, Kaestner, and Robison, ha^ 
thoughts to this object, and some of them have struck ou 
application in practice, it is to be regretted that these n 
little followed by practical mechanics, most of whom ha 
been more inclined to follow a set of hacknied rules 
from one workman to another, although completely dest 
fie principle. Even watchmakers, in whose constructio 
than common skill and nicety in the execution might b< 
but few of them acquainted with any rules founded upoi 
of accurate theory; but commonly, we are informed, gi 
the shape assumed by a horse hair when held bent betw 
a method so vague that it is difficult to conceive ho\( 
adopted. 

The Pullet/, 

(83.) A pulley is a grooved wheel moving freely o 
fixed in a case or block. It communicates applied force 
with a cord wluch the groove receives. 

The fixed pullei/ we have already employed in variot 
work for the sole purpose to which it is applicable, viz. 
of changing the direction of a force acting by a cord, ai 
fixed pulley is, for this purpose even, an important inst 
it does not afford any mechanical advantage in the way c 
force it offers no theory for discussion. It is different wit 
pulley (fig. 69) to the block of which the weight is fesl 
sustained between the power P, acting at one end of th 
pressure on a fixed hook Q at the other end; tlie tensi* 
being uniform, it is obvious that the intensity of P mu 
the strain or pressure on Q. Let us examine the relati< 
equal powers bear to the weight. Continue the directic 
PC, QD till they meet, unless they should be parallel; 
system of forces P, Q, W is in equilibrium, the poin 
directions of two meet, must be in the direction of the 
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nt W of the equal forces P, Q will be 

W=2PC0S.a. . . . (J); 

e^ual to half the inclination of the cords from P and Q. In- 
* the tabular cosine we may introduce into this expression the 
orresponding to the radius r of the pulley, provided we write 

Dstead of cos. a; this cosine is, obviously, the line Cn, being 

of the angle COn the complement of a; hence, dividing each 
le expression thus changed by P, we have 

W 2 cos. a 

-p* -7— • • • . (2); 

he power is to the weight as the radius of the pulley to the 
that arc of it which is in contact with the rope, 
cords from P and Q are parallel, then the equilibrium being 
of three parallel forces, the middle force W must be equal to 
? and Q; in this case, therefore, 

W^2P .... (3)5 

obvious that half the circumference of the pulley must be in 

fith. the rope. 

ly be observed from the expression (1) that the moveable 

fords a mechanical advantage only so long as the inclination 

rds from P and Q is less than 120°; for at this angle cos. 

id at greater angles cos. « is less than ^. The greatest advan- 

lined when the cords are parallel. 

rhe advantage gained by a single moveable pulley may be 

d to any extent by employing a system ofpullies, as in fig. 70, 

resenting the tensions of the several ropes by the letters annexed 

n the figure, we have from equation (1) above 

W = 2 ^1 COS. a 
ty = 2 ^3 008. a, 
/jj = 2 ^3 COS. a^ 



fn~\ = 2 /m cos. An ^ 2 P COS. tin 



i 



I 
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hence, multiplying these equations togetiier and expungisg te 
common to each side of the resulting equation^ we have 



'\\i 



W s= 2" P (cos. a. cos. o^. COS. a, . . . . COS. ••) .... (4). . .;i ^. 

P being ike power and n the nomber of putties. ' '"'^ 

If the several cords are parallel, as in fig. 71, this eqotttkm MhI 

Wse»»P .... (5); v. 5it; 

and, if the angles are all equal to each other, 

W = 2*PC08.»« .... (6). 

In what is here said the weights of the seveial pullies have been .d^ 
lected, but in strictness these should be taken into account. If tkqf 
increase the wei^ts on the ropes which pass round them by tiie ttficni 
quantities A, A^, A^ &c. then the above series of equations wiU be 

W4-A =r2/,C0S.a, ^ 

t^ -f- AiS=:S<2C0f.a, 

(fee. &Cm • ,. 

(85 ) Instead of attaching the sev^fal ropes to immoiveable ptSik, 
as in fig. 71, they are all in anotlier arrangement of the S3K3tem faaHmA 
to the weight, as in fig. 72, the ropes being paraileL The relation be- 
tween the power and weight in this system is at once seat fipomloflUig 
at the figure; thus ^ first pulley or that which first receives tepsM 
supports twice P, the second, therefore, supports four times P, dietM 
eight times P, and the nth supports 2* times P, and all of this exeepi 
P is the weight ; hence deducting P the weight supported is 

W = (2«— 1)P .... (T). 

In this system, as well as in that exhibited in fig. 71, each puU^ if 
connected with two parallel branches of rope, of which each brandi 
bears half the weight attached to the pulley ; but if three parallel branches 
of rope be connected with each pulley, as in the systems exhibited^ 
figures 73 and 74, each branch will bear a third of the attached weigh(t 
hence, if n be the number of these systems of threes, we shall have 
instead of the equations (5) and (7), 



I 
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-: W = 3«PiindW = (3«— 1)P; 

the fiist equation belonging to the arrangement in fig. 73, and the 
second to Ibat in fig. 74. 

($3.) We have hitherto supposed each pulley to be attached to a 
j^wrate string; but if only one string is employed, as in the systems 
Rpraented in fig. 75, then, as this string is uniformly tense throughout, 
the common tension being P, the weight^ which is equal to the sum of 
ik tensions when the branches of the rope are parallel, must be equal 
to 2P times the number of moveable pulhes; that is, 

W.^^ading the weight of the lower block. 

The inclined Plane. 

(87.) This machine is simply a plane surface inclined to the horizon. 

The theory of this machine is unfolded in Problem i. page 48, where 

it is shewn that if i be the inclination of the plane, and c the angle 

whidi te direction of the power makes with the plane, the relation 

kehranithe power and weight is 

^ .^ Pin. I 
Ps=W 



m ^ \ 



COS. e 



pnm die direction of the power is parallel to the plane, the machine 
dMft^lbe greatest mechanical advantage possible, for then cos. c = 1 

PssWsln.i, 

90 that in this case the power is to the weight as the altitude of the 

plane to its length. 

But when the direction of the power is horizontal or parallel to the 
base of the plane then « = i, fmd the relation is 

PssWtan. f, 

whiob shews that the power is to the weight as the height of the plane 
to^ base. 
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The Screw, 

(88.) Before we con investigate the mechanical power 
we must ascertain exactly the form of the spiral surface whi 
The generation and equation of this surface has been exj 
Diff. Cole, p. 200; but it will be proper to repeat, in part, 
tion in this place. Let us conceive then a rectangle to be 
a vertical and cylindrical column which it just embraces, 1 
was the diagonal of this rectangle will form itself into a w 
called a helix, and it will make just one turn round th* 
horizontal projection being a circle ; if immediately abovi 
equal rectangle be applied to the cylinder, the vertical 
brought together, being in a line with those of the first, th 
this will form a continuation of the helix, and, in this wa; 
hibited on the surface of the cylinder, the trace of the wii 
which forms the screw. 

If now, beginning with the bottom, we were to strip o 
angles one after the other, turning the cylinder round at t) 
so that all of them might be ranged in the same vertical plai 
obviously, have the figure presented at^g. 76, the unifon 
AB being the development of the helix; we may, therefore 
curve is formed by winding round an upright cylinder an inc 
line AB, always preserving its inclination constant; if we 
inclined line to be the edge of an inclined plane, then the 
wound round the cylinder, will be the surfiice of the scre^ 
face, therefore, differs from the inclined plane in no respe 
winding course, and it will, obviously, require just as mi 
sustain a weight on the winding surface as on the straigh 
that if W be any weight on the surface, and a power actinj 
support it, we must have 

P BC be 



W "■ AC "" Ac ' 



but Ac is the circumference of the cylinder which carrie 
therefore calling the radius of it r, and the height be, whi 
the interval between each turn of the screw and the next, . 



I 
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P h 



W 2,rr 



(1); 



"Wif the power P, instead of being applied directly to W, is applied to 
"•ana of a lever, at R distance from the fulcrum, and if the direction 
**^^beat r distance on the other side, then the value of P will be 

*'*, and in this case the condition of equilibrium will be 

p^=w A....p = w-A- (2). 

r 27rr 27rR ^ ' 

^o«r this equation expresses the power of the screw; for the weight to 

Rebalanced or raised, the resistance to be overcome, the pressure to be 
•■stained, &c. is always a force in the direction of the axis of the cylin- 

^,and acting upon the inclined plane winding round it ; it is balanced 
lya power P, acting perpendicular to the same axis, at the extremity of 
*t lever (see fig. Tt^ whose ftilcrum is in the axis, and, therefore, at the 
distance of the radius of the cylinder from the winding surface or thread 
<rf Ac screw . The weight is thrown on the thread by its being connected 
with a nut or internal screw N, which is a spiral-grooved case fitted to 
receive the external screw. 

In fig. 77, the whole pressure on the screw is thrown upon the thread 
within the nut N, and the power applied at the extremity of the lever 
R must bear to this pressure or weight the relation (2) above, in order 
to balance it, or, which is the same thing, a power something greater 
than this must be applied to move the lever. The relation (2) when 
expressed in words is this, viz. The power is to the weight or resistance 
as the interval between two adjacent turns of the thread to the circum- 
ference of the circle described by the power; and this relation we see is 
altogether independent of the radius of the cylinder, and, therefore, also 
of the degree of protuberance of the thread ; it varies only with the 
distance h between the turns or contiguous spires of the thread, and 
with the inclination of the thread to the axis of the cylinder; hence so 
long as this distance and this inclination is preserved, it matters not what 
form be given to the surface of the thread, nor how protuberant it be 
made. 

We see finom the expression (2) that there are two ways in which 
the power of the screw may be increased; first by diminisliing the dis- 

M 
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tance h between the turns, or, secondly, by increasing the length of 4hl( 
lever R; it is, however, not strictly correct to say that the power of tte 
icrew is increased by this latter change, for this in fact remains unatoedg 
it is the applied power that is here increased. 



•■.i» 



'.A 

■.:ti :i'' 



The Wedge, ' 'V'^'" 

(89.) The wedge is a triangular prism, AC (fig. 78,) chiefly uiii|ilffH 
for splitting or separating bodies; for this purpose the edge AB4ff^4il 
wedge is introduced between the bodies to be separated, and ths pMMtf 
which drives it is applied to the head DC ; this power, when thenafikiti 
is in equilibrium, must balance the resistances opposed to its entiy) ^ 
which can only act on the edge AB, and on the two faces DB^ CHS 
Indeed in a state of equilibrium there can be no resistance oppoieM 
the edge of the instrument, as is obvious, so that this state is 
by three forces, viz. the power P applied to the head, and the 
Pp P, acting against the faces. To determine the conditions of efit 
librium of forces, thus acting, we must introduce h3rpotheses, not ott^ 
unsupported by observation and experiment, but in direct contradietKA 
of them ; thus, for three forces to Iceep a body in equilibrium, it is abn^ 
lutely necessary that when one of the three is withdrawn, the bod^ 
through tlie influence of the other two, should move unmolested in 'I 
direction opposite to that of the force withdrawn; in the wedge, thaii- 
fore, when the pressure or impelling power is withdrawn from thebieSd 
the pressures on the sides should expel it from between the resisting 
surfeces; this, however, is almost universally contrary to experienoet 
in the cleaving of wood, for instance, the wedge may be driven to isy 
extent between the resisting sides (fig. 79), and will usually remain there 
without sensibly receding, although the power be removed from the 
head, the frictioti being fully equal to balance the expelling forces acting 
on tlie feces. 

The mathematical theory of tliis machine is founded on the hypch 
thesis, that the resisting surfaces as well as the faces of the wedge fft J 
perfectly smooth, or, which is the same thing, that the fHction is no- 
thing, whereas in practice the friction is every thing, the wedge wobli 
be comparatively useless without it. Seeing, therefore, the great efid 
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tion in this machine, which is sufficient to maintain the equili- 
even when the applied power is withdrawn, it is obvious that 
hiction from the mathematical theory of it can be of much prac- 
L'dlity. It is true, indeed, that in all other machines, as well as 
wedge, friction always opposes a hindiance to the fiill e£foct of 
plied powers to produce motion, and that, tfaoefore, the deduo* 
»f pure theory, where these hindrances axe not taken into account, 
e some modification before they can agree with the xewlts of actual 
meaif but then, l^ polishing or lubricating die acting siu&ces, these 
jiees iBay be more and more diminished, and die results of piac? 
i flaade to i^proach nearer and nearer to the dedudioiis of the<ny. 
i appUcatioB of die wedge, however, it is in most cases impossip 
v^i a it w«M desiiable to diminish in the smallest degree the 
a on its iaoes, it. is this that hinders die pressures on die feces 
Iriving the wedge back, and is, therefore, a power which greatly 
die efficacy of the machine ; as die impelling force is usually 
d at intervals^ by means o[ repeated blows, and not in the form 
continued ptessuie, the friction serves to hold the wedge where 
It blow had driven it. 

.) Abstracting from the influence of friction, die equilibrium of 
adge may be thus investigated. Let any arbitrary length, DB, 
0,) represent the power applied perpendicularly to the head of 
edge, and draw DM, DN perpendicular to the feces AC, BC, 
omplete the parallelogram IK, having D£ for its diagonal; DI 
)K, ix I£, will then represent the pressures F|, P3 against the 
of the wedge, so diat the three equilibrating powers are as the 
sides of the triangle DEI, or as the three sides of the similar tri- 
ABC, diat is, 

P: P, : P, :: AB: AC: BC; 

Qing the lengdi of the edge C, /, 

P : P, : P, :: AB x /: AC x /: BC x /; 

I proportion, obviously, implies that the power on the head of die 
e and the equilibrating pressures on the feces are proportional to 
-eas'of the head and faces, on which they respecdvely act. 
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SCHOLIUM* 

To the foregoing theory of the simple machines we st 
following judicious remarks from VenturolL 

The felse opinion which persons unskilled in the n 
power of machines are apt to concave, often encourage 
and mischievous deceptions. One of the most common < 
is that of considering machines as available to increase 
the force of agents^ which is not always true. To fori: 
of the aid which may be expected from machines, look 
to which they are most commonly put, we shall divide 
classes; those intended simply to sustain a weight and 
to draw it, or to raise it equably. 

In machines of the first class, both the effect of the ir 
immediate effect of the power can only be estimated 
sustained. This being understood it is evident that the ms 
the efiect of the power; so that, for example, a force 
sustain by means of a lever 100 lbs., provided that the a 
be ten times as long as that of the weight. 

If it be asked how the force can ever produce an € 
greater than itself, we shall perceive, if we consider wel 
10 does not really sustain tlie whole weight 100, but 
part of it. Let the lever be supposed to be of the sec 
force 100 may be resolved into two, the one equal to 90 1?« 
the fulcrum, and the other equal to 10 which acts at the 
cation of the power. The first is entirely sustained by 
the power sustains the second alone. Archimedes requir 
point to hold the terraqueous globe in equilibrium. If 
it, says Carnot, it would not in reality have been Archin 
fixed point which would have sustained the earth. 

In machines of the second class neither the efiect of th 
that of the power can be estimated simply by the weight 
wise the measure of the effect would be altogether vagv 
minate. In fact any force, however small, may carry a 
assignable magnitude however great; if only it be granted 
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)f being divided and of being carried^ one piece at a time. 
»re it is necessary to take into account the time also in which 
er can carry the weight through a given space, or die velocity 
ich the weight is carried ; and on this account it is that the effect 
tred by theproduct of the weight multiplied by the velocity. 
upon this principle we have already shewn that the machine 
increase the effect of the force. If a man with a force equi- 
i 10, raise, by means of a machine, a weight of 100, he moves 
slocity ten times as great as that of the weight, and does as much 
rating without any machine, he carried those 1 00 at ten joumies, 
himself with 10 at a time. In a word, what is gained in the 
of the weight moved is lost in the velocity; and the effect 
the same. 

>en the two classes of machines, above described, there is then 
ateteristic difference, that the first add to the effect of the power, 
nd do not add to it. 

is another difference, not less remarkable, respecting the resis- 
• friction, and of ropes, and other resistances. In machines of 
class these resistances are all of them advantageous to the power* 
Qselves also sustain their portion of the weight; whence there 
so much the less of it for the power to support. On the con- 
machines of the second class, the resistances are all of them 
ital to the power, and form part of the weight to be overcome: 
on this account, a force is required greater than that which 
»e required in the immediate application of the power. 

VeniurolTs Mechanics^ part ii. p. 164. 



»U8e the weight before it can more, must owrcomo these resis- 
i well as the power. 
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ON THE STRENGTH AND STRESS OF BEAMS. 



-i.-ii 



■ .-.l* 



(91.) It is obvious that in all the practical operations of m 
and more especially in the raising of structures, it is of great vmjib^'' 
tance to know the weight or stress each component part is fitted* H"^ 
bear without endangering the stability of the whole; and, conseqvieA^' 
numerous experiments to ascertain the strength of malerialS| paxtiah^ 
larly of beams and bars, have at various times been undertaken hf 
scientific men. Into a detail of these experiments we do not, howevv, 
propose to enter, but merely to present to the student, in a short ooa* 
pass, some of the more interesting and valuable particulars fonoM 
by theory, and confirmed by the experiments adverted to. 

If a uniform rod or bar of any substance be suspended by one O* 
tremity, and loaded at the other till it is on the point of being ton 
asunder, we ought to expect, independently of actual experiment, that 
the weight would be proportional to the transverse section; for, if this 
bar were conceived to be divided longitudinally into any number of 
equal strips, no reason could be assigned why one of these should sup- 
port a greater portion of the weight than either of the others, so that 
each would support an equal part of the weight supported by the 
whole, just as an assemblage of parallel ropes divide the weight of ui 
appended body equally among them. All experiments on latexal 
strains prove this deduction to be correct, and to be quite independent 
of the figure of the section, requiring only uniformity and equality m 
the texture of the bodies compared, so that we may lay it down« as t 
general law, that in bars of the same material the lateral resistances are 
as the areas of their transverse sections. 

(92.) When the bar or beam is supported in a horizontal position, 
then the law of resistance, which it opposes to fracture by an incum- 
bent weight, is more difficult to establish, because here we do not see 
so clearly how the resisting forces exert themselves, nor in what degree. 
It was laid down by Galileo that if a beam were supported at its ex- 
tremit'ies, as in fig. 81, and loaded by a weight at the middle, that 
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all the fibres of the beam w<^d exert equal resistances to pievent frac- 

tnie, and that when these were overcome the section would tend to 

turn about that boundary of it in contact with the weight, viz. about 

AB. As all the fibres exert equal resistances, and in the direction of 

tbeir lengdis these resistances will be so many equal and parallel forces 

which may, therefore, be considered as concentrated in the centre of 

^tvaXf of the section, so that denoting the resistance of a single fibre 

by i^and considering the section to be a rectangle of breadth b, and 

df^tliL kf, kbh will express the sum of the resisting forces, and as this 

9cm«t the centre of gravity its moment to turn the section about AB 

^itfbe;k6AxiA = — • 

~ . (f^3.} The hypothesis of Leibnitz agreed with that of Galileo, as 
regards the axis about which the section would turn, but it differed 
fibm it as regards the equal resistances of the fibres throughout the 
whole firacture ; for, according to Leibnitz, the forces exerted by the 
fibres were directly proportional to their distances firom the axis of the 
section, so thatihe middle fibre exerted but half the force of the extreme 
^IsKy ther^re, calling the force of this k, the sum of the forces would 

kbk 

be , and the centre of such a system of parallel forces being at JA, 

the moment to turn the section would be • 

Now it may be remarked that as far as regards the comparative 
strength of rectangular beams of the same material, or of beams generally , 
which have only rectangular sections when cut transversely, it matters not 
which of these hypotheses be adopted, for both equally warrant the 
inference that the law of resistance is as the breadth, multiplied by the 
square of the height or depth; and this law, which has been confirmed 
by numerous experiments, immediately leads to an inference of con- 
siderable practical importance, viz. that a beam is much more eflBcient 
yrhea placed with its narrower side uppermost, that is, so that its 
breadth may be less than its depth ; for if we call the breadth b, and 
the depth or height A, then the relative strengths, when b and h are al- 
teniatdy uppermost, are expressed by 6/i* and hb% and, consequently, 

h . 

in the former position the beam is — times as strong as m the latter, 

6 
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that is, as many times as Strong as the depth Gontuns the bnad^ J 
important fact is always attended to in buildings, the joistSy nftng 
being always placed with the nanower side uppennost 

It has been supposed above tiliat ^ segments of a fiacturad 
totum about the line where thefitactufetenninates; but, from 
recently undertaken by Mr, Barlow^ it appears that AB (fig. 6S| 
the line about which the section tends to turn as Galileo and 
had supposed, but that the tendency is to turn about a line 
within the section, so that the fibres on that side of the line wbui 
fracture begins are extended, and those on the other Side compM 
this axis Mr. Barlow calls the neutral axis, dividing the section irij 
area of tension and the area of compression^ and he calls the cem 
tension or of compression that point in the area of tension or ofj 
pression where all the forces in that area sliould be collected to h|l 
same effect, or the same moment, with respect to the neutral azilj 

The existence of a neutral axis somewhere within the area of fig 
was maintained by Mariotte, James Bernoulli, and Professor Bdi 
but Mr. Barlow appears to have been the first who set about thed 
mination of this axis by actual experiment. (See the historical ifi 
of former theories, prefixed to Mr. Barlow*s Essay on the Stif '* 
and Stress of Timber.) '* 

The general conclusion fi-om these experiments was this, vix.* 
centre of tension and the centre of compression, each coincided witf 
centre of gravity of its respective area: and the neutral line,f 
divides the two, is so situated that the area of tension into the di^ '^ 
of its centre of gravity fix)m the neutral axis, is to the area of compii). iJ 
into the distance of its centre of gravity firom the same line, in ac(N| '* 
ratio for each distinct species of wood, but approximating in all tow 
the ratio of three to one. 

(94.^ This theorem bemg established, says Mr. Barlow, itis evj 
that we may thence, without any specific numbers for exhibitiif !i 
actual resistence of tlie fibres, compute the proportional stiengA 
differently formed beams; and of the same formed beams in dift ^.. 
positions; of which we will give one example by way of aiustratk ' 



r 
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r 

N PROBLEM I. 

ffltiqnie beam be fixed with one end in a wall, first in a direct 
kOf 111. with its sides perpendicular and horizontal; and, 
pOf y with its diagonal vertical to find the ratio of its strength in 
(feiio pontioDS. 

keofe ABCD (fig. 83) to denote the beam in its first position, 
is neutral axis, £ABF the area of tension, and t the centre of 
IK or centre of gravity of that area, £DCF the area of compression, 
pitre oi gravity, and G the centre of gravity of the whole area of 
L |Ry and the same letters will denote the similar quantities, in fig. 84, 
y ^repceseots the section of the beam in its second position. 
^^ KDi by the preceding theorem, we have, (fig. 83,) 

* area AEBF x n^ X 3 = area EDCF x nc, 

kfig.84, 

V area EBF X «* X 3 = areaEFCDA X nc, 

^''' which, firom the property of the centre of gravity at (p. 64), are 
'. ableto 

t (fig. 83,) area AEBF X 2 «^ = area ABCD X n G 

(fig. 84,) area EBF x2ntz=z area ABCD X n G. 

ht sake of simplifying the computation, let the side of the square 
,iiH =*, or n* = i*, then nG = i — Jf; the area AEBF s=:x,and 

ABCD^l, whence our first equation gives 

«* = *-*, 






)i lee 



E 



« = — i± V3 = -366, 



t ii denotes both the depth of tension Hn, and area of the same 

•366 , . , 

FB; consequently, -366 X = '066978, the numencal expres- 

ifv the resistance to tension, on which depends the strength of the 
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beam. It remains now to compute the same for the second 
of the beam, as in fig. 84. ^ 

Heie if we denote nB by jt, n^ = } Xy and the area EBFss «*,» 
ana ABCD «s 1, u before; whence our second equation hecooMi 

or ■-.(! 

xs+ir=:iv^2=:l*0606. ^ 

From which we readily obtain jrs=* 578 neariy, x* = ' 33408, and 

«» + i4r=i«»=s-0643e, 

which is the numerical vahie of the tension in this position of die |fl|| 
The strength of die beam, therefore, in the latter position Is to l|!l| 
the former in die ratio of *06436 : *06697 ; or as the numbers 643 : H 
nearly f which accords with experimental results, and, in a sinflving 
may the strengdis of differently formed beams be compared. Ws4pl 
now consider the straining effects on beams differendy supported, an 
loaded by weights at different parts. ' ' ' 

PROBLEM II. 

A beam of timber AB (fig. 85) is fixed with one end in a wdi, Hi 
loaded with a weight W at the other end; to determine the efficacji 
this weight to break the beam. 

At the place where the beam has the greatest tendency to break, th 
broken piece will tend to turn round the neutral axis; if the distanc 
of this axis fixAn W be /, dien /W will express die energy of W t 
produce this effect; but /W will be greatest when / is greatest, dafti 
when this denotes the whole length of the projecting beam; hence tl 
beam will tend to break close to the wall, and /W will expien ill 
strain there. The strain varies therefore as the length of the bean^l 
being the same. 

PROBLEM III. 

Abeam rests loosely on two props A, B (fig. 86,) and is loadedlll 
given point C by a given weight W : to determine the stress at C. 

Of course the tendency to break will be at C, and we may, tfae^djii 
assimilate this to the preceding case by conceiving the beaati'^li 
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a wall up to C, and to be strained by a force equal to the 

upon the prop at the other end. 

by (36) the pressure on the prop A is expressed by 

*^ AB ^ • 

I being the force that strains the projecting baam AC, its 

AC .CB 



AB 



W. 



load be in the middle of the beam, the product AC . CB be- 
e greatest possible, being the square of half the length; hence 
nil be less able to support a weight at its middle than if it be 
t any other part. The strain obviously varies as the product 
itances of the weight from the props, 
be further remarked, that when the weight acts at the middle, 

AC* 

, being = —- W s= ^ AB . W, is one fourth the stress 

B same weight W would produce acting at the extremity of a 
y beam equal to AC, or it is equal to the whole stress on a 
5 beam equal to AB, the weight at its extremity being = J W, 
BCting beam equal to half AB and loaded with ^ W at its end, 
r half the stress at the wall. 



PROBLEM IV. 

ermine the stress on a projecting beam, and on a beam resting 
when the weights are distributed uniformly over them. 
C be the projecting beam and w its weight, including the 
joad; this weight will act at half the distance AC from the 
therefore the stress is 

ji AC . »r, 

just half what it would be if u; were placed at the extremity, 
the beam rests on props (fig. 87), the pressure on each prop 
weight W, this, therefore, is the force acting at P which tends 

e the beam at C with an energy expressed by 
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JW. ACj 

but there is another force exerted, viz. that due to the weight v o 
portion CA, and which, by last case, opposes the former with an e 

expressed by 
^ iw.AC; 

hence the expression for the stress on C must be 

|(W— fi;)AC: 

to eliminate %d we have, on account of the uniformity of the heai 

AC 
AB: AC:: W:tir = ^^W, 

SO that the expression for the stress will be 

. „, . AB . AC - AC . _ . ^ AC . BC 
*^< AB » = *^-AB 

Hence in this case also, as in problem iii., the stress vaiies 
product AC . BC. 

The strain at the middle point of the beam is J W . AB, jv 
what it would be if the whole load were placed there, (Prob. ii 

SCHOLIUM. 

(95.) By means of these problems it will be easy to find th^ 

economical forms for beams, either projecting or supported at th 

so that they may in no part possess superfluous strength, that i 

the strength in every part may be exactly in proportion to th< 

there. Thus if a projecting beam of uniform breadth is to su| 

weight at its extremity, it will be equally strong throughout if thi 

cal sides are in the form of a parabola (fig. 88); for, by (Prob. u 

stress varies as AC = x, and the strength of the beam, being ( 

the breadth into the square of the depth, and the breadth being co 

varies simply as CD*=^'; hence, in order that the strength aw 

may be throughout in a constant ratio, AC must vary as CD*, t 

CD« 

— — =s constant = a or j^* = «j, the equation of a parabola. I 

shape need not necessarily be parabolic in order to ensure unif 
of strength, as it will depend in a measure upon the nature 
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* • 

sections: thus, if these sections are required to be all squares, 
breadth and depth being every where the same, the strength 
' as the cube of the depth, and hence AC should vary as CD», 
f* = ax, the equation of the cubical parabola, which must 
! be the form of the tapering beam. • 
, if the depth of the beam is to be constant, then AC should 
:he breadth, and therefore the upper and under feces of the 
ill be triangles. If a beam supported on two props is to be 
y strong, and at the same time uniformly broad, it will be 
Y to form the vertical sides elliptical, for the breadth being con- 
strength will vary as the square of th^ depth, and, by (Prob. i v) 
s at any point C varies as AC . CB; hence the square of the 
t C must be in a constant ratio to AC . CB, which requires 
fig. 89,) be always in an ellipse whose axis is AB, (Anal. Geom. 

It may be moreover remarked, that, by means of the foregoing 
ras for the strain or tendency to produce fracture, combined 
; results of experiment, we may determine the actual weight 
ny given beam will support in given circumstances. Thus, 

it is found by experiment that a beam of breadth b, depth h, 
jth /, just breaks with a weight w at its middle, and that it is 
, to determine what weight W will just break another beam of 
terials whose breadth is B, depth H, and length L. In each 
! tendency to resist fracture is just balanced by the tendency to 
it; the expressions, therefore, for these two tendencies must be 
nd therefore the ratio of the tendencies to resist fracture in the 
ms must equal the ratio of the tendencies to produce fracture, 
e tendency to resist fracture is what we imderstand by the 

of the beam, and the tendency to produce fracture is the stress; 
equalizing the two ratios spoken of, we have (Prob. iii.) 

B . H« i L.W , ___ B .11' l.tv 

jht required. It is obvious that from the same equation we 
luce the length L when W is given and also that the equat-on 
the same whether W, w act in the middle or at the end of each 






• 
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The expression here given may serve to compare the strength ot 
beam in a model with that of the corresponding beam in the struc: 
Thus, suppose the beam which we have considered to have been 
mitted to experiment to belong to the model, and the other to b^* 
corresponding beam in the structure whose like dimensions are n t: 
those of tlie former^ then the foregoing expression for W vrill be V« 
7(3 Wf which will be the greatest possible load the beam in the struc 
can bear, including of course its own weight Now if the wei^tsa^ 
of the two beams are respectively p and P, then, since these mui^ 
as tlie cubes of their like dimensions, we must have P s= ft*p, coc 
quently the beam in the structure, so &r from bearing a load, will 
just support its own weight if we make it so large that n^p =s n* w, 1 

is, if n = — : we see, therefore, how erroneous it would be to estini 

P 
the strength of a large beam in a structure by that of a similar sn 

beam in a model, regarding only the comparative dimensions di eft 

for, by increasing the magnitude of the large beam, without in the le 

changing . the relative proportions of the two, we sfhould nevertfael 

render it at length too large to support even its own weight, althon 

the model, agreeably to which it has been formed, might be abk 

support a load many times its own weight. There is, therefo 

necessarily a limit to the magnitude of all structures, even indeed 

the magnitude of the animal structure, and to trees, beyond which hi 

they would be unable to support their own weight; we accordinj 

find men of enormous magnitude, as O'Brien *<the celebrated h 

Giant", to be so weak that they are scarcely able to walk about. 

In connection with these remarks may be mentioned the curie 

question, proposed by Mr. Emerson, among the mechanical pioble 

annexed to his Algebra; the question is this: Supposing, with Bore 

that a strong man can bear but 26ft» at arm's end, and that the wei| 

of his whole arm is equivalent to 4tt> at arm's end ; from the lenj 

of his arm being given, to find the dimensions of that man's arm tl 

can bear no more than its own weight. 

This problem is immediately solved by means of the relation n = 

deduced above, w representing here the weight 26 -j- 4 or 30a», t 
weight of the common man's arm and load, and p representing t 
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4ft of his arm alone, so that n= 7 J; this, therefore, ij* the 
number of- times any dimension of the large man's arm must contain 
ihe corresponding dimension of the common man's arm ; let us then 
suppose the common man's arm to be a yard long, the length of the 
oth» man's arm, to just support itself, must be 7J yards, and, as the 
hody is, in well proportioned persons, about twice as long as the arm, 
^e therefore conclude that a man upwards of 15 yards high would not 
he able to strelch out his arm. 



PROBLEM IV. 

To determine the relative strengths of beams loaded in the middle 
when Aeir ends are loosely supported, and when they are firmly fixed 
'1 two vertical walls. 

When a beam is loosely supported and acted upon by a weight at 
t3ie middle, this weight is equally divided between the two props, but 
9t these points there is no strain; when, on the contrary, the ends of 
tile beam are firmly fixed in immoveable walls, then it is the strain on 
ibe middle which is equally divided between the two extremities; that 
it to say, the fibres in the section at each wall are strainedhalf as much 
as those at the middle section. The whole of the weight, therefore, is 
not expended here, as in the former case, in straining the middle of 
the beam, but a portion is employed in straining each end half as much. 
Now, whatever weight strains the middle, J of this will (by Prob. m.) 
straki each section at the wall half as much ; hence, if we represent that part 
of the weight which strains the middle only, by 4, the part which strains 
the ends will be 2, and therefbre the whole straining weight will be 6, 
80 that the weight 6 will produce no more stress on the middle of the 
beam tiius fixed, than the weight 4 when the ends rest loosely on props; 
hence the relative strengths of fixed and loose beams are as 6 to 4 or 
as 3 to 2, which relation Mr. Barlow has verified by experiment. 

It may be observed, that the weight 8 uniformly distributed over the 
beam would produce the same strain in the middle as the weight 4 ap- 
plied there (Prob. iv), and the weight 4 uniformly distributed will strain 
the ends as much as the weight 2 applied to the middle; hence, if the 
load be uniformly distributed over the fixed beam, it will be no more 
strained with the weight 12'thus disposed, than with the weight 6 acting 
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at the middle, so that here, as in the other cases, the efficiency of tl|e 
beam is doubled by spreading the weight uniformly over it 



SCHOLIUM. 

(97.) The result of the preceding investigation, although confimtod 
by Mr. Barlow's experiments, differ materially fix)m the coaduflini 
deduced by other philosophers, as Girard, Emersoriy and Robiumfyio 
find the comparative strengths of supported and fixed beams to l*f i» 
I to 2, and not as 2 to 3. Emerson's reasoning on this point isM 
follows: , . 

Suppose DA = AC (fig. 90,) and BE = BC, and let P be '#e 
weight which would break the beam when resting on A and B. Snj* 
pose the beam cut through at C, and let ^ P be laid upon D, ^iW6l 
i P remains at C ; then the pressure at A will be = P, therefore fte 
beam will also break at A having the same stress there as it had at C. 
For the same reason, if j^ P be applied to E, CE will break at B. 
Consequently if 2 P be applied to C, the beam being whole, and the 
ends D, E fixed, the beam will break at A, C, and B: and, therefore, 
bears twice the weight, or 2 P at C, before it breaks. 

Now the foregoing reasoning appears to assume, that before die beam 
can break at C, the strain on A and on B must be sufficient to break 
the beam at those points also; yet it is shown that the beam will bi6ak 
simultaneously at diese three points, if, besides the weight P sjddo^ at 
C, the points D, C, E, be each loaded with ^ P; hence, to enable the 
middle point C to yield to the pressure of P, it is only necessaiy that 
the fibres at A and at B be half as much strained as they aie by the 
influence of i P acting at D, C, and E; because but half the strain of 
the fibres at A are, in virtue of this influence, in the direction of AC, the 
other half being in the direction of AD; and, in like manner, but half 
the strain at B is in the direction of BC, so that if, in addition to P 
acting at C, as much more weight is added as will produce these half 
strains, the parts AC, BC will be deflected sufficiently for the beam to 
break at C; we have, therefore, to add to P only half as much as 
would produce the whole strains at A and B, that is, instead of P we 
should add i P, making the whole breaking load | P, which is the 
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sebnie fesah aft bdbve obtamkedy aaid tiMi oomstnei^ of which Mr. 
Barlow^s exp^rmients oonftini. 

Mr, Barlow remarks on this subject^ "in every exp e rimemthat 1 mack 
after the complete fracture in the middle, the two fragments had been so 
little stiained at the points of fixing, that they soon after recovered their 
correct rectilinear form;'' and, in order to shew the foundation of the 
orrqr which all theorists have made, in assuming that the fixed beam 
wonU break simultaneously in the middle and at the walls, he further 
■944f^ ^ If the b^atm instead of being fixed at each end wore meieiy 
rested on two props, and extended beyond them on each side equal to 
half their distance, and if weights w, vf (fig. 91,) were suspended 
fiom these latter points each equal to one fourth the weight W, then 
this would be double of that which would be necessary to produce the 
.(ai^tare in the common case: for, dividing the weight W into four 
.eqnal parts, we may conceive two of these parts employed in producing 
l&e, strain or firacture at E, aud one of each of the other parts as acting 
ip 9pposition to vy and w\ and by these means tending to produce 
fl9Ctaies at F and F." 

^This is the case which has been erroneously confounded with the 

former, but the distinction between them is sufficiently obvious; 

becansey here the tension of the fibres, in the places where the strains 

.;^li excited, are all equal; whereas in the former the middle one was 

4gpM0 of each of the other two.''* 

Ytsniwroli^ in his valuable book on Mechanics, says, in the words of 

Q^^CiesweU's translation, ^'Tlie beam would sustain a load consider- 

^p)j gi^ter, if, instead of being simply placed upon two props, it were 

i|PQiOT€is^ly fixed in stone-work at both its extremities. For, in that 

•casciy it cannot break unless it gives way in three places at the same 

PROBLEM V. 

l^.determine the dimensions of the strongest rectangular bes^m that 
In cut out of a given cylindrical tree. 



I. h>- 



; • "Eway on the Strength and Stress of Timber,'* third edition, p. 140. 
^f FerUUroWs Mechanics, Part II., p. 60. 

N 2 
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Let r be' the radius of the base of the cylinder, and 9 and if ifii^ 

breadth and depth of the required beam, then, as the strength ywI^W^ 

jpy\ this quantity must be a maximum; hence *- *- '^^' 

. . tx v. 



.•. y -f- 2* 



dx ■ - -- 



. ij.*. ■-■ 



Also, as the diagonal of the rectangle is equal to the diamet^ of tfe' 
circle, we have ^■"' 

a:« + y* = 4r* 

. dy ^ dy X 

^^ dx dx y ' 

hence, by substitution, 

2«' 
y = .•. y» = 2i« = 4r* — a* 

y 

2r 

the dimensions required. 

For further information on the subject of this chapter, and more 
especially for an account of the various experiments that have hitherto 
been made to determine the strength of materials, the student is referred 
to Professor Gregory's valuable Treatise of Mechanics; to the second 
volume of Sir David Brewster's edition of Ferguson's Lectures; to Mr. 
Barlow's work on the Strength and Stress of Timber, as also to his 
treatise on Mechanics in the Encyclopaedia Metropolitana; to F^t 
IL of Creswell's translation of Venturoli; and lastly, to Professor 
Leslie's instructive volume on the Elements of Natural Philosophy. 

Perhaps we ought to remark before closing this chapter, diat in all 
the foregoing investigations on the stress of beams, we have not taken 
into account the deflection from the horizontal line which the force 
produces before it actually breaks the beam. By reason of this de- 
flection the enei^ of the breaking force is not, strictly speaking, ex- 
pressed by the intensity of the force multiplied by its distance measured 
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QDg the beam firom the section of fracture, but by the intensity into the 
irpendkular distance of the fracture from its direction; this perpen- 
icular distance is equal to the former distance multiplied by the cosine 
»f the angle of deflexion, and therefore, by introducing this cosine as a 
actor into all the foregoing expressions into which the moments of the 
(training forces enter, they will become rigorously correct; but except 
n very long beams, or in very elastic ones, the deflection is too small 
to render this modification of much consequence : Mr. Barlow, bow- 
ery, has not neglected its influence in his important inquiries on this 
subject. 
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ELEMENTS OF DYNAMIC& 



SECTION 1. 

ON THE RECTILINEAR MOTION OF A FREE PC 

(98.) Having considered the general theory of equilibratiii 
we come now to Dynamics, the second principal divisoi 
science of Mechanics, and which comprehends the theory 
balanced forces. Dynamics, therefore, considers bodies in a 
motion, while Statics has to do only with bodies al rest; in 
section we shall confine ourselves to the consideration d n 
motion only, but in the opening chapter we shall 'lay dowi 
general and fundamental principles which always hold, whateV' 
path of the moving point, and which, in &ct, will be found to ( 
the whole theory of its motion. 



m 
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^ will, if entirely at liberty to obey that impulse, move in that direction, 
^ with a uniform rate of motion ; for as we suppose the body to be 
«tirely uninfluenced by any other cause, and since it is incapable of 
eieition itself, it is plain that for whatever reason we could suppose 
the motion to slacken at any point of its path, for the same reason we 
ttdgbt suppose the motion to quicken. The body will, therefore, con- 
tinually move at a uniform rate in the direction impressed upon it, 
that is, if nothing extraneous interferes with its motion. 

(100.) We have just spoken of the rate of a body's motion: we 
estimate this, when the motion is uniform, by the space the body passes 
over in some determinate portion of time, as in one second, which 
indeed is the portion generally assumed for the unit of time; so that 
wheffi we observe a moving body to pass uniformly over ten feet every 
second of time, we express the rate of its motion by saying tBat it 
WKVtmynih a velocity of ten feet, or, for greater brevity, that its velocity 
ii;t||| le^ and this is what we are to understand by the equation 
P9^lH> leety space being taken as the measure, or representative, of 



now that t represents, not the time, but an abstract number 
the number of seconds elapsed since the commencement of 
iii vnilbixn motion, and let s denote the corresponding space pasted 
hjiSbe body, then we obviously have the three equations 






80 tibat any two of the three quantities s, t, v, being known, we may 
immediately find the third. 

But if if is not reckoned firom the commencement of motion, but 
only after a certain space / has been described, then, s being the whole 
space gone over from the commencement, the three equations will be 

These equations, or indeed j^ny one of them, comprehend the whole 
theoiy of the motion of a body acted on by a single impulse, or in- 
ibflDoed by any cause which produces uniform motion. We shall give 
ia iBMance ofidKir application. 
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Two bodies a, b (fig. 92) animated by the Teloeitia t^ ^ ^^ 
simultaneously fiK>m the points A, B^ and more in dn Mine 
AC; to determine the time of their coming togedier. 

Suppose they come together at the point C> then 

AC = 9/, BCsv'^ 
that is, calling AC, s, and AB, ify 



tfi-^/^it/t .-. #=: 



7:r7' 



1 

oeirimidl 
of MdPln 



that is, the abstract number expressing the units of time 
which arises from dividing the space between the points 
the difference of the spaces denoting the velocities. 

It may be remarked here, that whatever be the nature of thifl 
which produces uniform motion, and which we have above calei*^' 
pulse, we have a right to conclude that its efiect will be proportiaBl^^'^'^ 
intensity ; in other words, that such influences, acting on the 9UB$\lf^' 
or on equal bodies, are proportional to the velocities th^y pntdnoft* . 

For if a body receive a certain velocity in consequence of a o**** 
impulse, it ought obviously to acquire double that velocity if at ^ 
point of its path that impulse be repeated in the same diiectkiD, l'^ 
this second impulse take place at that point from which the body ' 
out, it must unite with the first impulse, so that the consequence ^ 
double intensity of impulse will be a double velocity in the body^ ^ 
in like manner, a triple intensity will praduce a triple velocity^ ^ 
so on. 

(101.) Let us now consider the circumstances of variable mO^ 
and let us first ascertain the expression for the velocity of a boA'3 
moving at any epoch t'. If we first assume that the velocity whicl' 
body has at f continues uniform firom t' to ^, , then, calling *, '^ 
A t, and the increment of the space or i, — «, /s^$, we have lo^ 
velocity at t" 

At 
At 

liowever small A t, and consequently a s, which depends Qiak, ^ 
be; but if no interval of time a t' exists so small, dnring wkieb' 
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does not vary, then the above equation is true only ^en ^/, 
[uently A *, becomes 0; hence, by the principles of the 
calculus, we have in this case 

• is therefore a general expression for the velocity of a moving 
•t any time t ' however its motion may vary, and of course it 
|p also wlien the motion is uniform, for then 

A ' ds 
v^ 7 ^ -— = constant .... (2), 

■^ ft.) It is obvious that if the velocity of a moving body continually 
^- ' "-^t must be influenced by some continuous cause, however this 
I may itself vary in eflSciency; for from the instant the cause 
^^■4 to act, that instant the body ceases to vary in velocity in con- 
'^ ' |tee of its inertia. We call the cause of variable motion, what-* 
^'■^-•'illiBdly he, force: an acceUrative force if the velocity continually 
^)-i#B^ aiKt a retardive force if tlie velocity diminish. We shall, 
leasonings, consider the force as accelerative, because in 
adapt our conclusions to retardive forces, it will be necessary 
to prefix to the expression for F the negative sign. Let us 
this expression; and first we must remark, that as the 
a constant accelerative force is obviously to generate constant 
of velocity in equal times, if we agree as heretofore to 

& causes by their effects, we shall obtain the expression for F 
Bg the increment of the velocity by the units in the increment 
gillie, measured firom any epoch ^, that is, 

. F=:A^....O): 

Jbeo. is the expression for a constant accelerative force, a t" being 
•emd of time fh)m f, and A v the corresponding augmentation 
mditj. The velocity of the body in this case is with propriety 
t ^ uaiforfiUj/ accelerated velocity/. 
^ •.) But suppose that F is not a constant force ; then if from any 
- 1* there is an interval a ^ so small that F remains unchanged 
llKmt it, the expression just given will in that case represent the 
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intensity of the force acting at the epoch i^y and continuing umMiil 
and unaugmented during the interval a ''• If however, choofe^ Af 
as small as we will, F still changes during the interval^ then we flH 
express this fact hy saying that the interval A ^, during wUdi T 
remains constant, is 0; hence, for a continually varying fbrce^ the at- 
pression is 

and this may be regarded as a general expression for the aoodfentfK 
force whether it be constant or variable, for when it is constant 

' = — 7 =—- = constant .... (3). 
j\t at 

We may give a different form to the general expression for F,farmt 

rfjr „ d^s 
» = —- .'. F = — TTT- .... (4). 

We have seen (equa. 1,) tliat the expression for F at any epocb Cis 
equal to the increment of the velocity that would be generated in any 
number of seconds after that epoch (if F were thence to ceaae to Wf,) 
divided by that number; that is, F, estimated at any epoch f, is equal 
to the increment of velocity that would be generated by tliat force con- 
stantly acting during one second, liut the velocity of a moving body 
at any epoch is measured by the space it would pass over in the suc- 
ceeding second, if its motion were thence to become uniform; hence 
the force acting upon a moving body at any epoch f, is measuied hy 
the space the body would pass over in the 2d second of time after 
fy provided it were to proceed during that second with the increment 
of the velocity generated during the 1st second. 

It thus appears that both velocity and force may be measured by 
space, and therefore that in every dynamical inquiry, where the roais 
is not considered, the only concrete quantity concerned is space, for, 
as before observed, t denotes an abstract number, viz. the number of 
units or seconds in the lime t*. 

(104.) It should be remarked here, that the forces of which we haw 
just spoken are in no respect influences of a different kind from those 
considered in statics; they merely manifest themselves differently by 
producing different effects, and it U to tha effects only that we look lo 
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^Uieie influeBces. The statical effect of a force applied to a body 
•ipjptsnucft orwe^ty and we accordingly represent the force, in statics, by 
jlltiiiie or weight. The dynamical effect of the same force is accelerated 
mloctfyy and accordingly we represent the force by velocity; or, since 
tpaoa measures velocity, we represent it by space. These different 
modes of estimating the same force, therefore, naturally present them- 
selves upon observing their effects; but, for all the purposes of com- 
paiiaQo, it matters not, as was observed in Statics (4), by what we re- 
pment the efficiency of any force, taking care only always to keep up 
the proportion between the forces and their representative quantities. 
Thus there would be no impropriety, if there were no inconvenience, 
in representing an accelerative force by a weight, provided we always 
proportioned the weight to the efficiency of the force; and this leads 
08' tor a remark of some importance, viz. that the pressure or weight 
froduced by the action of a force on any body, is to the pressure or 
wi^ produced by the action of any other force on the same body, as 
the mcoderation produced by the former force, is to the acceleration 
pv^iiced Sy the latter: for it is plain that the ratio of the two forces 
WMt be the same abstract number however they are represented ; so 
Aat if we know the two pressures or the two weights which the forces 
^..fitted to produce, and also the acceleration which one is fitted to 
(H^ducey we know also the acceleration which the other is fitted to 
produce. 

(105;) In all the foregoing investigations it should be remarked, that 
we have put entirely out of consideration the nature of the path which 
the moving body describes. All that we have said as to the velocity 
of a body regards its rate of motion along the path, whether straight or 
curved, in which it happens to move, and has nothing to do with tlie 
manex in which that motion has been produced ; for however it moves, 
l|E|d by whatever agency, the same velocity is always expressed by the 
ittiie linear space. So too with regard to the moving influence 
^sel^ or the force ; this also has been estimated without any reference 
to the path along which it impels the body; but it should be observed, 
ihat a force, when commencing its influence on a body, may find that 
body ^ready in motion, and, as is easy to conceive, may act on it so 
Mtodiv^ it from its original path, and cause it to describe some 

o 
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other; in such a case the body may be moTiDg under the influence d ^ 

two forces, or under the influence of an impulse and a fince; botstiD' 

there must exist, or at least we can conceive, some single fi»ce whkk 

if immediately applied to the body, at any instant of time, woudd fpiik k 

the same motion that it actually has at that instant in viitoe of fint 

combined influences alluded to. Now it must be remembered te ii 

18 this single and equivalent force which F represents in the flii <g Mm 

equations, and which, when its intensity is the same, is alwajtfiMi 

sured by the same linear space or length of path, be this path wliuW 

it may. By the path of a body, urged by an acoelerative llira(4 

meant the track of its centre of gravity. ■ -^'-^ 

Another circumstance of importance deserves to be mentioniBilfeiR^ 

dt 
viz. that the general expression -- for the velocity at any p<Hnt of the 

dt 

path is no other than the difierential coefficient of the vamliiirjtf 

s taken relatively to the independent variable t. It is finom fliSitt^ 

cumstance, as we shall hereafter see, that we are enabled to iltlBfliMB 

the path of a moving body from knowing its velocity at any poidtWIt 

in quantity and direction. In like manner the general expreatfiiHW 

the force is the differential coefficient of the velocity taken rektiftlf lb 

the same independent variable, and this expression combined wiih Ihkt 

for the velocity, leads, as we shall presently see, (equa. D,) to dieck^ 

dv 
pression F = v --7-, which is sufficient to determine the force mhkk in- 
fluences the body, when we know what function the velocity v is of 
the space «. 

(106.) It will be expedient, for the convenience of reference, to ooQect 
together here the fundamental equations of motion now establishedy in- 
troducing such slight modification of form as may tend to fiKiJ!^ 
their practical applications in our future inquiries, and deducing ft^i 
them such brief inferences as may be of more especial interest ci m^ 
portance. It will be best to keep distinct those equations which icifcr 
to constant forces, or to motion uniformly accelerated, from those windl 
refer to variable forces, or to motion not uniformly accelerated. 
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*^ -^ ' 1. When the accelerating Force i$ constant. 

:i Jtefa c rin g to equation (2) we have 

^- dv=zFdt .♦. » = F< + c .... (A). 

^Jftj^-become when v does, that is, if f is measured from the com- 
H g f j ffljiien t of motion, the constant c vanishes, and we infer from this 
fpm^ncm for Vy that the velocities acquired in any times^ reckoning 
commencement of motion, are proportional to the times then^ 



-<^rtrodiiciiig the value v := F^ in the equation (4), we have 

. . j^ . ds=zFtdt .'. * = iF<»=J»^ .... (B), 

|M^jQQIi9taiit being added, because s vanishes with t. From this equa- 
t|p .y^ infer, that the spaces measured from the commencement of 
f|j|(^ fttx proportional to the squares of the times. We may further 
^ffgai^ ^TCy that . if the acquired velocity v^Ft were to continue 
lllp|yym juring the time ^t', the space passed over in that time would 
ti^JgOp)^ tss } Ft^; hence the space described from the commencement 
^jjoglipn is equal to that which would be described in half the time 
19^ t^ body moving uniformly with the acquired velocity. 

If we eliminate t by means of the equations (A), (B), disregarding 
iSSt iMsfamt c, we shall have 

o» = 2F* .-. vsz^/TFs .... (C); 

shewing that the spaces described from the commencement are propor- 

tiJiiiA ta the squares of the acquired velocities* 

'ife'ibregoing equations are, obviously, suflScient to determine any 

tjf8*wtie quantities F, t, s, v, when the other two are given, the time 

fli^ supposed to be reckoned from the beginning of the motion. But 

ittfen this is not the case, and the time is supposed to commence not 

uTihe body has acquired a given velocity Vj, then regard must be had 

tothe constant in (A); the value of this constant is plainly c = Vi , because 

by hypotheses Wj is what v becomes when ^=0. Equation (A) will, 

therefore, here be 

v^Ft^\'V^ .... (A') J 
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equation (B) will be 

*=siFl»4-»j^ .... (W)i 

and by eliminating t from these two^ We have for (C) the equatioo 
p« = 2F#-|-ei« .-. t^i=s^/§F^+V .... (C). 

II. When the aocekratiflg Voret ii variable* 

From equations (4) and (2) we have 

da dm 

F «/<»_, , 

.". — = T" •'• rasssvav 
V d^ 

.•./Frf* = io* .... (D)j 

whidi equation is sufficient to determine the Telocity v when, ire 
what function the force F i^ei ike space Sf or it is sufficient to deH 
this function when we know the function v. From the same eqi 
al90> 

*= /^ydt; .... (E); 

which makes known the space described when we know what fin 
V and F are of this space. 

And, lastly, from the equation (4) 

*ds 



/as 
-■•■■ (F)i 



which determines the numerical value of t. 

Having established these equations, we shall now proceed to € 
their practical application, more especially to those motions whi< 
presented to us in nature. 
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ON THE RECTILINEAR MOTION PRODUCED BY A 

CONSTANT FORCE. 

(107.) The most remarkable and important instance of the action of 
I constant force is that which nature presents to us in what we have 
ailed gravity, being that force, in virtue of which all bodies near the 
arth fidl to its surfece, with a uniformly accelerated velocity, in a vertical 
irection. 

Numerous and very accurate experiments have fully established the 
ic^ that the velocity of a falling body, when all resistance is removed, 

umformly accelerated, and that its direction is that of a vertical line, 
r a normal, to the earth's surface at the point where it falls. Such ex- 
however, made at any particular place on the motions of 
&lling fnom a small elevation, are not sufficient to warrant the 
3iidbisk»i that gravity is really a constant force in the acceptation in 
'faich we use the expression. -All that we can £urly infer from them 
( that, at the same place, and within the range of small elevations, no 
fusible variation of force is discoverable, and that, therefoi'e, within 
le limits of our experiments, at least, gravity may be considered as a 
onstant force, fiut to ascertain the real nature of gravity, by means of 
iich experiments as these, it is obvious that they ought to be repeated 
1 Yahous parts of the earth, and at great elevations as well as small, 
liis indeed has accordingly been done, and it has been always found 
iiat a heavy body carried to the summit of a high mountain loses part 
f its weight, shewing, therefore, that gravity acts with less intensity at 
lia summit than at the base of the mountain ;* and, on the contrary, it 



* At an elevation of a mile above the surface of the earth, the intensity 

»f gravity is diminished—--—- part; and a pendnlum clock, beating 

«condi at the level of the sea, would lose 21*898 seconds a day at this 
iltitode, a quantity not to be overlooked. Any traveller, having leisure 



o 2 
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has always been found that the body increaaes its weight when caziied 
into those latitudes which are nearer to the centre of the eardi. Tliese 
results of observation are doubtless sufficient to shew that giavi^ ii 
not a constant force, and, moreover, that its variation depends^ in JOfse 
way, upon the distance {ix>m the centre at which it acts. Bat.|^,.j 
doubtful, chiefly on account of the comparatively small deviboBi 
attainable by man, and partly on account of the imperfection of instn- 
ments, whether fix>m such experiments the real law of the variirtioi^of 
gravity could have ever been safely inferred. The discovery of tb I ^^, 
as well, indeed, as of that which retains the planets in their oi))ib^«|| 
in fact the result, not of experiment, but of conjecture; but then it tm 
the conjecture of Newton. 

He was the first who conceived the splendid idea, and who 
fully verified and establish the important fact, that the attractiT«1 
not only of the earth but of every body in the solar system, 
intensity in the same proportion as the square of the distance Mb jle 
centre of the attracting body increases. This, therefore, is ihetrtrof 
universal gravitation, and which, as Sir John Herschel beatttflll^ 
observes, governs equally '^the fall of a leaf and the precession' df"the 
equinoxes." 

The investigation of this law is not fitted for this place ; it belongs, 
indeed, to Physical Astronomy, but we propose to touch upon it bete- 
after, at present we confine our attention to those motions which take 
place near enough to the sur&ce of the earth to render die variatioD of 
gravity inappreciable. We shall shortly see that the expression fertile 
force of gravity at the earth's surface is about 32 feet, and, from the 
observation in the note, it appears that at a mile above the sorfece this 
value is diminished only by about the 2000th part, which is too snaH 
to affect sensibly the circumstances of the motion of a falling body com- 
puted on the hypothesis that the force suffers no variation at all. 



and the proper apparatus, mio^ht try the experiment in the barrack on 
Mont Cenis, or at the Hospice of St. Bernard.— fferwAe/V Phyn^ 
Astronomy, Ency, Met, 
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On the vertical Motion of heavy Bodies. 

"(108.)^ X^tg represent the force of grayity, then, for the space de- 
icaided by a heavy body in t seconds, we have by (B) the expression, 

^ consequently, the space descended in one second is s ss |g. Now 
tHis sjpace has been ascertained, by very accurate experiments, to be in 
{^e latitude of London I61J1 feet, veiy nearly;* hence 

164ft. = l^.-. ^ = 32ift.; 

diis^ Uioefore, is the expression for the force of gravity at the earth's 
auffiuse, and in vacuo. 

;f . To d^ermine the space through which a heavy body vriil descend 
in four seconds at the latitude of London, and also the velocity it will 
sjfjqviire. 

Using g for F the expression (B) gives for the space 

* = t^=16Ax4« = 257jft.; 
aUo^h^ equation (A) gives for the velocity 

0=^ = 32^X4 = 128} ft 
2. To determine in what time a heavy body will descend 400 feet. 

g 321 77' 



hence the time is 4¥) seconds. 



* From the most recent experiments in the latitude of London, the 
valae of g in found to be 193*14 inches, which is rather greater than 32^ 
feet, this latter being indeed the value of gravity at about the latitude of 
4^^. The number 32^ is, however, still retained in most of our elemen- 
tuy books, and will serve equally well for the purposes of practical illus- 
tration. 
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3. If a body be projected downwards, with a Tdocitf of 30 h^ ni 
a vertical diiectioo, how £tf will it &11 in four seconds? -=^ 

By equation (W) ' "■•t 

« = |^ + p,^b16^X ie + 30X4=:377}leet. 

4. A body is projected yertically upward with a Tdocity of ISOfM^ |^ 
how high will it ascend in 3 seconds. 

Here since gravity retards the motion of die body, it most be^ 
sidered as negative, and we have, fiK>m equation (B^ 



< = — ^ ^ + o, ^=:— 16J^ X 9 + ISO X 3=:215ifwt 



. -. ' 






5. To what height above the sur&ce of the earth will a body aweod 
which is projected vertically upward with a veloci^ of 100 foAl 

It vrill, obviously, ascend to the same height that it piust 611 fton, 
to acquire a velocity of 100 feet; hence, from equaticHi (A), 

100 

and from equation (B), 

« = it;^=155)feet. 

7. With what velocity must a body be projected to reach a hei^t p^ 
579 feet? 

From equation (C) 

V = >/27»" = >/64j X 579 = 193 feet 

8. With what velocity must a body be projected downwards from the \ 
top of a tower, whose height is 150 feet, so that it may arrive at the 
bottom in two seconds ? 

Calling the velocity Vj, equation (B') gives 

160 
= — IH X 2 = 42| feet. 

■ • ^ 

9. Suppose a body is let fall from a height of 300 feet, and thi^.M* 
Seconds afterwards another body is let fall from a height of 200 £wt, in 
what time will the former overtake the latter? 



E 
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L^ ua suppose that^ the second body will ha^e been in motioii x 
seconds when the first overtakes it, then the first will have been jn 
motion r + 2 seconds ; consequently, the space described by the second 
wUlbe 

attlj tbefefore, the space described by the first must be 

16i«»4-l00, 
bat tins space is also 

consequently, 

164 «>+ 100 = 16^ (« + «)• 

.-. 100 = 64} X + 64J .-. *=~^-5 

bence they will meet 1^ of a second. 

10. How &c must a body &I1 to acquire a velocity of 90 feet? 

Am. 125 -9 feet 

11. What space was described in the last second by a body which 
had feUen 7 seconds % Ant, 209^ feet. 

12. With what velocity must a body be projected into b well 350 
feet deep, that it may arrive at the bottom in 4 seconds? 

Am. 23|feet. 

On the Motion of Bodks along inclined Planes, 

(ttlt.) When a body is placed on an inclined plane tiie ibroe of 
gntfHypioduces a certain pressure, represented by the weight of the 
body; if we resolve this vertical pressure P in two directions, the one 
ftkmg the plane, and the other perpendicular to it, the former component 
will be P sin. t, taking i for the inclination of the plane to the horizon, 
and, to prevent the body fipom moving down, this is the force or pressure 
which must be counterbalanced. As, therefore, P represents the force 
of gravity in the vertical direction, and P sin. t the force in the direction 
of the plane, and moreover, as g represents the vertical acceleration, we 
iball-have for the acceleration down the plane, (see p. 145,) 

P : Palii.t :: ^: ^sin. i; 



I 
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heDce the body is mged down tiie pUne by tiie ooostant foc^ .^^l^i 

and, tberefMe, sabstituting io the fonnttlas (106) this value of nf f^j^ 
diej will then comprise the whole tfieoiy of motion down an i '* 
plime, whether the body have an initial veloci^ up or down the |||| 
ornot \.^ 

If / represent the kngth of the plane, and A its height^^ien sin. rd^ 

hence the accdeiating force is g --^i and, diertfoiey the velocity aoqilAI 

in descending down the whole loigth ^ that i% in descending #91^^ ^ 
the space s=^ by the influence of this force must be {C% ^ 

whidi ezpressiony bemg independent of I, shews that te jfMtfm- 
<iuired in descending down all planes of the same height it 6fQll,4 v 
the velocity acquired in fidiing through that height. [ 

The vekxuties of two bodies, the one fidiing through the perpen&aitf 
height, and the other £dling through the length of the phn^ w 
respectively 

but, as these velocities are equal, we must have 

gtssgf sin. i ,\ tz^faln.i', 

so that the time of felting through the height is to the time of fiiUifig 
through the length, as sin. t to 1. But if we wish to know what ezlait 
of length is gone through by the one body, while the other goes tfaroigk 
the whole height, then referring to the expressions for the spaces, we 
have ■ " * 

and these also are to each other as 1 to sin. t. If, therefore, fiom B 
(fig. 93) we draw the perpendicular BD, AD will be the length gqiw 
through by one body, while the other Ms through the height AV 
because - ■'■' 

AB : AD :: 1 :sin.ABDs=ain.C = 8in.t. 
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If we draw the vertical DB' and 66' perpendicular to DB, then the 
time of falling through DB' would equal the time of falling through 
PB, but DB'=: AB^ therefore the time of falhng through AB is equal 
to th^ time of falling through either of the inclined lines AD^ DB. 
n&de this remarkable property of the circle, viz.: If from the extre- 
fltMed A, B, (fig. 94,) of the vertical diameter AB, chords be drawn, a 
body would fall tiirough either of them in the same time that it would 
M throu^ the vertical diameter. 
^110.) We shall now add an example or two of motion on an inclined 

1. The length of an inclined plane is 60 feet, and its inclination 30°, 
wfet Velocity would a body acquire in falling down it for 2"? 
Substituting, g sin. t for F, in the equation (A), we have 

t; = ^/8in.t=:32^ X 2 X i=: 32} feet. 

^.' How long would a body be in falling down an inclined plane 
li^iiose length is 100 feet, and inclination 60°? 

Substituting g sin. i for F, in the equation (B), we have 



12* I 200 10 a a A 

^ g gin. I 32i X J n/3 \/"16A X i n/3 

3. If a body be projected up an inclined plane whose length is ten 
times its height, with a velocity of 30 feet, in what time will the velocity 
be destroyed ? 

The time is necessarily the same as would be required to produce a 
vef(ictty of 30 feet in a body falling from rest down the same plancj 

hc^ee making the substitution of g -j for g, in the equation (A), we 

nsive 

,= !l=,l?J<_^ = 9-3 seconds. 
gh 32i X 1 

4.. A body is projected up an inclined plane whose height is ^th of 
iti'^gth, with a velocity of 50 feet. Find its place, and the velocity, 
after 6" have elapsed. 

Here the force g — retards the motion of the body, and must, there- 
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fore, be considered as negatiye; hence, from eqnatioo (B% we hafe 

and from equation (A), 



= — ^y^ = — 32JXJX6 = — S24f6et; 
, 50 -— 32^ = 17) feet, the velocity required. 



.■;-7- 



5. How long would a body be in fidling down an inclined phH J 
whose height is to its length as 7 to 15, to acquire avelocity of 20MI 

Aru. I'SseooodLl 

6. Required the length of a plane whose inclination is 30^ihatinl| 
cause a body let go at the top, to acquire a velocity of 500 feet idn V 
it reaches the bottom. Am, 7776 fjlf> t 

It should be remarked, that in what is here said about moHkm tkt§ h 
an inclined plane, friction is entirely disregarded; the body himi^ If V 
posed to slide freely down the plane without suffering the least impedi i 
ment. 

(111.) The two problems following are added as a further illustiatioo 
of the motions of bodies under different modifications of gravityi a^ |^ 
also, as an additional apphcation of the principle stated at (p. 146). . ^ 



PROBLEM I. 



Two weights W, W„ connected by a thread passing over a small 
pulley C, as in fig. 95, are placed upon the two inclined planes CA, CB; 
to determine the circumstances of their motion. 

I 

The vertical pressure of the whole mass, produced by the force rf 
gravity, is W + W,; the acceleration which would be produced by the 
same force is g. Again, the pressure of W in the direction WA, or 
which is the same thing the tension of the thread W, Q, is W sin. i; 
also the pressure of W^, in the direction W, B, is W^ sin. i, ; hence 
the system must move in virtue of the difference of these two pressurei 
and to find with what acceleration F we have (p. 145,) 
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V -f- w, : W, sin. i , — W sin. i:g:: ^i «">- «i -■ ^ ai"- « - . 

therefore, is the expression for the accelerative force which urges W 
1 the plane CB, and which, consequently, draws W up the plane 

and, therefore, substituting this expression instead of F in the 
tions (A) and (B), at art. (106), we have, for the velocity acquired 
space passed over at the end of t seconds, after the commence- 

of motion, the expressions 

W, sin. f , — W sin. t 
W, -f-W ^ 



W, sin. t| — W sin, t 

'■" 2(W,-f-W) ^^' 



2 two planes were vertical, then the problem would be to determine 
notion when the two weights hang vertically at the ends of a thread 
ng over a pulley ; since, therefore, in this case, sin. t and sin. t, are 
unity, we have 

W,-^W W, — W W, — W 

F = — = . »= — =— * ert, s = ^ 

W, -f-W' w, + W^' 2(W, -f-W)*^ 

ily one of the planes were vertical, the problem would be to deter- 
r tiie motion when one weight W,, hanging freely, draws another 
p an inclined plane. In this case sin. t, = 1 

W, — Wsin.t' 

le of the planes were vertical and the other horizontal, the problem 
Id be to determine the motion when W^ hanging vertically, draws 
long a horizontal plane. In this case sm. i=: 
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PROBLEM II. 

JC 

A given weight W, is to draw another given weight W up an indM 
plane of given height h; required the length / of the plane in ordarthl |i 
the time of ascent may be the least possible. 

The inclination of the plane being represented by t, as usual^ welm Jiy 

sin. • := —, and the above expression for F may, therdosey be 



/ 






hence, by equation (B), the expression for s or the length / is 



1^ 



sr 



IT* 



12 (W, + W)P 



«*; 



this expresses the time when / as -well as A is given. To deteraiine, 
therefore, the \alue of this expression when a minimum , ve must put 

the first differential coefficient derived from it, equal to .0,. / being the .'t 

independent variable ; or, we may omit the radical, as auo'tlie'ConsUulft t 

factors before differentiating, (Diff, Cede, p. 8,) and we shall then ooljr 'r 

have to make v 



W,/ — W/i W, WA 
= min. .*. — s= — i = 



max. 






On the Motions of Projectiles, 

(112.) Although we do not intend to consider the general theoiy l 
of curvilinear motion in the present section, yet it will be advisable to 
discuss here that particular case of it which we observe in bodies when 
projected obliquely into space, near the earth's surihce. We know tkat 
every body so projected is influenced by two distinct causes, viz. the 

I 



\ 
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mitive impulsion of which the effectffi to give the body some deter- 
late and uniform velocity in a straight line^ and the force of grarity, 
svbich the effect is contintiaily to draw down the body in a vertical 
eetkm; tbese-verticab tend to the earth's centre, but tfaKyoghout the 
th of a projectile they may without sensible error be considered as 
raliel. On this hypothesis, and abstracting for the present, as in the 
le of falling bodies, from- the resistance of the air, we may easily de- 
mine the curve which the body describes. There are, indeed, two 
^thods of solving very readily this problem; one method is first to 
pres» by means of horizontal and vertical coordinates the equation of 
i straight Une which the impulsion would compel the body to describe, 
gravity did not act^ ai^d then to diminish the ordinate ^ by the de- 
<:tion which gravity would cause for the time t*\ Thus, assuming 
e point of departure as the origin of the horizontal and vertical axes, 
3 have, for the initial direction of the body, the equation 

It, in the time tf gravity diminishes this value of ^ by ^ gt*, 

,\ 5f=ax — ^^^ ..... (I). 

If Vyhe the velocity of projection, v, will express the linear space 
hi<^ in the absence of gravity the body would pass over in I''; hence 
I f' it would pass oyer Vj t. Now the action of gravity being always 
irticaly it is obvious that this force cannot at all afiect the horizontal 
ivance of the moving body, so that, corresponding to any time t", the 
!>scisstf^will be the same whether gravity act or not; but, from what 
IS just been said^ this abscissa, in the absence of gravity, is Vi t cos- 
, being the angle of elevation of the piece; hence 

X 

xz=iv,t cos. .♦. < = — .... (2). 

* Vj COS. 9 

.ubstitutiiig this value for f, in the equation (1), we have, for the equa 
i«» jof the path, 

y = tan. 0.x — :; — f r-r .... (8); 

- ^ 2 v^ COS.* ■ ^ '' 

vhich shews that the path of the projectile is a parabola, and that the 
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rectangular axes are parallel toibose of the curve^ (AnaL Geom, p* 150|) 
to that the vertex of the parabola is the highest point of it. 

If A denote the height due to the velocity v,, that is to say, the height 
from which a body must fall vertically to acquire this vdocityi tha 

since (C) Vi =v 2 gh the equation may be written 

y = tM..ex—j-f-^ ...... (4). 

The other method of obtaining the equation of the path to which ^ 
have alluded is this. Taking the same origin as before, let the dim- 
tion of projection be taken for the axis of jf, and a vertical line dli^M 
downwards for the axis of x ; then Vj being the initial velocity, asbd|bi^ 
we have 

«=i^,y = »,'=^V^ .... (1); 

k being the height due to the initial velocity. 
Eliminating t we get 

y«t=:4A* .... (2)j 

the equation of the parabolic path, and from which it appears that k is 
the distance of the origin, or point of projection, fiY>m the focus of the 
parabola,* and as this is equal to the distance of the same point from 
the directrix, it follows from equation (1) that the velocity at any poiat 
of the curve is equal to the velocity acquired in falling vertically from 
the directrix to that point. Having thus determined the nature of the 
path of a projectile, we shall now subjoin a few general problems arising 
out of this determination. 



PROBLEM I. 

(113.) To determine the angle of elevation 0, for which theran^e 
AB may be the greatest possible. 

The general expression for the range or horizontal distance is the value 



* Any point in the path may, obviously, be considered aa the point of 
projection. 
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<a% giyen by equation (4) for jr=:0, tfm it, it b 

x=:4AcO8.*0tu.O=r2l«B.te . . . . ri>; 

K3.^ihi3 expresskm is to be a 



dx 

-^=^4ilcoi.Se = .-. 0sstSP .... («): 

liich gives from (1) 

x = 2k .... (2), 
iMT ibe gi^eatest range. 

. As sin. 29 = sin. '2 (90^ — e)j it follows fiom die genenl chmc i bioi< 
1} for the range, that the lang^is the saoie for 9CF — as for <^y that 
I, the ranges are the same whedier the initial diiectioo fonns an asgie 
lelow the line of 45° or an equal an^ abofe it, (fif. 96.) 



problem II. 

Knowing the range of a shot with a gireo cfaaige of powder and a 
pven elevation of thepieoe, to detemiqe the range at amj other efetation. 
' Suppose we know ibe maximum range R, or that due to die eiera- 
S6n 6f 45% then from equation (2), above, the height due to tibe velo- 
eity Q#p«QJectian,is A=r|E; hence this is die value (^ik, for all ekva- 
tidoswidi the same charge. Callings dierefofey the range doe to any 
Qfther etevation 0, r the expression for its value, will be 

r = R8in.20. 

Thus any range is known by means of die maximuiB range. Or if 
ve know any range r corresponding to theeieiratioD 0, theii to determine 
he range r corresponding to another elevaiion ^, we have the two eqva- 

ions 

r = Rein. 2 0, r'= Rain. 2 ^, 

:o eliminate R; hence 

/ _ Bin. 2 y ^ sin. 2 ^ 

7""" ein. 2 9 *'* sin. 2 **' 



p2 
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PROBLEM 1X1. 



Given the angle of elevation and the initial velocity, to determine the 
time of flight, and the greatest height of the projectile. 

Returning to equation (1), art. (1 1 2), "we have, when y = 0, 



g g ' 

but, by Problem i., jr = 4A cos.' 9 tan. 9; hence by substitution ., ., 



tz=:2 8in.9 4^-^ .*. . . (1)5 
g 

which expresses the time of flight 

To determine the greatest height above the horizontal plane we must 

find the maximum value of y, from equation (4) art. (112), ibr which 

purpose we have the equation 

^ = tan. 0— — ;-;r = • • • • (2) 

dx . ,2 A cos,* 9 ^ ^ 

.*. x = 2Acos.*0tan. = A8iD. 2 .... (3); 

which, by equation (1) Prob. i., is half the whole range: putting this 
value for x in the equation of the curve, we have for y 

y=:2A8in.»0 — A8in.*0=:A8in.»0 .... (4), 

which expresses the greatest height. 

If = 45°, sin. = i ^/2 .-. y = iA, so that (Prob. i.), the greatest 
height is one fourth of the range. 

The expression (2) denotes the angle which the curve makes with 
a horizontal line at any point (x, y). 



PROBLEM IV. 

Given the initial direction to determine the velocity, so that the pro- 
jectile may pass through a given point. 

^^ (*'> y) be the given point, then by the equation of the curve 
(p. 159,) 
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y'rstan. ^jf'— 



•'• ''i-^^'T^'^ 



2t;|«co«.*0 



g' 



COS. 2 (tan. ©•x'—y'y 



PROBLEM V. 



When the velocity of projection is given, to determine the direction 
so that the projectile may pass through a given point 

By substituting in equation 4, art. (112), sec.*^, or rather 1 -f-tan.»^, 

for , we have 

cos.*a' 

y = tan. 0. x a? « 

^ 4A 

.•. tan.«0 __tan.0 = t/- — *» 

this quadratic solved for tan. gives 

^^^_ ^h±^ \h^-^^hyf^^^^ .... (1); 

so that there are two different directions whenever the problem is pos- 
sible, except when 4A*=:4Ay — j:'*, or(2A — y)*=:jr^+y«, in which 
case there is but one direction, but when 

(2A-y')'>»"+y"» 

the problem becomes impossible under the proposed conditions. 

The time elapsed from the instant of projection till the projectile 
reaches the proposed point is, by equation (1), art. (112), 



_ r 2y' — 2tan.0.x^ 



g 



. . . . (»). 
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PROBLEM VI. 

To determine the range cm an oblique line paMing through the point 
of projection, and also the time of flight. * 

Let t be the inclination of the obtique line to the horiion, then its 

equation is 

/ = tan.i.«' .... (1); 

combining this with the equation of the projectile we Aall obtain the 
abscissa of the point, where it meets this line^ by the equation 

tan. •'. X = tan. 9. x — 



4 A COS.* 

^ AL «/»/* a A -v 4 A COS. P sitt. (0 — .-V 

.«. ff' = 4 A COS.* B (tan. © — tan. •) = -t^ . . . \%h 

COS.! 

and, consequently, the oblique range will be 

t' 4Acos. gsin. (g — t) 

r — ; ^ .... 1 3^ 

008.1 cos.'t 

and the time may be found from equation (2), last problem, by lub- 
stituting for »' and y' the values (1) and (2) in this. TTiis substitution 
gives 

, (tan. — tan, t) 8 A COS. 6 sin. (0 — •>, 

R=r^( '■ -: '-^ 1 

^COS. t ' 

COS. t g 

PROBLEM VII. 

7 o determine the greatest range on an oblique plane, and the greatest 
height above it. 

The angle of elevation, which belongs to the greatest range, will be 
that which renders the expression (3), last problem, a maximum, or, 
since t is constant, we must have 

2 cos. sin . (0 — i) = max. 
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= 8in. {$ + (0 — 0} —sin. {0— (a — 0} 
= 8iii.(2 — i) — Pin.f 
.-. sin. (2 — i) = max. .•. 2 — tssOO^ 
.-. s= i (90«> + f ). 

■ 

;ting, therefore, this value of 9 in the expression (3) for the range, 
ve for the maximum range R 

_ 4 A COS. i (90® + 1) sin. i (9if^ — t ) 

COS.* f 

2A (1 — sin. i),^ ^ 
= l-sin.«i ^^- 6^^^«y'» Trig. p. 48) 



1 + sin. i 



determine the greatest height MT above AB' (fig. 97), we must 
PM — MM' a maximum, or, since MAI' = * tan. i, 

M' P = tan. 0. X — TT tt; tan. t. x =b max. 

4 A cos.' 

.-. tan. — —7 TTi — tan.t = 

2 A COS.* 

.'. jrs=:2A cos.*0(tan. — tan.t) 

2 h COS. sin. (0 — •) 
cos. t 

vdAue of X being substituted in the above expression for M'P, 

sin. (0 — . , 

, since tan. — tan. « = ^. — : , is the same as 

* cos. sm. t \ 

X .sin. (0 — f) X -. 

I ^ .' AM. ««« 90» 



cos. *^ cos. f 4 A COS.* 

for M'P, when a maximum, the value 

_,^ 2A8in.(0 — •) ,sin.(0— f) sin. (0 — i), 

M P = : 1 : — " — S '• — I 

cos. t cos. I 2 COS. t 

Asln.«r0 — i) 

COS.* • 
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(1 14.) Collecting togetiier the principal results of the preceding pro- 
positions, we have the following fonnulas : 



I. When the Plane if horiMontal, 
Rangers 3 A sin. 3 9 

Time = 2 sin. 2 eJ-^ 

9 



Greatest range ^ 2 A 
Greatest height s= A shi.* 9. 



II. When the Plane is oblique, 

^ COS.*! 



„ Bin. (9^) J 2 A 
Tine 3=2 ^ — r- N 

COS. I g 



2A 
Greatest range = 



Greatest height = 



1 + sin. i 
Asio.«(g— 

COS.* I 



.V.X 



■r.^ 



'_ 



•,n. 



These equations contain the whole theory of projectiles in vacuo ; j 
they may all be deduced, independently of analysis, by the aid of cont: 
mon geometry, and a few well known properties of the parabola. See , 
the second volume of Dr. HuUon*s Course of Mathematics. 
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TBB. ZZZ. 

ON THE RECTILINEAR MOTION, PRODUCED BY A 

VARIABLE FORCE. 

(1 15.) We shall now proceed to shew the application of the general 
Drmulas, at art. (106), to cases of .rectilinear motion, produced by 
3rces varying in intensity according to some known law. This varia- 
ion is generally according to some function of the distance of the 
Qoring body from the fixed point, which is regarded as the centre of 
Dree, although, in some cases which nature preseats, the variation is 
Iso dependent upon otlier circumstances; as, for instance, when the 
notion tak6s place, not in free space, but in a resisting medium, 
vhere, it is obvious, the body will be hindered frx)m obeying the full 
nfluence of the attracting force by a resisting force, varying in some 
Danner with the velocity. These particulars will be considered in 
Prob. III. 

PROBLEM I. 

(116.) To determine the vertical motion of a heavy body towards 
he earth ; the force of gravity varying inversely as the squture of the 
iistance from the centre. 

Call the radius of the earth r, the distance of the body from tiie cen- 
tre at the commencement of motion a, and the distmice at any time f\ 
fAer the commencentent x-, then by the hypothesis the intensity of the 
fcrce F, at the time f", will be given by the proportion 

— • — • • /fir 

— . ^.^ . . g , T 

Having got an expression for the force, the next object is to deduce 
that for the velocity. Referring to equation (D), we have 



See note in next page. 
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the coDstaot C will depend apon the initial Telocity of the body, that 
is, upon the Telocity whidi it has at the distance a, where giavity be- 
gins to act; if this velocity is 0, then 

— ^ + € = .-. C= 2^: 

a a 

and thus the velocity the body has at any time iT^ that is, after banqg 
&Uen from the distance a to the distance x is completely detmniodli 
it is 

tr .— — — — — _ 9 

X a ax 

and when the body ainves at the surface of the earth, that is» when ^ 
jr = r, it will have acquired a velocity expressed by 

^ a 

o — r 

which, if a is infinite, since is then 1, becomes 

a 

so that the velocity can never be so great as this, however far the body 
may fell, and, hence if it were possible to project a body vertically up- 
wards with this velocity, it would go on to infinity and never stop. Of 
course this b on the supposition that there is no resisting medium nor 
other disturbing force. Taking the radius of the earth at 3965 milei, 
the last expression for v will be v = 6*9506 miles; so that if a body 
were to be projected upwards, with a velocity of about seven miles t ' 
second, and were to experience no resistance, it would never return 
to the earth. 

It remains now to determine the time f"; and for this purpose we 
have the equation 

rfa* \2g{a — x) 

at ax 



• In the expression -- for the velocity at (p. 148), * is the spnce paired 
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from which we get 

^f It \ X 



_*« .4^.-4 * 



Ts/lg a — X 



is/ a 



rs/^gs/ax—:^ 



dx 



this integral may be immediately found by means of the general ex- 
pression at the top of page 49 in the Integral Calculus, or we may 
proceed thus : to the numerator of the expression to be integrated add 
i adx, and then subtract the same quantity from it, and we shall thus 
eonvert the differential into two others, of which one will be immedi- 
ately integrable by the rule for powers ; thus we shall have the two 
expressions 

^adx — X dof ^ adx 

V ax — X* V ax — x* 



the integral of the first of these is obviously ^Z ax — x*; that of the 

2 
second is the elementary integral, ^ a coversin.— * — x, (Int, Calc. p. 

a 

2 X — a 
10) or, which is the same thing, i a cos."* ( ). Consequently 

* = -4s- I ^«*^^ + * « COS. -« (?i=:^) }; 
' ^ribd<^ expresses the number of seconds elapsed in moving from the 

4hioii|rh 5 but here a — x is the space, and —^—^ = — — , therefore, 

dx dv d^x . 

in this case, » =s — -— , and -- = F =r tt- , and, generally, when- 

dt at at* 

ever F tends to diminish the space «, the increment A * being always 

ds d*s 

wgfM.w, the expression ~, for the velocity, as also the expression -^3- > 

for the force must, obviously, be likewise negative. 

Q 
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distance a to the distance x, from the centre of attmctkm. This a- 
pression needs no conrectioiiy because a — x, and t become at the 
same time. When jrxsr, that w, when the body arrives at the sor&ce 
of tlie earth, the number of seconds elapsed will be 

which is evidently infinite, when a is, although the velocity, as we hafe 
before seen, is finite. 

If the attracting body be considered as merely a point, then x may 
at length become 0, and the whole time of ^ing to the centre from 
the distance a will be expressed by 

If die body fiiU fiom any other distance of the expienion fat t woaM 
be similar, so that 

that is, the iquares of the times of falling from rut to the centre rf 
farce are as the cubes (fthe distances from wldcK they fall. 



PROBLEM If. 

(117.) To detei-miiie the motion of a body attracted towards a foed 
centre, the force varj'ing directly as the distance. 

This is the law of force which would attract a material point at liberty 
to move along a perforation from the surface to the centre of the earth. 
For the universal law of nature being this, that every particle of nattv 
attracts with a force varying in intensity inversely as the square of the 
distance at which it acts, it follows that the attractive forces of honuv 
geneous spheres must vary directly as their masses, or as the cubei of 
their radii, and inversely as the squares of the distances of their centres 
from tl;e attracted point. Now it is shewn, by writers on Physical Astra- 
noroy, thati^e attraction of a sphere is the same as if its entire mass wen 
concentrated in its centre; it is shewn, moreover, that a particle placed 
any where within a spherical shell will remain at rest, being eqnallr 
attracted in all directions. If, therefore, a particle be placed below the 
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irface of the earthy and at the distance r' firom the centre, it will be 
ioved only by the force which resides in the inner sphere of radius 
:, as it is kept at rest by the influence of the shell, whose thickness is 
" — jc; hence, fix)m what has just been said, 



r* x* 



— • — — ' ' if ' V — ' 



= i:,. 



X 



r 



> 



which shows that the force varies directly as the distance x. Having 
thus got the value of F we have, as in last problem. 

If the body be merely dropped into the hole, v will be idien * ss r, 

T 



.-. t^=>I-l(r«-x«) .... (I); 
v 

which is the velocity of the body at any distance x from the centre, 
when the body reaches the centre, that is, when d?=0, the velocity is 

visx'/gr .... (2). 

This velocity must be spent before the body will stop, and as the motion 
after passing the centre will be retarded according to the same law, as 
it was before accelerated, the body will continue to move till it reaches 
the opposite point of the earth's surface, where it would stop ; but being 
again attracted by the same force as at first, it will return and pass 
through &e centre to the point of departure, and will thus move back- 
wards and forwards cootinually. 

To determine the time from the departure of the body till its arrival 
at the distance x from the centre, we have, as usual. 






g Vr* 



■J 
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which requires no correction, since ^ as 0, whenjr t= r. Foretime of 
reaching the centre we hare, by making jr=s 0, 

By making j: = — r we have, for the time of passing through the whole 
diameter 

t^T^^ (4); 

which is twice the time of &lling to the centre as it oug^t to bt. 

If the body do not b^^ to move from the sux&ce of tiie eaiA^ Int 
from some point withinitat the distance r', instead of r, ftom^oeotie 

then -^ r'. will be the force at the commencement of motion iDStead of 
r ' 

gy and, therefore, substituting this for g, and r^ for r, the ezpressioD Ibr 

t will be 

r a 

g ^ 

and, consequently, when X3=r^, we have for the time of reaching tbe 
centre 

the same as the expression (3). Hence, at whatever point wi&in ^ 
surface of the earth the body be placed, it will reach tiie centre in the 
same time. 

In order to find this time, take the radius r, of the earth, equal to 
3965 miles, and we shall have ^=21' 7'^, which will be the time 
occupied in passing to the centre however near to it the body be placed. 

It is obvious that if g represented the energy of any other fnce, in- 
stead of gravity, at the distance r fix>m the centre, the reasoning and 
conclusions would be the very same, so that when a body is attracted 
fix)m a state of quiescence by any centre of force, varying in intensi^ 
direcUy as the distance, the whole time of passing to the coitre will be 
the same fix)m whatever point the motion commences, whether from a 
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point infinitely distant, or from a point infinitely near. Hence the body 
^ould pass over an infinite space in a finite portion of time^ but then, 
by hypothesis, the force at the commencement of motion must be in- , 
finitely great 

We shall now oongida the motion of a body near the mur&ce of the 
earthy taking into account the resistance of the air, nvhich we hare 
bitherto neglected. 

PROBLEM III. 

(118.) To determine the vertical motion of a heavy body near the 
earth's sur&ce, considering the resistance of the air to vary as the square 
of the velocity. 

If we represent the resisting hrce at any time t", after the commence- 
Client of motion by /, and the velocity generated by v, then, by hypo- 
thesisy"= wiv*, m being constant for all velocities, and which can be 
determined only from experiment. Hence the force F, accelerating the 

body, is 

F = If — mv* ; 

so that here we have F as a fiinction of the velocity, and not of the 

dv 
space as heretofore; therefore, since (D) F =--, we have 

dv' « j^ *^^ 

dt ° g — mv* 

The second member of this equation may be integrated by the method 
of laitional frictions; or we imi&ediately see that the expression is the 

dv dv 



^•^miv g^ — m*v 
consequoitly. 






-^— {log. (^' +!«*») — log. (^* — »1* ») } -f C 



'•> 
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^—}====]o8.d±!!^ (l)j 

the constant being 0, because the time and the Telocity begin togediff. 
This determines the time of the moti(m necessaiy to genentea^iifai 
Tdocity. To find ^ velocity when the time is given it will beaeni' 
saiy to disengage the equation firom logarithms, putting, Aevefon^ iftr 
the hjrperbolic base, we haye, since log. e =s 1, 

2'>/m^ log. e = log. -r TT- 

•\e ^ -r r — • • • • v.*^j 

g* — m* V 

from which i; may be found when t is known. 

Since e exceeds unity, the first member of ihis equation incMHif 
with t, and is infinite when t is, consequently, as t approaches to infioilf: 
the denominator 

must approach to 0, but when it is actually 

» = V^— .... (3); 

so that the longer the body is in motion, that is, the greater the space 
through which the body moves in a medium, varying in resisttuioeii 
the square of the velocity, and, tovrards an attractive force, ivft^ 
inversely as the square of the distance, the nearer vnll the velocity ip- 
proach to constancy. 

Having found the velocity we may readily determine the space tt 
through which the body has passed to acquire it. For, by (D)^ 

To determine C put s=0, then v=0, 
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.w=-^-log.(l-_-). 

If the space be already known the acquiied velocity may be found 
by Aia equation. 

If the body is projected with a velocity v , in the resisting medium 

in opposition to the force, then the motion becomes retarded, both 

gravity and the force mv^ conspiring to stop the body; hence the r^ 

tardive force is 

F^ — g — iwe* 

dv , dv 



dt g-^ mi^ 

.-. — ^ = -pz=:{tan.-»N--.t>} + C. 

We may determine C from the circumstance that at the commence- 
ment of motion, that is, when f = 0, v= Vi, so that 

0= / { tan.-l^l ??^. », } + C 
>/ gm S 

therefore, subtracting the former equation, from this, we have 

/=--^{ (tan.-i>l^. t;,)-(tan.->>l ~. t) } ; 
V gm S S 

£rom which equation v may be determined for any proposed time t". 
It remains now to deduce the expression for the corresponding space; 
for this purpose we must employ the formula (E), which gives 

/v , P vdv 

that is, 

— * = -g^ log. (^ + mo*) H- C. 



At 5 ^ 0^ when v = Vj, we have 

1 

23W 



o=-^iog.(ir + mO + c 
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. JL kiff il±J5&!i 

When the retardiTe fcirce has destfoyed die mot^ ^ 

we shall have 

which expresses the height to which the body will reach wbaipngieliBi 
with the velocity v. It wiU not acquire so great aTdoctty in tetnHBtf 

* --1,* 

■ ■/.' 

■■ j.s: 



to the earth, because the accelerating force is only ^'— ' fm^. 



I 

'. 1 






■f/ 
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SECTION II. 



ON THE THEORY OF CURVILINEAR MOTION. 

(119.) We now come to discuss the general theory of the motion of 
^Jrte pointy or material particle^ independently of any restriction as to 
^ nature of the path it is compelled to take. 

We say point instead of bodi/y because we do not propose to take 
knto consideration, in the present section, any circumstances of the 
Du>tion which may be dependent upon the mass of the moving body. 
^Vhenever, therefore, in the course of this section, we speak of the 
motion of a body, it must be noticed that we consider the acting forces 
ko apply themselves equally to all the particles of the body, and that 
diese panicles exert no power themselves sufficient to modify the 
knotion. Tliis, indeed, is ^e hypothesis upon which the investigations 
in the preceding section are founded; where we have considered the 
■notions of bodies chiefly in reference to the force of gravity. 

But, in &ct, as already hinted at (118) all bodies in nature exert a 
•wnuttud influence on each other, and the intensity of this influence 
"varies with the mass fix>m which it emanates. Two bodies then, M 
and m, at liberty to obey their mutual attractions, approach each other 
m virtue of the force reiudent in M, combined vrith the force resident in 
m; and, therefore, the distance of their centres at any time will be 
die same as if the sum of the attractions due to M and m were com- 
bined in M, and, instead of the other body m, a single particle were 
phoed at its centre; so that we should thus have to consider only the 
motion of a single particle or free point acted on by a single centre of 
fee, viz. the centre of M's attraction. We may, therefore, after 
^ttring attributed a proper value to the attractive force tending to 
M's centre, disregard the mass of the moving body m ; and when, in 
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the course of the present section^ we speak of the motion of a bodj 
about a fixed centre of force, we consider the influence of the mm^ 
body to have been transferred to that centre as above, and, thoefoR^ 
the body to move as a free point. 

Let us now proceed to investigate the general equations of motkn. 



r 



irjc^ 



ON THE GENERAL EQUATIONS OF THE MOTION OF i 

FREE POINT. 

(120.) When a material particle moves in a curve line^ it is obfivii 
that its direction at any point of its path is in the tangent at that poia^ 
along which, if it were there left to itself, it would proceed witili a mir 
form velocity : and its curvilinear course is kept up only by the co&- 
tinual influence of some force or forces which at every instant deflect 
it from the rectilinear course it tends to pursue, in virtue of its inertia. 

As far as efiects are concerned we may consider a body thus moving 

to be impelled along the curve by an accompan3ring force, varying in 

intensity conformably to the circumstances of the motion, and we know 

that the value of this force at any time ^, during which the arc s has 

cPs 
been described, will be expressed by . 

If this same force had a statical efiect, or which is the same thing, if 
it were directly opposed by an equal force F, we might then, instead 
of the first force, substitute three others acting on the point and in the 
directions of three rectangular axes; if a, /3, y, be the angles which these 
form, with the line along which the point tends to move, then the values 
of these three forces will be 

F cos. a, F 008. p, F COS. 7 'y 

so that the point will have the same tendency to move imder the influ- 
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^ce of these three forces as under the influence of the original force F; 
ese, therefore, are fitted to produce the same acceleration as F* 

t \Ls see what acceleration each alone is fitted to produce. In order 

dx 
^ this let us first remark that since —r := cos. <u 

as 

ds dx d^8 d*ar 

— cos* a ss — ,*. ' ■ cos. a sss— — — . . , 1 1 ): 

dt dt d^ df' ^ ^' 

ken, by the principle stated at p. 145, 

^ « d*s d^s dh 
F:Fco...::-j^:-^co8..= -^ (2)i 

lence the acceleration which F cos. a is fitted to produce, is , and, 

in like manner, the acceieratioDs due to Fcos. p and Fcos. y are 

rf»y cPz 

— — -, and "Tz-'f Xy y, and z being the coordinates of the point at the 

instant f\ Thus then the consideration of the curvilinear motion of a 
material point in space is reduced to the consideration of the rectilinear 
motions of its three projections along three rectangular axes, and which 
describe the rectilinear spaces x, y, x, while the body itself describes 
the curve t. Calling the forces along these axes X, Y, and Z, we have 

and these are the general equations of the motion of a free point. 

dx dy dz 
The velocities of the projections are -— , -7-, and --, and the velocity 

'^ dt dt dt 

ds 
of the point itself is ~, but CDiff- Calc. p. 215,) 

d^ dx^ + d^ + dz^ ..., 

d^ d^ ^ ' 

from which expression it follows that if the lines which represent the 

velocities ~, —. -^, be taken for the edges of a rectangular parallel- 
dt dt dt 
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■- ■' :•*' 



lines 



dt» 



opipedy the diagonal of it will lepraient the Felodt^ -^ of thenplkl 

space; and it equally follows firom the equation (2), codiljJufi!'''iu 
the two similar eqnaticHis {bmished by the odier pcicjectionsi'tMnPlM 

which represent the acceleratire forces — p, '^^^TSf''*' 

taken for the edges^ the diagonal will represent the acceleratife ta 

— , which acts upon the point in space. ih ?« :: 

r 

It thus appears that the velocity which a body actually has may mii I 
be decomposed into tl»eey directed according to tiiree rectangohri 
and the acceleratiye force, by which a body is actnally influeiiced, i 
always be decomposed into three, directed according to dmeMcM. 
axes; and convarsely such a system of velocities^ or of foregpLi^Jii^i 
always compounded into one. When the motion is iii a pfam.} 
one of the components is of course 0. i^isinw 

If we differentiate the equation (4), relatively to the MfpHiiF' 
variable t, we shall have 



d** dhr . dx -^ (Py , dy -^ dhs . ds 



■■■/•rtdit i 

dp T^ ' / 

but, in virtue of equations (3), ^he second member of Ais eqiiiB^s y 

consequently, returning to the integral, we have 



'ii 



ds^ P : ^^• 

^^^ 'dF^^^^J (Xrf* + Yrfy + Zrfx) . , . . (I).. 



■Jf: 



We infer, therefore, that when the component forces X, Y, Z, aK^jgn^ 
functions of the coordinates Xy y, Zy for every point of the body'ijAJ 
or trajectory y as it is called, and when, moreover, these fiinctioBi) 
such as to render Xdx + Ydy -f Zdz an exact differential,* then All 



Its 

ft 



■I .j r- 



* In order to this these functions must satisfy the conditions 
rfX_jrfY d^ 
dy dx * d% 



dZ dY dZ 

9 -^ = -r-, (See Int, Cale, p. ITl.J^, 



da ' dx 
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velocity of the moving body will be determinable from this equation. 
— The complete integral of (2) will involve an arbitrary constant, which 
can only be determined from previously knowing the velocity at some 
Jmown point of the trajectory, which is the same as if we knew the 
pomt at which the motion commenced. 
Suppose the general integral of (2) were 

t,«=/(T,y,r,)-i-C; 

if we knew that the velocity, at the point (a, b, c, ), were u, we should 
hare 

Fiom this equation it appears that when we know the functions that 
X, Y, Z, are oi x^y, z, and the velocity at any point (a, b, c), we may 
M the velocity at any other point (x, y, ar,) merely from knowing its 
coordinates, without requiring to know either the form of the curve 
between the two points (a, b, c), {x^y^z), or the time of describing it; 
in bodies, therefore^ which move in curves, returning into themselves , 
the velocity is always the same at the same point. 

(121.) It is an important feet that the differential in equation (2) is 

always exact whenever the body moves under the influence of a force 

emanating from a fixed centre, or, indeed, when any number of fixed 

centres act on the body, provided always that the intensity of each force 

is a function of the distance of the point, or body, on which it acts. 

Let there be but one such centre, then placing the origin of the 
coordinates there, and calling r the distance of the moving body from 
it, at any point of its path, we may express the force acting on it by/ r, 
the form of the function y* being known; and, by resolving this force 
^Gcotding to the three axes, we have the components 



X=/r . -, Y =/r . f, Z =/r . -• 
Substituting these expressions in the general equation (2) we have 



but since 
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f»a=«» + ^» + f« 
••. rdrszxds + jfdy-^-zdi, 

therefore, by substitution^ 

v^:=:2f/r.dr .... (l)f 

so tliat the velocity is always determinable. 

The same may be shewn generally as follows : 

Having chosen the axes of reference^ let the coordinates of one ti 
the fixed centres be a, b, f, and let R be the force exerted by this ceme 
on a point at the distance r from it. Now the cosines of the angles 
which r makes with the axes are, severally, 

* — a y — b % — c 

r r r > 

so that the three components of R are 






- 



RiJZi.RilZLi.BJLlZf.. W'A 



III like manner, for the components of R, , P,, &c., the forces siautee « 
neously acting on the point fix)m a second, a third centre, &c., w« iwe ;^ 



R.11^,R.I^,R,1~-. 



^i '•l n 

2 'a 'a 



1 



R *~"''" R„ y~"^" n iHiJ?. 

tvn — f MXn , Kn • • y 

rn Tn r„ 

SO that if we add togetlier each of these three vertical columns ofeoA- 
ponents, we shall have the expressions for X, Y, and Z, to be ntm* 
duced into the general formula (2). But, before performing (M 
addition, we should remark, that since 

r«« = (X — an? + ( y — bnf + (S — Cnf 

.-. r, drn = (x — an) rfx -f ( y — bn) rfy + (8 — Cn) dz ; 
consequently, if we divide this equation by r,,, and multiply by R,', HbA 
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^H«n put n successively equal to 0, 1, 2, &c., we shall have 

T T T 

R, rfr, = R, ii^Hi* (fx + R. ?^-=l^ rfy + IZlf? rf. 



R„ rfr, = R„ ^Zlf? d^ + R. ?-=l^ e/y + -^-::il» */z 



*ieiice, if R» be a function of r» whatever be w, the first member of this 
^uation will be always integrable, and we shall have 

t;a = 2/Rrfr -f 2/Ri dr + 2/R,</r«. 

(122.) We shall notice in this place a remarkable property connected 
^ith the motion of a body about a single centre of force, viz. that the 
trilineal spaces described by the radius vector or line joining the moving 
point and fixed centre are to each other as the times of describing them, 
and ^tda whatever be the law according to which the intensity of the 
aUiactive force varies. 

When a body acted upon by a single centre of force moves in a 
curve line, we may consider such motion to arise from a primitive im- 
pulsion given to the body which would alone have caused it to 
describe a stra^ht lipe» but being oontinually acted upon by a force 
out of this line it is deflected from this path at the very commencement 
of motion, leaving it a tangent to the path it actually takes at the point 
of projection ; as moreover no^ng draws the body out of the plane in 
which the centre of fbrce and line of projection are situated, the path 
of.the body must be a plane curve. Hence, placing the origin of the 
r^Qt^ngular axes at the centre of force S (fig. 93), and tak'vag P for the 
pl^ce of the body at any time f, we have 

X = — Fcos.*, Y = — Fcos.j3 

r r 

the nfgative «^ being usied becauise F itvdn to 4iji3iiiish the, spaces 



k 
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X and y\ consequently the equations of motion are I 

To eliminate F multiply the first of these equations by y and the second 
by X, and subtract the products; there results 

d? -0 (1), 

an expression altogether independent of Ae Talue of Fy so thdt trnH- 
ever results from it will hold even when F is lepulsiye. 

Now it is easy to perceive that the numerator of this ezpreMtion is 
the differential of ydx — xdy^ therefore, multiplying by dt vA integti- 
ting, we have 

i!^i^==c . . . , w 

or ' ' 

2/y<fe — aty=sC^ + C, .... (S). 

Let us inquire into the geometrical signification of the fint menote of 
this equation. The term 'JlSydx obviously expresses twice the area 
SP'PM, and the term xy is twice the triangle PSM, consequently 
the equation (3) is the same as 

2 sector SP'P = C^ -f Ci . 

Suppose i" to commence when the body is at P'; then, since when 
^ = 0, the sector = /. Ci = 0, consequently 

X o-r»«/ r^. sector SPP' . ^ 
2 sector SPP =C^ .•. = 1C, 

that is, as announced above, the sectors described are proportional to 
the times of describing them, and therefore equal areas are described 
about S in equal times: this remarkable and important property is 
called the general principle of equal areas. 

(123.) In order to complete the theory of curvilinear motion, it may 
be as well to repeat here the general expression given at (103) for the 
force fitted to produce the motion which a body actually has at any 
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instant if immediately urged by that force in the direction of its motion, 
that is, in the direction of a tangent to the curve at the point where it 
is at that instant. Calling such a fierce S, its value is 

S r=: —5- aho \ ^asfSds. 

The force S may be called the tangential force; we see 4mm the 

second equation that upon this force the velocity of the body in its 
path wholly depends^ and it is wholly expended in producing this 
Teloci^; if^ therefore, all the forces which influence the body at any 
paiticalar point were decomposed, each into Iwo, one in the direction 
of the tangent and the other in the direction of the normal, the sum of 
the former components, that is, the tangential force, would determine 
the velocity «nd direction of the body's motion at that point. It 
follows, therefore, that if among the forces which act upon a body there 
be any which always act in the direction of a normal to its path, the 
components of these must necessarily destroy each other in ibe expres- 
sion (2), (p. 180,) for the velocity along the curve; because, as just 
observed, this velocity is vrholly due to the tangential force. 

(124.) Before closing this preliminary chapter, we shall briefly shew 
how the equations of motion, investigated in the preceding section, are 
to be deduced from the more general theory laid down in the present 
chapter. 

As a first application, let it be required to determine the motion of 
a point moving from the effect of an impulsion only, then, as there is 
here no acceleration, the equations of the motion are 



d^x 






multiplying each by dt and integrating, we have, for tlie velocities in 
the directions of the axes, the expressions 

and therefore (equation 4, p. 179,) the velocity along the path is 

t; = >/a« + 6» + ?, 

R 2 
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which is constant; that is, 

Ci being the space ahead jr. passed orer when f. commences. 

From equations (1) we can prove that the path of the bodjr nant 
necessarily be a stiaight lin6; fx^ multiplying each by it and integia- 
ting, they give 

■ i.-i '/'..'. 

by means pf which eliminating ^y and theie results the Ibllowing^i^eD^ 
relations among the coordinates, viz. 



^» ■. t-l 



« . a'e—a<f h , Ve — he' '" 



.'j^ 



As a second application, let it be required to-defeBRnine tibe 
of a projectile in space. Here the equations of the motioa are 



.■-^:rii''- 






= 0,^=-^, 






therefore, multiplying by dt and integrating, we. have for the com- 
ponents of the velocity, 

da ^ dy 
multiplying by rff and integrating again, we have 

or, putting C = a C, 

y = ax — Jgr/», 

as before found. 



. . J- 



.1 I- 
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ON THE MOTION OF A BODY CONSTRAINED TO MOVE 

ON A GIVEN CURVE. 

(125.) In this chapter we shall shew the application of the foregoing 
general theory to the circumstances of constrained motion, the moving 
body being prevented irom obeying the influence of the applied forces 
through the intervention of a rigid line. 

When a material point is thus compelled to move on a curve, the 
curve offers at every point passed over a certain resistance to the motion 
in the direction of the normal, and it is in consequence of this resistance 
that the wonted path of the body is continually diverted and its motion 
confined lo the curve. This resistance, therefore, may be considered 
as a normal force continually acting on the moWng body, and which, 
combined with the other forces on the body, produces the motion which 
actually has place. Omitting the normal force and taking the compo- 
nents X, Y of the others on which alone the velocity along the curve 
depends (p. 185), we have, by equation (2, p. 180), 

t;« = 2/(Xrf* + Y(iy) .... (1), 

by means of which the velocity at any proposed point (x, y) of the 
curve may be found, X and Y being functions of the coordinates. As 
shewn at (p. 181), the expression after integration will take the form 

>, b,) being the point where the velocity is known to be v, . 

As this result is independent of the normal pressure, that is, as it 
emains the same whatever this pressure may be, we infer that it must 
emain the same whatever the curve between (a, b) and (j*, y) may be, 
lo that as long as the applied forces remains the same, and the velocity 
>f the body at the point (a, b) remains the same, the velocity atjany 
other point (x, y) will be the same by whatever path it arrives at it- . 

Precisely the same conclusions would follow if we had supposed the 
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motion to be on a curve of doable carvatoie instead of on a ^kut 
cunrei as is veiy obyious from the equation at p. 181. ■''-^<^ ■ 

If the body move on the curve in virtue of an original JUipriJ I 
merely, then, since there are no acting forces, X ss and Y tatfCV'^M ■ 
consequently v* ^ v,', which shows that the primitiTe vidodtySrtfbe I 
preserved and continued unchanged wfaaMer be tiw curve tiotiffltttik \ 
it moves. ' ''-^ ^ 

Let us suppose the body to move down a curve in oonMqjIitoiMf 
the action of gravity, then we have, by taking fte axis of X 






To determine v^ let h be the height above the origin from whidi fte 
body begins to descend, that is, the ordinate t>f the point at wludi the 
velocity is 0, then 

In tibe genend case of this probleni we have seen thait ike 
d^Mttds on ibe coordinates x and y of the point arrived at^ batis 
dependent of the path to it; in diis particular case we aae 
velocity depends only on the ordinate jr of the point airired at, beisg 
independent both of the abscissa of the point and of the path, and te / 
any point in a straight line parallel to ihe korixom wiU be arnui ^ | 
with the same velocity if the body descend jftom a fixed point ofow U h 
along any line or curve whatever, the velocity being that which vronM p 
be acquired by felling fieely through the vertical height. 

It immediately follows from this, that when the body has arrived at 
the lowest point of the curve, its acquired velocity will be cnifficiaiit to 
carry it up the ascending branch (if the curve have one,) to the same 
height as it descended from, whether the two branches be similar or 
not, although the times of descent and ascent will be different if the 
branches be different in form. 

To determine the time requires that we know die curve of dooflo^ 
in which case we have, by the general expcessiou (D), art. (K)^;«^ 

ds ds . ^ 

— .\dt =^ — , that is, in the case of gravity, 

dt V o jy ^ ^^ 

dt ^ p dt 



dt=: 
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(126.) We shall shortly give an example or two of this kind of con- 
itrained motion; but we shall first investigate a general expression for 
ihe reiistance, or normal force, at any point of the constraining curve, 
uliten this curve is given. 

- Let APM (fig. 99,) be any given curve on which a material point P is 
iounpeiled to move when acted upon by forces whose components are 
K and Y. Let PN represent the normal force or the resistance which 
^body receives when at P and call it R ; the components of this force 
ire R eo8. NPC and — R cos. NPC ; consequently, taking into account 
ill the forces which act upon the body, the equations of its motion are 



dxi 



d^ " dt 



du dx 

Multiplying the first of these by j-, and, the second by — -, and sub- 

tncting the second ftom the first, we have 

dsdt* '^ dt ds"^ ' 

xmsequently, since (Diff, Calc. p. 135,) the general expression for the 
adius of curvature y at any point (x, y) is 

: follows that 

R«Y--.X-H.-^=Y--X^ + y....(2). 

row the expression X ^ — Y -- is the result obtained by resolving 

le forces X and Y in the direction of the normal, and which, therefore, 
' the body were at rest, would, when taken negatively, denote the 
distance of the curve; but being in motion, the curve suffers an 

dditional resistance expressed by — . We must here remark, how- 

r 
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ever, that we have oentiiknd, in te above noaioniing, the lesietaac^ E 
to be ofoed by the comanre tide of tibe curve ; bet tf, od tfie ooolnqr, 
the body preM agaimt the ooiives eide^ (iMQ R will not be the;ilrii 
but the difference of the resistanceSy that is, the nnstaiioe CMpiemd bf 

— must be subtracted from the lesiatvice which die con^ Twlr 

oppose if ^ body wefe at mt* - " - '^' 

When the body it letaioed on the cnfve by the Ibroe of gMivi^«ll)t 

thenY«BOandXs_^; dmeibie^iiiihiicaae^ -^ 

As the pressure 7 •—', at any proposed point, depends sokty «poo.#^ 

velocity at that point, it would lemaia the same if this velodQr W^e 

produced by a primitive impulse only, and the motion tobe Qmojliiei]|g$i 

by any acting forces, as indeed is plain fiom the ezpressioQ £.ss± 

'v* ■ ■ ' " -' '■'/'■" 

— , for the resistance, when Xsq and Y=0. It is readily seeii> Cheif^' 

r * '.,. ' 

fore, that the pressure of which we speak arises entirely from the inertia 
of the moving body, or its tendency to move when at any point of the 
curve in the direction of a tangent and with its acquired velocity; tlus 
tendency necessarily causes it to exert a pressure agiunst the deflecdof; 
curve, and which, as we have just seen, requires the curve to oppose the 

resistance ± — in addition to the resistance necessary to oppose the 

r 

normal effect of the acting forces. 

A distinct name is given to the normal force or pressure :^ -^ 

whose action on the body thus tends to repel it from the c^tre of 
curvature at that point of its path where its velocity is v; it is called the 
centrifugal force, 

* The student will not fail to remark that the upper sign applies nM 
we consider the body to be moving on the convexity of the curve. In %Mch 
case the pressure due to the acting forces is obviously diminished by tMs; 
and the lower sign applies when the body moves on the concavi^ik^ 
which the pressure is necessarily increased by the same quantity. 



CONSTRAINED MOTION. 191 

If the curve on which the body mores is a circle, and if we conceive 

Iwt at the instant the velocity is v an attractive force expressed by — 

r 

36 placed at the centre, then, if at the same instant all the other forces 

Bf^ttre destroyed, tlie body would continue to move in the same circle 

and with ^e same velocity v; for the repelling force tending to increase 

the distance of the body from the centre, is just balanced by the at- 

tractiye force tending to confine the body to the curve, and moreover 

as V, if the body were left to itself, would continue unchanged throughout 

the curve (p. 188), the force which counteracts the pressure arising from 

at one point of the circular path will be competent to do so at every 

pBliDt ; », thei-efore, all pressure on the curve is destroyed, the motion 

of the body cannot be affected if the rigid curve were removed and the 

body left unconstrained. 

Tliis fact is at once deducible fi?om the expression (2) for R, and 
indeed in a more general form ; for in order that R may be 0, which is 
the same as saying in order that the motion may continue unchanged 
though the resisting curve be removed, we see that the normal effect 

of the applied forces must be equal and opposite to the force — : so 

that if a force always expressed by this were always to act at the centre 
of curvature, corresponding to the radius y, the rig.-d curve, be it what 
it may, might be removed without changing the trajectory. By this 

arrangement it is plain that the variable force — must itself move so as 

to describe the evolute of the curve described by the body ; the evolute 
of a circle is a point, viz. the centre. 
As the cential force, or as it is usually called the centripetal force, 

necessary to retain a body in a circle is F = — , and since, if/" be tl\e 

time of one revolution, we must have, in consequence of the uniform 
Telocity, 

V s=: — : — .*. r =: -■ z — > 



t I* 

which expresses alike the intensity of either the centripetal 
triftigal force. 



or the cen- 
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In like manner^ for any otber dicle of radius yi , and time ^i*", tlij 
centripetal or centrifugal force is 

^' — iT 



• p • p • • T, • * * * 



■ > .1 



hence, lit. When the circles are equal, the centripetal or centriM 
forces are inversely as the squares of the times; and 2d. When m 
times of revolution are equal, ihe foices are as the squares of the ndi 
pf the respective circles. 

Let us apply these results to an interesting problem, vii. to the ils- 
termination of the centrifugal force at different places on the eartVi 
sur&ce, fix>m knowing the time of one rotation on its axis. 

The earth, by means of its diurnal motion, cairies round with it, wA 
a uniform velocity, eveiy point on its surface in 86164 seooodL it 
the equator the radius y is 20921185 feet, theiefofetfaecentiifqgdtfbm 
at the equator is 

F=: ^= = — ='1112259 feet. 

<a 88164* ****— «F nj^*. 

As this force opposes the force of gravity, it follows, that if it did not 

exist, that is, if the earth did not revolve on its axis, the force of gravity 

instead of being what it really is, viz. g=:32'08818 at the equator, 

would be G =g -f •1112259, and thus the weight of any body would 

'1112259 

be a part more than it really is. 

32-08818 

The ratio of G to F being 

32 • 1994059 : -1112259 or 289 : 1 nearly, 
— G 

Now every parallel to the equator being carried round in the same time 
f' as the equator, we have, by representing the centrifugal force in the 
parallel whose latitude is / and radius y, by Fj, 

y : y, : : F : F, 
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because it is evident that yi = y cos. /. 

The force G of gravity is not diminished by the whole of the cen- 
trifugal force Fi , except at the equator, because this force acts in any 
parallel PAP' (fig. 100,) not in the direction Fp opposite to gravity, but 
in the direction Pr, if, therefore, we decompose the force Pr in the 
perpendicular directions Vp, Pq, both, as well as Pr, being in the 
plane of P's meridian, we shall have, for the force Py? opposing gravity, 

Pp = Pr COS. /I Pr = Fj cos. POQ = Fj cos. / j 

hence the expression for the diminution of gravity is (equa. 2,) 

G 

COS.* / ; 

289 ^° *' 

which therefore varies as the square of the cosine of the latitude. The 
otheir force P^, being tangential, tends to draw the particles of the re- 
volving body from the poles towards the equator, and to cause it to 
assume the figure of an oblate spheroid; the expression for this force is 

Pyrs F, sin. /= — — - sin. /cos. / = — — - sin. 2/, 

whieh therefore varies as the sine of twice the latitude. 

From the foregoing principles, let it now be required to determine 
the time in which the earth must perform its diurnal revolution in order 
that the centrifugal force at the equator may be exactly equal to the 
force of gravity, or in order that a body may have no weight there. 

Let Fj represent the time of rotation, corresponding to which the 
centrifugal force is G, then, as the centrifugal forces in the same circle 
are inversely as the squares of the times, we have, (equa. 1,) 

/^ 

fi • /« • • • G 

» M89 

"^^i- 189 ••''"vOSS 1^ 

Hence if the diunial rotation of the earth were performed in a 17th 
part of the time really occupied, or if it were to turn round 17 times as 



1 
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mpidly, bodies at the equator would lose all their weight, and would, 
therefore, if placed at a small distance above the sur&ce, remain sus- 
pended without any visible support ; if the earth were to revolve stiU 
more rapidly than this, no body could remain on its surface : every thing 
would be repelled from it by the centrifugal force. This inference it 
must be remembered is, as well as that implied in equation (2), on the 
supposition that the earth retains its spherical figure during its rotation, 
which however is not strictly correct on account of the oblique influence 
of the centrifugal force tending to elevate the equator and to depress 
the poles, thus giving to the earth a spheroidal form. It is demonstrated 
that a fluid spheroid of the same density as that of the earth, cannot 
remain in equilibrium if it revolve in a shorter time than 2*- 25' 2G'.* 
(126.) The general equations (2) and (3), at page 188, contain all 
that is necessary for the determination of the motion of a body down 
any given curve by the action of gravity; or indeed of any force g acting 
in parallel lines. The theory of the pendulum, a highly ii^portant 
subject, is established by their aid, and to this theory we shall a^ply 
them in the following chapter. We may remark, however, before en- 
tering upon this, that the expression (1) for the velocity at page 187, 
is general for all hypothesis of the acting forces, and when this velocity 
is determined and the curve given, the time will be given by the equation 

ds 
f =f — ; in the particular case, however, where the body is acted upon 

by a single centre of force, varying according to some function of its 
distance, then, for the determination of the velocity, it will be proper 
to use the expression (1) at page 182, taking the integral with a ne- 
gative sign if the force be attractive, tending to diminish the coordinates, 
and taking it with a positive sign if repulsive; the axes of reference too 
must here originate at the centre of force. 



• See Professor Airy^s Tracts, page 150, second edition; or the 
Thtorie Anali/tique du Systttne du Monde, of Ponttcoulant : torn, ii., 
page 400. 
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ON THE SIMPLE PENDULUM. 

(127.) A simple pendulum is considered to be a material point, 
attached to a thread or rod without weight,*and oscillating about a fixed 
axis connected with the other extremity of the rod. Such a pendulum, 
it is evident, can have no physical existence, yet it is convenient to 
discuss the theory of such an imaginary pendulum, because, as will be 
shewn in a subsequent chapter, whatever be the oscillating body, there 
may always be found a point at which, if a single particle were placed 
and connected by a rod, without weight, to the point of suspension, the 
oscillations of this simple pendulum would be performed in the same 
tiihe^thbse of the compound body; and all the circumstances of its 
angular motion would be the same, and thus any pendulum may be 
reduced to an equivalent simple pendulum. 

The moving point which we here consider, is confined' to the curve 
in which it moves by the thread, the accelerating force being gravity; 
hence, the tension suffered by the string at any point of the path, must 
be equivalent to the pressure which would be sustained by the curve 
at Aat point if it were rigid, and the moving point were unconnected 
with the thread. The constraining forces being equivalent, the theory 
developed in the preceding chapter becomes immediately applicable to 
the mdtions of simple pendulums; these motions, although usually in 
circular arcs, may nevertheless be in any curves whatever, for the thread 
as it oscillates to and fh) may be forced to wrap itself about curves 
springing firom the point of suspension, and thus the material point 
will be forced to describe curves which are the involutes of these ; and 
in this way we may have circular pendulums, cycloidal pendulums, &c. 
Of these however the circular pendulum is the most simple and im- 
portant. 

(128.) It will contribute to the convenience of the student to bring 
together in this place those formulas distributed in the preceding 
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chapter, which are required in the problems we are about to give; these ^^ 
formulas are as follow: 

velocity ssv=:^2g (h — x) .... (A), 

tiine=:^s=: / .... (B), 

«/ v2^(A — je) 

centrifugal force ==/= — = — s_l { . . • . (C), 

y 7 

tension =T = fi'-^ + -^-^ .... (D). 

ds y 

dy 
or, since — expresses the cosine of the angle which the normal makes 
ds 

with the axis of j, if we call this angle « we may write the last expression 

thus : 

2g(h — x) ,^. 

tension=^co8. * H . . • . (E), 

which form will bo lometimes most convenient to use, (see prob iv. 
following,) 

PROBLEM I. 

(129.) To determine the time of oscillation in a circular pendulum, 
(fig. 101). 

Taking the origin of the vertical and horizontal axes at the lowest 
point of the curve, and calling the radius of the circle or the length of 

* If we consider the arc s in this expression to be the arc of descent, 
this, being measured from the origin or lowest point, must diminish as 
the time increases, and therefore ds in this formula is negative ; but if we 
refer to the arc of ascent, the time and arc increase together, and ds i> 
positive, we shall therefore always consider the formula as applied to the 
ascending arc, since the time will be the same whether the body descend 
from the height x to the lowest point, or ascend from the lowest point to 
the height x ; or whether it descend from A to x, or 'ascend from x to A. 
On this hypothesis, therefore, the integral (B) commences at x^x and 
ends at x = A ; for the descending arc, on the contrary, the integral com- 
mences at X = A and ends at x = x. 
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Ihe rod r, we hare, for the equation of the path. 



consequently, by equation (B) abo^, Ae expression for the time is . 

J s/2g{h—x) 'JtgJ ^/(A — x)(2rx — *«) 

The differential expression under the integral sign may be put under 
the more convenient form 



dx 



o-^r^j 



>/2r >/Ax — «• 2r 

which shews, that if the second ^tor be developed by the binomial 

theorem, the differential in. question will be reduced to a series of others 

all of the form 

x*rfx 



which we know to be an integrable form. 

These details we have entered into at length in the Integral Calculus^ 
page 96, and the result is, that the proposed integral, taken between 
the necessary limits, diat is from .r = 0, the lowest point of the curve, 
to X s= A, the point of departure, is 



/ 



A dx 



V(A — x) (2rx — ap») 



consequently for 2 f, or the time of a complete oscillation, we have 



4-7T^6>*<r/ + *'=-> '•••(•>' 



s2 
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by means of which the time may be approximated to, to any degree d 
accuracy. The expression A is the versed sine of the arc of descei^ or 

of half the whole path, and — is the versed sine of a similar arc to 

radius 1, and therefore of the inclination of the rod to the vertical in Hi 
initial position ; the smaller this inclination is the more convergent^ 
the foregoing series be. Suppose, for instance, the initial indinatin 
were 5°, then the versed sine of this being '0038053, the second term 
of the series would be only 

, 1 ,, •0038053 „^^^^^ 
(^— )* = '0004757, 

and if the pendulum vibrated but one degree on each side of tbe 
vertical, then, since the versed sine of 1° is '0001523, the second term 
of the series would be but 

,1^, -0001523 ^^,„ 
(y)' 2 = 000019, 

and, by supposing the arc of vibration less and less, the expression for 
the time of an oscillation would continually approximate to 

2#=7r >/~ .... (2), 
g 

which will differ insensibly from the true time when the arcs of vibration 
are very small, that is, not exceeding about 4°; and therefore, for all 
arcs between this and 0, the times of vibration of the same pendulum 
will not perceptibly differ, that is, in very small arcs the oscillations may 
be regarded as isochronaly or as all performed in the same time. 

Since the time occupied by a body felling freely through the height 

^ r is expressed by \ — , it follows, from the foregoing expression, that 

in pendulums of such limited ranges or amplitudes osyre have supposed, 
the time of vibration is to the time of Jailing freely through half the 
length of the rod as 3*14159 to 1. 

It is an important matter to know exactly the length of a pendulum 
which will vibrate seconds, and combined with experiment the general 
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expresskm (1) will enable us to determine this len^h with perfect 

accuracy for any given arc of vibration. 

Thus, let Ty r" be the lengths of two pendulums vibrating in arcs of 

h K 
the same number of degprees, then, since — =: — : the series within the 

r r 

brackets will be the same for each pendulum; hence, the times of 

osdUation of these pendulums will be to each other as 

T T 

IT s/ — to TT v^— or as t^r to n/r' : 

the times of oscillation are therefore as the square roots of the lengths. 

Let the pendulum r make n oscillations in the same time f that the 

pendulum r' performs n' oscillations, then the respective times of a 

f if 11 

single oscillation will be — and — , which are to each other as — to -7; 

n n n n 

hence, by the proportion just deduced, 

n* n* 

that is, the lengths of pendulums vibrating in similar arcs are to each 
other inversely as the squares of the number of oscillations made by them 
in the same time. 

Now a seconds' pendulum must vibrate t times in ^, if, therefore, 
we take a pendulum of any length r, and count the number n of vibra- 
tions it makes in any time f, we shall find the exact length r' of the 
seconds' pendulum vibrating in a similar arc by this proportion, viz. 

/•:«*:: r : r' = ^-^ .... (3;. 

If the length of the seconds' pendidum be thus determined for very 
small arcs, we may thence, by help of the expression (2), determine 
the force of gravity at the place where the experiment is made for, as 

r' 
1 = w ts/ — .'. If =s TT* r' . . . . (4). 

Now in the latitude of London r^ has been found to be ^ 39 . 14 
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inches, consequently g =«• x 89 . 14 in. ss 32*19 feet, the farce 
gravity in the latitude of London. 

Knowing the length of the seconds' pendulum, it willheanoiyj 
matter, from the foregoing theorems, io find the time of yibralioo oFlj 
pendulum of any other length, or the length of a pendulum Wl 
in any other time. Thus, the length of the seconds* pendulum being/} ' 
and that of any other r, we have by the first of those theorems, thii.f|- 
pression for the number t of seconds this last will vibrate in, viz. 

r 

Suppose, for example, we wanted to know the time of an oscillation of 
a pendulum 20 feet long, we should then have 



J 240 



=: 2 . 5 nearly. 



39 . 14 

so that the time would be about 2 seconds and a half. 

Again, if we wanted to know the length of a pendulum that should 
oscillate once in ten seconds, then we have 

r = 39 . 14 X 10*= 391 . 4 inches. 

We may also readily detennine the number of seconds lost or gamed 
in a day by lengthening or shortening a seconds' pendulum by any 
proposed quantity; for, from the equation (3), we have 



71^ 



where r' is the length of the seconds' pendulum, and t = 86400, the 
number of seconds in 24 hours, n being the number of times the alteied 
pendulum r oscillates in 24 hours. Suppose r = r' -f /?, and n = ^ — 
q, p will then be the error in length of the altered pendulum, and q the 
consequent deficiency in the number of vibrations, or the loss in seconds, 
and we shall have 

If the loss amount to but a few seconds, the powers of ~ may obviously 
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be neglected without sensible error, and we shall thus have 

g pi 

o = 2 r -^ and g z=^: 

!tibe first equation shewing the increase of length corresponding to a 
given loss, and the second shewing the loss consequent upon a given 
increase of length; and the expressions hold when the pendulum is 
diminished hy p; q then expressing the gain. 

Hitherto we have considered the pendulums compared to oscillate 
at the same place; but it is a very important inquiry to determine the 
lengths of pendulums oscillating seconds at different places on the 
earth's surface, as such a determination readily leads to the discovery 
of the true figure of the earth. If we represent by G and g the inten- 
sities of gravity at any two places, and by r and r' the lengths of the 
corresponding seconds' pendulums, then, by equation (4), we shall 

have 

O , g 

80 that the intensity of gravity at any places varies as the length of the 
seconds pendulum at those places. But it is manifest that the intensity 
of gravity must depend upon the figure and constitution of the earth, 
and accordingly it is proved, by the writers on Physical Astronomy, 
that, considering the earth to be a homogeneous spheroid of equilibrium ; 
the intensity of gravity must vary as the normal, so that, fix)m the fore- 
going equations, the normal to tiie earth's surface at any place varies as 
the length of the seconds' pendulum at that place; and thus when the 
lengths of the pendulum for any two known latitudes are accurately 
ascertained by experiment, sufficient data will be furnished for deter- 
mining the ratio of the earth's polar and equatorial diameters, or for 
finding the ellipticity or spherical compression as it is called, and by 
which is meant the ratio of the difference of these two diameters to the 
greater. But we shall make the determination of this ratio from the 
proposed da^ a distinct problem. 
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PROBLEM II. 

(130.) To determine the compression or ellipticity of the earth bf 

means of seconds' pendulums. 

Let a, b represent the equatorial and polar semi-diameters, e the c» ,^ 

a — 6 
centricity, and c =s > the compression; then 

Now c is itself but a small fraction, and the square of it is too small tv 
be worth regarding in this inquiry, so that we may consider the com- 
pression to be expressed by 

Let X, X' be the latitudes at which the lengths of the seconds' pendulums 
are /, t, then, since (I>iff» Calc, pa. 132,) die expressions for the | 
normals at these latitudes are 

a * (1 — <?«8in.«X)i ' "" « ' (1 -e«8in.«V)» ' 
we have 

I : r :: (I — e«sin.«X)H^ : (1— (r^ain.^X')'^, 



that is, by expanding the two last terms by the binomial theorem, and 
omitting the square and higher powers of c* sin.' X on account of their 
excessive smallness, 

/:/'::! + Jtf^sin.U : 1 + j^ <?» sin.* X' 
:: 1 -fcsin.^X : l+csin.^X' 



/8in.»V — /'sin.^X / , ,^, , ,, 

— -sin.'X' — sin.'X 



which expression would be the value of the compression, if, as we have 
supposed, the earth were of uniform density. Such, however, is not 
tlie case, yet the conclusion j ist obtained will enable us to deduce the 
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ipressioD, 'whatever be the law of the earth's density, by the aid 
ollowing very remarkable proposition discovered by Clairaut, 
rVhatever be the law of the earth's density, i^he ellipticity of 
ace be added to the ratio which the excess of the polar above 
itorial gravity bears to the equatorial gravity, their sum will be 

being the ratio of the centrifugal force at the equator to the 

al gravity."* Npw the ratio which the excess of the polar 
le equatorial gravity bears to the equatorial gravity, is no other 
ellipticity c, as determined upon the hypothesis of homogeneity ; 
ng the polar gravity G and the equatorial gravity g, and recol- 
that these are as the normals, we have 

G—g a—b 
g a 

ently, whatever be the law of the earth's density if we call the 

5m 5 1 

ty or compression C, we have C -f c = — = — . page 

2 2 289 

id therefore 



—r sm.'* \ — sm.' \ 
xperiments at Madras 

\ = 13^.4'.9', /=39-0234. 
xperiments at Melville Island 

V = 74*'.47'. 12', r = 39-2070, 

hich c = 0053214, and as ^ = -0086505, therefore 

578 

C s *0033291 = 



300 



• See Professor Airy 'a Tracts, p. 174. 
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From this value it appears that die equatorial diameter of tbe 
exceeds the polar by about the 300th part of its whole length ; dutt 
these diameters are to each other as 300 to 299, and this ratio 
almost exactly with the ratio as determined by means of die 
measurement of degrees. See Dr. Gregorjft Trigonometrt/, page 
and Airy's Tracts, page 186. 



PROBLEM III. 

(131.) To determine the time of oscillation of a cycloidal penduhiB 

(fig. 102). :i 

When the axes originate at the extremity of the base of ihe cydoflT' 
we have found for the length of any arc 5 (Int. Cole. p. 120,)* . f^ 

« = 4r — 2\/2r(2r— «) .... (1); L- 

but if we measure $ from the vertex, then, since the length of the flein- 
cycloid is 4 r, we shall have, by subtracting the foregoing expiessiot f 
fit>m this, and then removing the origin to the vertex, that is, substitating y 
x + 2r for x, we have, in the inverted cycloid (fig. 103), 

= 2 ^ 2rx .*. ds = \ — djf 



s 



r 2 

= V — versin.— * __ ^ + C ; 



• An obvious error has crept into the formula here referred to; 
instead of . 

*=N/2r /^-^ = 2>/2^+ C S 

it should have been 

* = V^ r ^^ - = 2>/2r(2r — y)-f-Cf 
and C is determined from the condition that « =0 when y = 0. 



ON THE SIMPLE PENDULUM. 205 

^tence, fix)in x=:x to xz^h, 

\ r 2 

t^y — [it — versin.— ' — xK 
g h * 

^rliich expresses the number of seconds in descending fix)m the altitude 
A to the altitude x; therefore the time of descent to the lowest point A 
9X which jT = is 

t-=.Tr»J ^ • . . • (2). 

This expression being independent of A, is very remarkable, inasmuch 
as it proves that the time of descent to the lowest point is always the 
^mmtfrom whatever point in the curve the body begins to descend. The 
oscillations in a cycloid are, therefore, always isochronal. 

The cycloidal pendulum must oscillate between the two equal cycloi- 
dal cheeks SB, SC, about which the thread SP wraps itself; the length 
of the pendulum being equal to that of the curve SB, or which is the 
a^me, of the semi-cycloid BA, and this, from equation (1), is by putting 
^^2r, 5 ^ 4r, so that calling the length of the pendulum / the expres- 
sion for a complete vibration is, from equation (2), 

8 

which is the same as the expression given in last problem for the time 
of vibration of a pendulum of the same length, in a very small circular 
arc. 



PROBLEM IV. 

(132.) When a body vibrates in a circular arc, to determine the ten- 
sion of die string at any point, (fig. 101.) 
Here the cosine of the angle «, or PXA, which the normal makes 

f* — ~~ X 
with the axis of j?, is obviously . Hence, by the formula for the 



tension, we have 



r — « ^gih — x) r-f-2A — 3* 



tension = g 

° r 
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at the lowest point, or where jr=:0 

r-|-2A 
teoflioo ^ g ; 

T 

which, if the body fell from A =r^ becomes 3g; that is, the I 
it comes to A, is acted upon by three times as much force a 
be if at rest there, and, therefore, the body stretches the string 
times its weight. The tension is, obviously, greatest at this \ 
In order to determine the point at which the tension is 0, ^ 

r-|-2A — 3a: ^ r + 2A 

g =0...x=--5^, 

the abscissa of the point at which the pendulum, let fell fromth 
h, produces no strain on the point of suspension. 

To determine the point at which the strain is the same as w« 
body hangs at rest, we must equate the expression for the tensio 
g, we thus find x =cs }A. 



PROBLEM V. 

(133.) To determine centrifugal force and the tension of the strii] 

the cycloidal pendulum. 

We have aheady seen (Prob. ii.) that in the cycloid the expres 

dx 
5r sin. «, or — , is 
ds 



dx . X du I \ 1 2 r — x 

-T'=- *J TT •*• COS. a or -^ = V 1 — 8in.'« = N 

ds ^ ^T ds 2r 



dy A^^ — * 
ax X 

neans of these expressions we may find the radius of curvatui 
:)oint (j',y,) firom the formula, Diff\ Calc. p. 130. It is 



y 






^^ ' ^^' ' * «N/«(2r — x) 

= 2N/2r (2r — i); 



'I 

11 

u 

If 
i 




t! 






•»• r- 



V >■ 






^ 
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ence the expression for the centrifugal force is 



kiid, for the tension, we have 



2r N/2r(2r — «) 



At the lowest point, or where jr = 0, both the centrifugal fbrce and ten- 
sion are obviously greatest; the expressions fbs them being 



PROBLEM VI. 

(134.) To determine the time of gyration of a conical pendulum. 

When the pendulum, instead of vibrating in a vertical plane, is made 
to pass over, or generate, a conical surface, as in fig. 104, it is called a 
conical pendulum. 

The motion of such a pendulum is due to three forces, viz. the ten- 
sion f, of the string AC ; the force of gravity gy in the direction AD, 
«nd the centrifugal force y, in the direction AB; and these three forces 
keep the body. A, at the same constant distance r from S; hence, re- 
solving the tension t in the directions AS, A£, we have 

t cos. a =/= — (art. 120) 

T 

t sin. « = ^ ; 
therefore, putting CS = a 

8in.«_^ a_£r ^ . _ i^L 

._ — or — — —T . . v~ — , 

Gos.A tr r tr a 

but f* being the whole time of gyration, we have 

:3— = -^— ••• ^ = 2irN — ; 



t^»5= 



a 



I 
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which expression, being independent of r, sh6ws that the periodic tinR 
varies as the square root of the altitude of the conical sur&ce described, 
whatever be the length of the pendulum, or the radius of the base of 
the cone. 

We have seen (Prob. i.) that the time in which a pendulum of length 

a vibrates in a small circular arc is expressed by ^ = ir ^ — ; heoee 

the time of gyration of a conical pendulum is exactly double the time 
in which a simple pendulum, whose length is the height of ;the cone, 
would vibrate in a small circular arc. * 



CBAPTBlt ZV. 



ON CENTRAL FORCES. 



(135.) The motions of bodies, acted on by central forces, is a branch 
of the general theory, of so much importance, in the system of the 
world, that it will be proper to give it a distinct consideration, and to 
present the equations of motion, with no more generality than may be 
requisite, in order to comprise the theory of a body's motion, when 
urged by a single centre of force. 

It will be convenient here to put aside the use of rectangular coor- 
dinates, and to employ polar coordinates originating at the centre of 
force, so that P (fig. 105,) being the place of the body at any time t'',and 
S the centre of force, the point P will be determined from knowing 
SP = r, and the angle PSX = a>. 

The law of force, supposed to be some function of r, will be known 
when the general relation between r and w, independently of ^',is 
known, and, conversely, this general relation, or the equation of the 
orbit, will be known when the law of force is known; this we shall now 
proceed to shew. 
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Lflt oi sappofe the force R to be attractive, then we know (121)that 

d$ 
,the velocity —, in the orbit, will be 
at 

^ = -2/Rrfr (1). 

Now, whatever be the independent variable, it is shewn (Inf. Calc. p. 
123) that 

let then f be the independent variable, and we have, from (1), 

We moreover know {Int. Calc, p. 137) that Ae polar expression for 
the area generated in t"y viz. the area XSP is kfi^dia, and we have seen 
(122) that this area is proportional to ty that is 

Jf*dia^=.ct ,\ r*--rr- = c .... (3). 

at 

cUa 
Af w is the angular space passed over, -- expresses the angular veltn 

at 

ct/y, and the equation (3) shews that this angular velocity varies in- 
versely as the square of the distance of the body from the centre of force 

dut 
If we substitute in (2) the value of —, in (3), we have 

at 

dr* c 
-j^ + -j5 = — 2/R<fr = i;« (4). 

This eqiiatioD, as it contains only tlie two variables r and t, which we 

see are at once separable, will enable us, when R is given, to find the 

general relation between r and t, and thus the distance of the body from 

the centre at any given time. 

Again, by the same two equations, viz. (2) and (3), we may eliminate 

dr 
r and — f when/Rdr* is found, and we shall thus have a differential 
dt 

eqnationy involving only tt and f , from which the general relation between 

w and t may be determined; and thus the position of the body at any 

T 2 
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time completely found . Hie two general expressions for ^^thas obtaiiied 
will, when put equal to each otiier, obviously represent the path of the 
body. But this will be better done by eliminating at once d^ fromthi 
equations (2) and (3), by which we get for the differential equation rf 
the orbit 

which will become somewhat simplified by putting u for — , as it 

r 

then takes the form 



+ «' = |-/^^«--'-(«>^ 



or which is the same thing, 

•« = c»{^ + «»} (7). 

/R 
—-du has beenper- 

formed, is the differential equation of the orbit, which, by integratioD, 
will become the algebraical equation of the curve. If, however, the 
orbit is already known, and we require to determine the law of force, 
the operation will be easier, as no integration will be necessaiy; thus, 
by differentiating (6), we have 

(Pu . R 

+ 1/ = 



t/u)^ c^ u^ 



* We must caution the student against supposing that we here depart 

from the theory laid down in the Differential Calculas, by seeming to view 

dt as fx finite quantity instead of absolutely nothing. It must be remen- 

bered that in every formula, containing only first differential coefficients, 

the independent variable may be always considered as entirely arbitrary; 

d(o 
that is, every coefficient, such as —7—, may always, without at all altering 

at 

(dot) 
its value, be changed Into the more general form ^73-7, (see Diff. Calc. p* 

97.) In the above, therefore, we tacitly suppose this change to be effected, 
and eluninate, in fact, the finite quantity {dt). 
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.-. ^ = ^"'{-^ + «} • • • • W- 

These equations, or in fact the single equation (5), contains the whole 
theory of central forces, at least as far as regards the nature of the orhit, 
the law of the force, and the velocity of the body at any point. When 
the time enters into consideration the equations (2), (3), and (4) become 
useful. 

(136.) Having established these equations^ it would be easy now 
to deduce from them a variety of other forms, but we shall not detain 
the student by so doing. One or two transformations, however, deserve 
to be noticed on account of their utility. 

Looking to the terms within the brackets in equation (5), as con- 
nected with the angle P, (fig. 106,) we observe that they denote (Dt/f. 
Calc. p. 118)» 

1 __ 1 

tan.VP "^ ^""sin.»2lP' 

Now, if from the pole a perpendicular p be demitted upon the tangent 
at P, its length will be p =r sin. ^1 P; hence we may transform the 
equation (5) into 

-^= — 2/Rrfr = t;» .... (9) 

p* dr p dr 

an expression of remarkable simplicity. 

(137.) Another useful and simple form is obtained by introducing 
the expression for the chord of the osculating circle drawn from P 
through the pole. This expression is thus deduced: from the centre of 
curvature C (fig. 107,) draw CM perpendicular to the radius vector, then 
PM will, obviously, be half the chord of curvature; upon the tangent 



• At the top of the page, here referred to, the expressions r — and 
— r* should be interchanged. 
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PT demit the perpendicnlar ST = /? : then the angle TPM being ^ 
to the angle PCM the triangles STP, PMC, are similar, therefore, 

PC ST V 

chord = 2PM = 2 — gp— = ^^7- • ••• 0)- 

Now if we join SC= a, and draw the perpendicular ST* = PT, then,* 
whatever curve S is the focus and CP = 7 the radius of curvature, ^ 
always have, {Geom. p. 35,) 

a»=rr* + 7* — 2yp 

and, substituting this in (1), we have 

dr 
chords 20 -— ; 
dp 

and, consequently, the equation (10), art. (136), becomes by substitutioo 

chord 
Moreover, since from (10), 

dv 
i;2=R»— = R X ichord; 
dp 

and since we likewise know, if the force R were to remain constant and 

to draw a body let fall from P along the chord of curvature, that when 

it should have fallen through ^ the chord we should have v"=Rxi 

chord, we infer that the velocity in the curve, at any point, is the very 

same as the body would acquire in foiling through one fourth the chord of 

curvature, supposing the force, at that point, to remain constants 

(138.) The force F, which placed at S, would compel the body at P 

to revolve round the centre, at the same distance 8P, with the angular 

velocity, it actually has when at P, is called the centrifugal force at P, 

or rather the centrifugal force is equal and opposite to this. The ex- 

dut 
pression for the angular velocity is, as we have already seen, —- which 

is no other than the actual velocity in the small circle which a point in 
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the radius rector at the unit of distance from S describes as SP revolves ;* 

the velocity, therefore, due to the force F, of which we speak, is r — ; 

but when the body moves in a circle the centrifugal force is expressed 
by the square of the velocity divided by the radius, so that we have 
here 

F = r-^- .% F = -J (equa. 3, art. 135). 

If the force R, really placed at S, were but just sufficient to retain the 
body at P in a circle, either of these values of F would express its in- 
tensity; whatever additional influence, therefore, R actually exerts, or 
whatever influence short of this R exerts, it must be wholly employed 
in diminishing, or increasing the radius vector SP; this portion of force, 

d^ 
therefore, is truly represented by ± ; the upper sign applying 

when the radius vector increases, and the lower when it decreases; or 
omitting, as usual, the signs before the difierential coefficients, we have, 
for the intensity of the central or centripetal force R, 

dfi d^ 1^ d^ ^ ^ 

The force — is called the paracentric force^ and the velocity 

dr . , . 

— , due to it, ^% paracentric velocity. This velocity we may readily 

express for any point in terms of the coordinates, independently of f . 
Thus substituting the value of — 2/Ro^r, in equation (5), art. (135) in 
the equation (4), which precedes it, and we have 

dr^ c^ rfi*' 

^ — . = (paracentric velocitvy. 

d^ r* du)^ ^ ^^ 



• For as the angle <i» is described in ^', the point to which we allude 
describes the arc 1 X w } hence the velocity, being the differential coeffi- 

. dta 
cient of the space, with respect to the time, is —. 
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The paracentric force is (equa. 1) the difierence between ^ 
tripetral and centrifugal forces. 

We shall now proceed to illustrate this theory. 

On the Motions of the Planets, 

(139.) Before Newton* s discovery of the law of universal i 
the paths in which the planets revolve about the sun had been 
tained by observation ; and the following laws, discovered by 
and afterwards called Kepler's laws, were known to be true. 1*T 
are the three following : J 

I. The radius vector of every planet describes about the sun oi t^f^ 
equal areas in eqval times, 

II. The p(Uh of every planet is an ellipse, having the stoitsM^ 
its foci. 

III. The squares of the times of revolution ate as the cubes tf ^ 
mean distances foom the sun, or as the cubes of the major axenf ' 
orbits, 

(140.) From these fects, revealed by observation, let us now dei*' 
the law of attractive force, on which they must necessarily depend* 
order that nothing may be assumed in this inquiry, let us, before 
bring into application the preceding theory, shew that this force, ^^ 
ever it be, must be directed .towards the sun. In order to this * 
the centre of the sun for the origin of the rectangular axes, these ^ 
in the plane of the orbit, then the components of the force acting 
the body at any time f, in directions parallel to these axes, will b^ 

dt^ ""^' "^— ^ 
from which we get, as at art (122), 
d . {ydx — xdy) 



di^ 



=:Xy — Yor . . . . (1). 



We have, moreover, seen that jycb* — Jxdy is the double areadescri 
by the radius vector about the sun, during the time V (122), and si 
by Kepler's first law, this area is always proportional to the time, 
may generally represent it by ct, c being constant; hence, we have, 
differentiation, 
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ydx -— xtfy 



= c; 



itiating again, we have 
d . (ydx — xrfy) 



dt» 



= .... (2)5 



%,(!) 



Xy— Yx = .-. 1" = ^; 



i-;. 



Ibe lines represented by X, Y, are proportional to Aose pepre- 
*9 h (fig- 108), and, therefore, PR is in the same line as PS, 
the resultant of the forces on P is in the direction PS, so that 
F moves under the influence of a central force at S, the place 
. We infer that this force must be attractive and not repul- 
, firom the second law, the curve PP' is always concave to 
therefore, P is drawn from its wonted path "Pp towards & 
Having established this, we have now only to compare the 
on of the orbit with the equation (8), at page 218, in order 
the value of R the force of attraction on the planet. In 
referred to the focus, the expression f<» r, is {Anal, Geom, 



v> 



1 -4-6 008. 0' 



i 
) 



+ 

a is the semi-major axis OB, (fig. 1 1 0,) e the ratio of the excen- 
i>to the semi-major axis, and 9 the variable angle PSB. But, 
'^SB, let us take any other fixed axis SX, making with SB the 
iSL = a, then calling PSX, a>, 0= a> — a, and, therefore, 

a (I — c') ,1 1 -|- g cos. (ft> — ft) 

- e COS. (ja — a) r a (1 — e') 

bating this, with respect to the variable angle a>, we have 

du e «n. (« — ft) ^ 
a(l— e«) ' 



(1). 



dia 

pfferentiating again, 

f d^ geo s. (<tf — ft) 

\ li? a(l— g») 



. . . (2)5 
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adding this to equation (1) above, we have 

+ u 



dio* ^ a(l— O 

Hence, by equation (8), page 211, 

c» M* c* 1 

1 
The coefl&cient of — > in this expression for the central force is cod- 

stant for the same orbit; hence every planet is retained in it$ oHnt ^ 
an attractive force residing in the sun, and varying in intensity invertd$ 
as the square of the distance at which it acts. 
(142.) For the velocity at any point, we have 

^rr.^ 2c« rdr 2c« 1 . ^ 

^ ai\—fr)xJ r* a(l— c*) r 

to determine the constant C we must know, k priori, the velocity at some 
given distance; or we must know at what distance and with what vdo- 
city the planet is originally projected into space. Calling this primitiTe 
velocity Vp and the corresponding distance r,, we have 

2 c' 1 1 

«;'=V-f ;^ { } (1); 

* a (1 — e^)^r r/ 

hence the velocity is greatest when r is least, that is, at that extremity 
of the major diameter which is nearest to the sun : this point is called 
the nearer r/psc, the curve being there perpendicular to the radius vector. 
At the opposite point, or farther apse, the velocity is least, since at this 
point r is greatest. 



c* 



It may be remarked that the coefficient y which occurs in 

a(l— e«) 

the foregoing expressions for R and v, is the value of the attracting foice 

at the unit of distance from the centre, being what R becomes when 

r ^ 1 ; c always represents the space described by the radius vector in 

one second of time. 

(143.) The equation (9) at page 211, will furnish a simpler expression 

for the velocity than that just deduced; for the perpendicular p from 
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Hhe fbcus on the tangent being {Anal, Geom, p. 93,) 

^ 2a — r 2a — r 

_ c« c' 2a — r . ^ 

It will be easy to compare this velocity with that which a body would 
have revolving in a circle at the same distance r, and about the same 

centre of force; for, calling this velocity r', we know that R= — 

r 

•*. »''= Rr ; hence, referring to the value of R, in equation (3) above, 

we have 

2a r 1 

vel.'in ellipse : vel.' in circle : : : — :: 2a — r : a; 

or r 

that is, as the distance of P from the empty focus of the ellipse to the 
semi-major axis. 

From the same expression for v' we learn that the velocity at the 
mean distance, r = af that is, at the extremity of tlie minor axis, is a 
mean proportional between the velocities at the apsides or at the dis- 
tances rz=r, and r = 2a — r'. 

(144.) In the expression for the force (3) the quantities a, c, c, which 
enter, are different for different planets; we cannot conclude, therefore, 
from this expression whether, like terrestrial gravity, this force is inde- 
pendent of the magnitude and constitution of the body attracted, that 
iSy whether at the same distance r, or at the unit of distmce, R has, in 
all cases, the same value; but Kepler's third law, which we have not 
hitherto used, enables us to establish this point. Let T" be the time 
of a complete revolution of any planet P ; then, c being the double 
area described in 1", cT will, by the first law, be the double area described 
during a whole revolution, that is, it virill express twice the area of the 

ellipse; but the area of this ellipse is {Int. Calc. p. 129) tt a* v 1 — e*; 



.». <?T=:2^a2vl— c« 
c* 4 TT* a* 

In like manner with respect to any other planet P' 



x; 



I 
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Buty by Kepler's third law, 

T : T : : a» : a*' 



and each of these expressions denotes the influence of the central force 
OD each of the planets P, P', at the unit of distance; these infloencei, 
therefore, being the same, the force is of a similar nature to that of tv- 
restrial gravity, influencing all bodies alike at the same distance 6qb 
the centre of force. 

(145.) It may be here remarked that the same law offeree (eqna. 3) 
^vould be established if we did not know, from observation, that the 
paths of the planets were ellipses, but only that they were conic sectioiv; 
for the equation (3) would remain the same except as relates to the 
value of e which is either equal to, less than, or greater than 1, accord- 
ing as the curve is a parabola, an ellipse, or a hyperbola. Hence if 
fi hodi/ move 'm a conic section^ in virtue of a central force^ thatforct 
luust be ifi the focus, and must vary inversely as the square of the disr 
tuiiee at which it acts. 

CI 46.) Let us now proceed to the inverse problem, viz. to the deter- 
mination of the orbit which a body must necessarily describe about a 
central force, which varies inversely as the square of the distance at 
which it acts; this being tlie law of force which, as we have before re- 
marked, was discovered by Newton to be that which governs the pla- 
netary motions. 

h 
Let R := — , h being the intensity of the force at the unit of distaace, 

or when /'= 1, then substituting this expression for R in the general 
equation (5), page 210, we have for this particular law of force the fol- 
lowing expression for the velocity, viz. 

c^ 1 dr* 2h 

the integral of which is the equation of the orbit. 
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But, by article 143, equation (2^ when the orbit is a conic section, 

^^=75 {^' rfa;^+^^ = ^izi^' —r- • • • • W' 

the integral of this equation is, therefore, the equation (1) p. 215, in- 
volving the arbitrary constant «, and this, be it observed, is true what- 
ever be the values of the constants a and e. But if these be determined 
so that 

c* h 
(3) , . , h-^ — — TT-, C^ .... (4): 

the two equations (1), (2) will, obviously, become identical; hence 
with these conditions equation (1) will also be the integral of (1) above, 
and, in which e and a are fixed by the equations (3) and (4) : (1), there- 
fore, is the equation of the orbit sought. 

We are warranted, therefore, in inferring the converse of the propo- 
sition at the close of last article, viz. that if the central force vary in- 
versely y as the square of the distance^ the body must describe a conic sec- 
tion, having that force in its foots, 

(147.) Having thus determined the nature of the orbit, let us endeavour 
to ascertain its form which will require the determination of the con- 
stants c and C, both of which depend upon the circumstances of the 
initial motion of the body. 

C may be determined from knowing the initial velocity and distance, 
that is, the impulsion with which the body is launched into space, and 
ifae distance of the point of projection fix>m the centre of force; call these 
respectively v, and Tj, then from equation (1) 

2h 

To determine c requires that we know not only the point and velocity 

of projection, but also its direction; or the angle it makes with the 

radius vector at that point. Call this angle 0, then the initial velocity, 

in the direction perpendicular to the radius vector, is v, sin. 9, which 

d(o . dio 

is, therefore, equal to r, — - ; but equation (3), p. 209, r,' -- =rc; con- 

dt dt 

sequently, 

ossfiVi sio. .... (2). 
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Hence the constants which enter into the equations (3) and (4) are de* 
termined in terms of the initial quantities; substituting them in those 
equations, we get, fiom (4), 

_ — Ar, 
and, from (3), 



P£ 



I c* I r«i;*8in.«e, , 2A ^ 

By means of these two equations the orbit may be constructed; itsfbon 
may be completely determined by the second equation aloQe, smoe die 
form depends entirely upon the value of e. It will be an ellqise if 
e < 1, an hyperbola if e > 1, and a parabola if e ^ 1 ; that is, the orlat 
will be . 

an ellipse if v, < — 
an hyperbola if »i* > — 

a parabola if v^-=. — $ 

so that the same central force which governs the planetary motions, and 
causes them to describe ellipses, would have been equally competent 
to cause them to describe either hyperbolas or parabolas, but not any 
other curves. For ought we know to the contrary, therefore, there may 
be planets governed by the same attractive influence, and moving in 
hyperbolic or parabolic orbits, and which, therefore, continually proceed 
onward in space without ever returning. 

It is a singular fact, that, as the foregoing expression for a, the semi- 
major axis of the orbit, is independent of 0, the angle of projection, the 
major axis of the orbit, will be of the same length whatever be the angle 
of projection; the minor axis, however, will vary with this angle, seeing 
that its sine enters into the expression for the excentricity. 

As to the absolute lengths of these axes, they are at once determined 
when the initial conditions of the motion are given by means of the 
equations (3) and (4), since the constants which enter them are known 
in terms of these given conditions by equations (1) and (2). 
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The velocity of the body at any point of its orbit is given by the 
equation (2) art (146), and, by substituting this expression for v in 
the general equation (5) art. (135), we readily get a differential ex- 
pression for the angle u» corresponding to that point, and, finally, the 
iralue of dio, given by this expression, substituted in the equation (3) of 
the same article, will furnish a differential equation between t and r, and 
thence the time of arriving at the proposed point becomes known. 

In all these results the quantity h enters, which quantity denotes the 
value of tlie accelerative force at the unit of distance from the centre of 
attraction; or rather it expresses the number of these units in the linear 
apace which measures the attractive force at the unit of distance. Now 
the attractive forces of the sun and planets, corresponding to any pro- 
posed distance, vary directly as their masses, therefore, whatever energy 
the unit of mass exerts at the unit of distance the mass M of the sun 
exerts M times as much, and the mass m of the planet, m times as much; 
the whole force, therefore, which the sun regarded as fixed, exerts on the 
planet at the imitof distance, is (art. 1 19) M -|- tw times as much as that 
exerted by the unit of mass at the unit of distance. Considering this 
latter to be tlie unit of force, and representing it by 1, accordingly M 
4- m will truly represent the attractive power exerted on the planet at 
the unit of distance, and, therefore, at r such units distant the expression 

ibr the attractive force will be ;; , which is the value of -- m 

the preceding formulas when we consider the action of the sun on a 
single planet only. We may also express the intensity of the solar and 
planetary attractions in terms of terrestrial gravity; thus, calling the ra- 
dius of the earth r^y and m^ its mass, we have, since the attractions are 
directly as the masses and inversely as the squares of the distances, 

m, M Mr,' 

the attractive force of the sun at any distance r ; and, in like manner, 
the attractive force of the planet is 

hence there united influence is 

u 2 



I 
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the factor which multiplies g being an abstract number. This numbtf 
will, of course, remain the same if we deliver the mass and distance each 
from its peculiar unit, regarding M, fit, r*, &c. ta be numbers merely; 
in which case writing the expression thus 

r.' . ■ J' 

we see that — g is that which we have taken above for the unit of at- " 
mi 

tractive force; it is plainly the expression for the attraction of the ru» 

1 at the distance 1. 

We here close the second section; for, to pursue these interesti&g 

inquiries further, we should be compelled to pass by matters more 

especially entitled to a place in a treatise on Medianics. We hvn, 

however, given thus much of the first principles of Physical AstioiKmiy 

because we were unwilling altogether to omit touching upon a subject 

so highly calculated to excite the inquiries of the student, and becsiMe, 

moreover, we had indulged a hope of being able to unfold thes« fi»t 

principles with more simplicity than is usually done. 



I 
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SECTION III. 

ON THE MOTION OF A SOLID BODY. 

(148.) Hitherto we have limited our investigations ahnost solely to 
the motions of a single point: or, if yve have at any time introduced the 
consideration of a moving body, it has usually been on the hypothesis, 
that the influence by v^rhich it moved was difiused uniformly through 
it3 mass, acting alike upon every particle; so that if any portion of the 
body were to be removed, all the influence, in virtue of which that 
particular portion moved, would be taken away too, and the remaining 
part of the mass would go on precisely in the same way as it would 
have done if accompanied by the part subtracted, and precisely as it 
would do if reduced to a single particle. It is in this way that the 
forccss of attraction are uniformly diflused through the masses of the 
attracted bodies, and to this description of forces our attention has been 
almost entirely directed hitherto. We have not, however, wholly over- 
looked those motions which result irom pressure constantly pushing 
forward a mass of matter, not that we mean to mark any diflerence, as 
fan as effects are concerned, between pressure dynamically considered, 
and an attractive force; for, as already observed at (104), the motion 
produced by an attractive force may be considered as due to the body's 
own pressure, as is manifest; but if it were to be urged by a pressure 
less than this, we ought obviously to expect a diminished acceleration ; 
and if it were urged by a greater pressure, we should look for an in- 
creased acceleration; but, as just remarked, particular cases of this kind 
have already been considered, viz. in problems i. and ii. at page 156; 
thus, referring to the first of these problems, we find that the whole 
weight to which motion is given, is W + Wj, which represents the 
whole pressure of the mass moved ; but the motion is due to a less 
pressure, viz. to Wj sm. ij — W sin.'t, and accordingly we find a 
diminished acceleration. 

(149.) The pressure which thus moves a body is called a moving 
pressure, or rather a moving force; the acceleration due to such a force. 
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or the force competent to produce any proposed acceleration, maq be 
determined by the principle at page 145: thus, calling the whofepM- 
sure or weight of any mass M, W, the acceleration due to this prcffM 
gy and that produced by any other pressure or moving fbree, F, Me 

have • r. 

F 
^ : F :: W : W — = the moving force. 

which expression obviously represents the weight which the mas M 
would have if the accelerative force which impressed that weight 
were F. 

The weights of bodies obviously vary with their mass, or with tbe 
quantity of matter they contain, and, also, as the accelerative force whkih 
impresses weight; that is to say, weight varies conjointly as the nan 
and the accelerative force ; we may, therefore, in these inquiries sul>- 
stitute for any weight W the quantity to which it is always propcMrtiooal, 
viz. the quantity M^; M being the mass or rather the number of times 
the body contains some fixed unit of mass, and g being the value of 
gravity, or the force which impresses weight on the mass. Representiog 
the weight W by Mg, and putting ^ for the moving force, we have, by 
the foregoing expression, 

dv d^ s 

supposing, as we here do, that each particle of the moving mass has a 
common velocity at every instant. 

As it immediately follows from this that 

we see tliat the acceleration is as the moving force or pressure directly, 
ajid as the mass inversely. 

For the velocity at any time f, we have, supposing ^ constant, 



M M 

so that the velocity acquired in any time t", is the same, so long as the 


ratio, — , of the moving force to the mass moved is the same. 



k 
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r It is usual to call the product Mv of the moving mass by its velocity 
^le mementum, so that as accelerative force is represented by the diife- 
zential coefficient of the velocity relatively to the independent variable t, 
the moving force is represented by the differential coefficient of the 
momentum relatively to t. Instead of mass, however, we may, if we 
please, always substitute weight, since, as remarked above, these are 
always proportional. 

We shall terminate these introductory remarks by observing, that all 
the deduc^ns at art. 105, respecting the acceleration, velocity, space, 
and time, apply equally here; and all the formulas employed there 

become suited to the present inquiry when —- is substituted in them 

for F; provided, as before mentioned^ that the moving force impresses 
a common velocity on all the particles of the mass moved, so that the 
acceleration of the whole may be that of each particle. 



CBAPTBlt X. 



ON THE COLLISION OF BODIES. 

(150.) In the present chapter we propose briefly to consider the 
circumstances of the motions of bodies moving in certain directions, 
from the effects of impulsion and impinging against each other. 

Let us suppose that the quantity of matter which we assume for the 
unit is projected by any given impulsion; it will move with a constant 
velocity always proportional to the intensity of the force of impulsion 
(p. 142); this velocity, therefore, will always correctly represent the 
intensity of the force. If we take two such units, and two such im- 
pulsions act on them simultaneously, and in the same direction, the re- 
lative positions of the moving masses will be always preserved, so that 
if the two units were actually blended into one mass, and the two im- 
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pulnom be thiu made to coalesce apd fonn a double impidflloii, tk 
same velocity as before would be impressed on the mass; and itisfUl 
diat in like manner if M such units be blended into one mass, vMdk 
receives an impulsion of M times the intensity we have supposed ap- 
plied to the unit, still the same velocity would be impressed; codk- 
quently, when any body whose mass is M moves from the effect of an 
impulsive force, the correct expression for the intensity of that knt 
must be Mv, the mass into the velocity, that is the mommiixaK 
measures the impulsive ibfoe. 

Knowing then how to estimate the intensity of impulsive fixoei m 
may proceed to consider the circumstances of 

Direct Impact, 

(151.) We shall first consider the bodies which impinge to be enliiely 
inelastic, or of such a nature that they are blended by the impact into 
one mass, and our object will be fit)m knowing the forces of the im- 
pinging bodies to determine the motion of the united mass. 



PROBLEM I. 



Two inelastic bodies M, M| move in the same straight line with 
velocities v, v^ : to determine the velocity after impact. 

The impulsive force on M is Mv; that on M, is M,i;,, and these 
two combined form the impulsive force which moves the blended mass 
M -h Mj ; but if V be the velocity of this mass, the impulsive force on 
it must be (M + Mj) V, 

.-. (M-f Mi)V = Mt;-f Mjt;, 

the velocity required. If the body M, were moving in a directioD 
opposite to M so as to meet it, then Vj should be taken negatively, and 
in that case 

Mt; - M, t;, 
M + M • • • • ^^^' 
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lad the sign of V thus determined will point out the direction in wfaidi 
tb^ mass moves after impact. 

If Ae body M, be at rest, then, since 0| = 0> 

. . . (3). 



M + Mj 



In all cases the momentum (M -f M,) V after impact is the sum of 
ihe momema before impact, those being taken with opposite signs 
which act in opposite directions ; so that the momentum lost by the 
one body by the collision, is precisely that wluch is gained by the other. 
In the last of the above cases (3), the momentum of the whole mass 
being (M + Mj) V = Mv, and the momentum gained by M| which 
was at rest being M^ Vj.this must be the momentum lost by M. 

Tliis loss of force in M shews that the mass M, opposes a resistance 
to the communication of motion, and Mj V expresses the value of that 
resistance, or the impulsive force necessary to balance it; this result is 
quite independent of the weight of the resisting body, seeing that we 
here consider only its mass; it is, therefore, the 'consequence of its 
inertia, which is therefore proportional to the mass. 

(152.) Let us now consider the impact of two elastic bodies which, 
as m the former case, move so as to impinge at some point in the 
common line described by their centres of gravity. 

Bodies of this class yield to the force of impact, and suffer a com- 
pression, and therefore a change of figure; and the elasticity is that 
inherent force which the body exerts to recover its original form. If 
the force thus exerted at every point throughout the whole depth of the 
impression, while the body is recovering its form, is equal to the im- 
pressing force at that point, the original form of the body must be per- 
fectly restored, and the elasticity is then said to be perfect.* In this 
case, whatever velocity one body lost during the action of the force of 
compression, it afterwards lost just as much more during the action of 
the force of restitution; and whatever velocity the other body gained 
during the compression, it gained as much more during the restitution ; 



* The restitution is moreover considered to occupy the same length of 
time as the compression. 



J 
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for the compressing and restoring finrces (which are no other liuo OQi- 
tinued pressures, although operating for an exceedingly short time,) M 
equal, and therefore equally oppose the motion of one of the bodis^ 
and equally favor the motion of the other. 

It is easily seen that the same would be true if only one of the bodki 
were perfectly elastic, and tlie other perfectly hard, or incapable of re- 
ceiving an impression. 

When the force of restitution is not equal to that of compressioD, but 
only the eth part of it, the elasticity is said to be imperfect, and e "omst 
sures its relative intensity; it is competent to communicate only the etb 
part of the velocity due to perfect elasticity. 



PROBLEM II. 

Two elastic bodies M, Mj, moving^ with velocities v, v, , strike with 
direct impact: to determine their velocities afterwards. 

So long as the compression continues, the bodies move as one mass, 
and therefore with the velocity 

Mp + M, p , 
~ M + M, '' 

so that M will lose the velocity v — V and Mj will lose the velocit)* 
Vi — V, and these would express the velocities communicated, but in 
opposite directions, by the force of restitution, if the elasticity were 
perfect; but let it be only the eth part of perfiect, e being afiraction, 
then the additional velocity lost by M will be e (v — V), and by M, 
e (I'l — V); hence the velocities af^er the impact will be 

ofthebodyM, V'=t; — (l-ftf)(p —V) .... (l); 
of the body M,, V' = t;, - (1 + C*', — V) .... (2); 

or, substituting for V its value above. 
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if e=Oy that is, if the bodies are inelastic, then, as is plain from the 
equations (1) (2), the velocities after impact are V ^ V, V" = V, as we 
know they ought to be. If e=:l, that is, if the elasticity is perfect, 
then, from equations (3) and (4), 

V'=.- 2 ^- <"-"■> ... .(5) 
M + Mj ' 

If we multiply each mass by the velocity of it after impact, we have, 
when the bodies are perfectly elastic, 

MV'-|-M,V" = My + M,», .... (7); 

hence the sum of the momenta before impact is the same as the sum 
after impact. 

If we subtract the equation (2) from (1), taking c= 1, we have 

V — V" = t; — 2»— t;i-|-2ej = t;,— t^ .... (8) ; 

hence the dififeience of the velocities is the same both before and after 
impact. 

When the bodies are perfectly equal, as well as perfectly elastic, they 
exchange their velocities, each moving after the impact with the velocity 
the other had before the impact; this follows from putting M^ Mp in 
the equations (5), (6) ; if, therefore, one body be at rest, the other, whicli 
strikes it, will impart to it its entire velocity, and rest in its place. 

From the equations (7) and (8) we have 

M(V'— t;)=:M, (r,— V") 

multiplying these together, there results 

M ( V'« — »») = M, (yj* - V"«) 

or 
MV'«-f-MjV"* = M««-|-M,t;i* .... (9); 

that is, the sum of the products of each body into the square of its ve- 
locity is the same, both before and after impact. The mass into the 

X 
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square of the velocity is called the vis vivoy or living force; so tint in 
the collision of perfectly elastic bodies there is no loss of vis viva. 

If one of the bodies is an immoveable mass we may consid^ it in 
the light of a mass M, at rest, and infinitely large; on which suppo- 
sition equation (3) gives for the velocity of M after impact 

V'=z — ev .... (10); 

that is, as we might expect, M would rebound with the same velocity 
with which it struck the immoveable mass. It is true that, conformably 
to our hypothesis, the immoveable mass is supposed to be perfectly 
elastic as well as the impinging body; but the motion would be the 
same if it were perfectly hard, because the force of restitution would 
still be the same as that of compression, and the whole of this would be 
exerted to repel the body. 



On Obliqiie Impact. 

(153.) When the centres of gravity of two impinging bodies do not 
move in the same straight line, yet if at the instant of collision, the shock 
which each receives be directed towards its centre of gravity the effects 
will be calculable by the preceding formulas. Thus suppose two sphe- 
rical bodies M, M,, (fig. Ill,) move so that their centres describe the 
lines PA, QB, and that they strike each other at the point C; we may 
decompose each of the velocities with which the bodies impinged into 
two, one in the direction of a common tangent to the bodies at C, and 
the other perpendicular to this tangent; the components perpendicular 
to the tangent will be those to which the impact is entirely due, the other 
components will merely express the lateral velocity, or that parallel to 
the tangent plane, which the respective bodies had before impact, and 
which, as nothing opposes it, they must still retain. Hence, having; 
determined the velocities consequent upon the direct impact due to the 
effective components of which we have spoken, by means of the formulas 
in the preceding problems, we shall then have to compound these velo- 
cities, each with what the body originally had in the direction parallel 
to the tangent plane at their point of concourse. 

As an example, let us take the case where one of the spheres is at 
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Test and infinite in magnitude, or, which is the same thing, let the body 
struck be an immoveable plane : let the velocity given to the impinging 
body be v, the angle its direction makes with the phme, that is, the 
angle of incidence «, then the components of the velocity are 

V cos. a, V sin. a \ 

the latter of these being perpendicular to the plane produces the impact; 
thatelore, if e measure the elasticity of the body the velocity, after the 
iinpiict^ will be (equa. 10) V =:ev »n. «, and the direction will beper- 
peiidicular tip the plane ; hence the velocity, after impact, will be the 
resallant oC the velocities v cos. «, and e v sin. «, of which the directions 
alt perpendicukr to each other; therefore, the velocity of reflection 
will be 

V V cos. *« -f- «f* 8in.*« ; 

and the angle a of reflection vnll be 

ev%\n,a 

tan. a' = = e tan. « ; 

ocos. K 

•o that if the ela^icity be perfect, the velocity and the angle of reflection 
will be respectively equal to the velocity and the angle of incidence. 

For a more enlarged view of the theory of percussion and impact the 
student m%y consult Dr, Gregory's Mechanics^ vol. i. and the 
Micanique of Toiston^ tom. ii.; and for a variety of examples reference 
may be made to Bridge's Mechanics^ p. 150 et seq. We omit practi- 
cal examples here, which, however, are very easily framed, in order to 
make room for more important matter. 
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THE PRINCIPLE OF D'ALEMBERT. 

(154.) Inquiries concerning moving forces may be sometimes con- 
siderably fecilitated by the aid of a very simple and veiy gen^ pro- 
position, first introduced into Dynamics by lyAlemberti it maybe 
regarded as a dynamical axiom, and may be announced as follows: 

If there be any system of bodies A, 6, C, &c. which in virtue oftbe 
forces applied to them would, if entirely £ree, receive the several velocities 
a, hy c, &c. but which^ on account of their mutual connection, receive 
instead the velocities a, /3, y, &c. then it is evident that if the velocity a, 
impressed on A were resolved into two, of whidi ooe is the velocity a, 
actually received, and theother some velocity «'; andif, in like manner, the 
velocity h impressed on B were revolved into two, viz. the actual velocity 
/3, and some other p^ ; and if a similar decomposition be effected kn 
each impressed velocity, the forces due to the component velocities 
«> /3'? y'i &c- if severally applied to the bodies A, B, C, &c. of the con- 
nected system would keep the system in equilibrium. 

For by the decomposition, which has been effected, all the motion 
which actually has place must be due to the other components, and, 
therefore, those of which we speak must destroy themselves in conse- 
quence of mutual actions of A, B, C, &c. on each other. 

It follows, therefore, that there must always he an equilibrium between 
the impressed forces and the actual, or effective, forces, these latter being 
taken opposite to their real directions, that is to say, if to the body A 
we apply the force originally impressed, and also the force due to the 
actual motion of A, this latter being opposite to its real direction; and 
if we do the same with all the other bodies B, C, &c. the whole system 
will be kept in equilibrium. For although the effective force on either 
of the bodies is not equivalent to the impressed force, yet, as we have 
just seen, the impressed forces may be considered as resulting from the 
effective forces, combined with another set which destroy each other; 
hence as these equilibrate, the system must equilibrate by the combined 
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action of the impressed forces with the effective forces taken in opposite 
directions. 

The forces here spoken of are, of course, moving forces or shnply 
momenta; that is, continued pressures, or pressures of but momentary 
duration. 

As an illustration of the foregoing general principle we may take the 
problem already solved, at page 156, viz. to determine the motions of 
two weights W, W„ along inclined planes, placed back to back, the 
weights being connected by a thread. 

Let ut first ascertain the impressed forces, or those in virtue of which 
the bodies would move if unconnected, these are evidently for W, W 
sin. t, and for W,, Wj sin, i. Let us now determine the effective or 
actual iotces; for this purpose call the velocity of W, r; and that of 
W„ Vi; then as we know (149) that the motive force is alwayse qual to 
the mau multiplied by the acceleration, the effective forces are on W 

W ifc* , , W, dv, 

— — • — and on Wj, • — —- . Now, by the foregoing principle, 

8 dt g dt 

it these forces taken with contrary signs, that is, taken negatively, be 

simultaneously applied to the respective bodies widi the former forces, 

the system will be in equilibrium ; that is, there will be an equilibrium 

if to the two bodies W, W, at rest, there be applied the respective 

forces 

W «in. I H — and W^ sm. i , * - * • 



g dt » ' g dt ^ 

therefore, as these must pull the thread in opposite directions, we must 
have the equation 

W rft; . \V, dv, 

W sin. I H • --- = W, am. i, — • —r- ; 

g dt ^ g dt 

therefore, since v is necessarily equal to v^, we have 



* Regard must, of course, be paid to the signs of the acting forces ; so that 
if we consider a force applied to a body in one direction to be positive, we 
must consider any other force applied in an opposite direction to be nega- 
tive; therefore, as we here suppose the effective force on W to pull it up 
tbe plane, we must take it negatively, because we have taken the impressed 
force on it, which would pull it iown, positively. - 

x2 
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g g di 

which is the value of ^ aooelentiTe loice. 

This solution it may be observed is not ao simple as that given upoi 
different principles at page 156; but it may stfve to illnstate 
D'Alembert's principle. It may not, however, be amiss to lemaik hen 
that the solution of this and of other similar problems mi^ be readily " 
obtained by equating two difierent expressions for the eflfective moving 
force. Thus in the presoit problem die ^fective moving force is obvi- 
ously Wj sin. tj — W sin. f ; it isalso — • —+ — ■'• --—, and^dieie- 

g at g at 

fore, we have the same equation as above. 

We shall give another illustration of D'Akmbert's principle in tliii 
place. 

Two weights W^ W, are attached, the <jne to a wheel, and the other 
to its axle, to determine their motions. 

The impressed forces, or those in virtue of which the bodies would 
move, if free, are the weights themselves; the effective forces, or those 

W 

in virtue of which they actually move, are as in last problem — — • 

6 

dv W| dv 

-— on W, supposing this to ascend, and . on W., hence the 

at g at 

system will be in equilibrium when to the bodies W and W| there are 

applied the respective forces 

W 4 . -7- and W. • --r^: 

^ g dt » g dt ' 

and as these acting at the extremities of the radii r and R, of the axle 
and of the wheel, tend to turn the system in opposite directions about 
the axis, we must have the equation 

the relation between v and v^ is easily determined, for, as the wheel 
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citist turn in the same time as the axle, the velocities of the weights 
-ttached to them must be as their radii, 



R dv, R dv 
* r dt r dt ^^' 



consequently the equation (1) is the same as 

W R' Wr dv 
g r g ' dt * 

' ' dt ■" Vy, Ra + Wr» '^^ 

Arhich expresses the accelerative force on the ascending weight, and 
herefore for the velocity and space we have 

RrW. — r*W 

V ^ * fft 

WjRa-f-Wr ^ 

_ RrW,— r^W , 
* ~ 2 (Wi R2 + Wr; ^^ * 

For the acceleration of the descending weight we have, in virtue of 

the equation (2), 

dvy_ R»W^ — RrW 

dt ~ W, R« -h Wr^ ^ 

_ RaWt — RrW 
**• "*" WjR2 H-Wr» ^' 

__R«^^^^rJW_ 
**~2(WjR«+Wr2) ^* 

These two examples may suffice for the present to illustrate the 
application of D'Alembert's principle. We shall have frequent occa- 
sion to refer to it again in the course of the following chapters. 



\ 
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osA»«a» III. 

ON THE MOMENTS OF INERTIA. 

(155.) In treating of the rotation of a solid body, we shall al^ys 
have to take account of that portion of the impressed forces which muft 
necessarily be employed in overcoming the inertia of the system, and 
which, therefore, are not effective in prodacing motion. In a body r^, 
free to move in any direction, the inertia to be overcome by the im- 
pressed force before motion can ensue, is obviously as the mass to be 
moved; but when the body is compelled to turn about an axis, tbe 
amount of inertia will obviously vary with its distance from that axis. 
This resistance to motion about any axis is called the moment ofintrik 
of the system with respect to that axis: and we shall see in the next 
chapter, that this moment is expressed by the sum of the products of | 
all the particles of the body into the squares of their respectiye distmccs 
from the axis of rotation; that is, m, m\ m', &c. denoting the com- 
ponent particles of the mass M, and r, r^, r^', &c. their respective dis- 
tances from the axis of rotation ; then, using the rotation already em- 
ployed at page 62, we shall prove that, with respect to that axis, 

moment of inertia = S (mr*). 

At present we shall apply ourselves merely to the determination of 
this expression in particular cases, as preparatory to the theory of 
rotation, to be delivered in the succeeding chapters. But to render 
the expression suitable for calculation, we must change it into the form 
./r'dM, to which it is shewn to be equivalent by precisely the same 
reasoning as that employed at art. 41, to which the student may turn. 

If the whole mass M of the revolving body could be collected into 
a single point at some distance k from the axis, then the moment of 
inertia of the system, that is of this point, would be simply /r'M, and 
this will be the same as the moment which actually has place, provided 
we so determine k that 



A^M=/r»(/M .-. A = ^Js^ 



</M 



M 



so tliat if we can determine fe, which is called the radim of gyratrnt 
we shall at the same time know the moment of inertia. 
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It is frequently of consequence to know what mass M' ought to be 
placed at any proposed distance k from the axis, so that the moment 
of inertia of the point thus loaded may equal that of the mass M. In 
order to this, we must evidently have 

1. To determine the radius of gyration of a slender rod of length / 
revolving about its extremity. 

Putting r for any distance measured on the line from the axis, we 
have by the formula 

that is for the whole line, or when r = /, 

If the rod revolve about any point in it of which the distances from the 
extremities are a and 6, then, by taking the above integral between the 
limits r = — t, r = c, we have, for the line «< -h ^> 



k'=^,\ 



a»-f-*» 



3 (a -f- *) 

2. To determine the radius of gyration of a circle revolving about 
an axis through the centre, and perpendicular to its plane. 

Putting R for the radius of the circle, its area will be v R^, also at 
the distance r from the axis the area is tt r^, therefore, in this case, d 
M = 2 ir nfr, so that 

^ irR« -^*'Ra' 

that is, when r =: R, 

A-=Rv/i = iRN/2, 

and the result would obviously be the same for a right cylinder 
revolving round its axis. The moment of inertia is /c' M = ^ ttR*. 

3. To determine the radius of gyration of a circular annulus or flat 
ring, the axis of rotation passing through the common centre of the 
circles perpendicular to their plane. 

Callhig the radii of the inner and outer circles R and R', we have, 
for the area of the annulus, the expression w R' — tt R. 
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Ify instead of the radioB R', we take any Taiiable mdhu r, iatcrae- 
diate between R and R', then the expreMkm for the aimiiliiii will be 

Maiirr*— irR* .-. iM^2irrdr 

^ 9fr»dr 



i 



n't— R« «(R'»-R«)' 

and thisy taken between the proposed limits of r, that is from r = R to 

r = R',is 

R^*-R^ JR^TR* 

**= 2(R'« — R») ••• *«N 1 . • . . (1), 

when R = the annulus becomes a eireley and the expression fiir i :j 
agrees witli that in last example ; when R' bb R the expiessi(m is 

K ss R • • • • \m)f 

which applies when the annulus becomes merely a cueumfiBrence. It is 
easy to see that the expressions (1) would remain the same foit a cylia* 
dric shell or wheel whose thickness is R' — R revolying about its axis, 
and the expression (2) applies when the shell is of inseoaible thickness. 

4. To determine the radius of gyration of the ciicumlbrence of a 
circle revolving about its diameter. 

The distance of any point (j:', i/) from the axis of rotation is y, the 
origin being at the centre, and the proposed diameter being taken for 

ds R 

the axis of .v. Moreover, since -7- = — ^, we have 

dx y 

R 
(2M=</« = — dx .•. y*rfM = Ry</« 

R fydx R X area of circle 
s circumference 



2ir R 



= iR». 



The student cannot fail to have remarked the similarity between these 
problems, and those for finding the centre of gravity^ and he must 
further observe that in determining the distance ^ of the centre ^ 
gyration from an axis, the same regard must be paid to the manner in 
which dM is taken that was necessary in determining the centre of 
gravity, as the form of this differential will vary with the position of the 
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axis from which k is measured. If the hody is a plane area, and if 
moreoYer^ the axis firom which k is measured is in that plane, then, 
taking this axis for that of x^ and putting dM. under the general form 
ii/l ^fdxd^, as at page 71, the expression for /c^M will be, since what 
we have before called r is now y^ 

Ar» M =iry« dx 4^ =y ^. 

Or this expression for the moment of inertia of a plane area, with respect 
to an axis in it, may be deduced from considering the area to be gene- 
rated by the ordinate y moving along the axis of j:; for as ^ generates 
the whole area, so must the momentum of y generate the whole mo- 
mentum; in the one case Uie generatrix is^, and the quantity gene- 

ntadifydx; in the other case the generatrix (see ex. 1,) is — and there- 

fcn te quantity generated must be / . 

^5. Applying this formula to the circle revolving about its diameter 
or axis of t, we have, from the equation of the circle, 

X y^^2rx — X* .•, 2ydy=z{2r — 2x)dx 

3 t/ V r^ — - y* " 

->. this is for the semicircle; but if instead of integrating from y = — r to 
'" ^ = r, we had integrated from y = — to ^ = 0, we should have had 
for the whole circle fc*M = i «• H; as in the whole circle M is twice as 
^ great as in the semicircle, k^ is the same for both, viz. k^z=z^r^. 
r To determine the moment of inertia of a solid of revolution, with 
respect to the fixed axis, it will be most convenient to view the solid 
» generated by the motion of a circle which continues always perpen- 
dicular to the fixed axis while the centre describes this axis, as explained 
at page 150 of the Integral Calculus. In this point of view, we may 
ohrioosly consider the whole moment of inertia to be generated by the 
* moment of inertia of the generating circle; calling the variable radius 
\ of this y^ ^ fixed axis being. that of x, the generating moment will, by 

f 



1 — ,« 



IV 



240 ELEMENTS OF DYNAMICS. 

ex. 2, be I frj/*'f bence the whole moment generated must be 

6. Suppose the solid were a sphere of radius a, then 
y* =: 2 ai — x" .•. y* rfx = (2 ax — x*)* dx 

and this integral between the limits x = 0, x ^ 2jr, gives for the whole 
sphere 

16 o 

In like manner we should find for a cone revolving about its axis 

r being the radius of the base. 

For a paraboloid the expression is < 

f 
(156.) It is useful to know how to find the moment of inertia, with 

respect to an axis, by means of the known moment with respect to 
some other axis parallel to it. We shall, therefore, now shew how this , 
is to be done. 

Let AZ be the axis (fig. 112,) for which the moment of inertia is 
J'rHM, and let K'Z' be the axis parallel to it for which the moment of 
inertia /r'^f/M of the same mass M is to be determined. Assume AZ 
to be the axis of ?, and AX, AY to be those of x and y ; then for ever)' 
particle rn of the body, the corresponding value of Zw or of its pro- 
jection Km' is r^:= j^ +3/^« In like manner, the distance of the two 
axes being a, if we call the coordinates AA', A'B of this axis a, /3, we 
shall have «^ = a^ -f /3^. Now the distance of the particle in from ^ 
A' Z', that is of the point (j, y) from the point (a, /3), is j 

r'2=(x~a)«+(y~/3)» 

t 

= x2 + i/2 — 2ax — 2/3i/ + ft«-h /S^ 

= r* — 2ax — 2j3y H-a«, 
therefore | 

* 
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or, putting X and Y for the coordinates of the centre of gravity of the 
system, we have (art. 41,) 

yr'^rfM =/rM M -h flS M — 2M (tf X -|-i3 Y) . 

When the original axis passes through the centre of g^ravity, then, 
since X = and Y = 0, the formula becomes 

or 

MA:'2=M(>t2 + a«); 

hence to the moment of inertia, estimated from an axis through the 
centre of gravity, we must add the product of the mass by the square of 
its distance from the new axis, and the sum will be the new moment 
of inertia. 

The foregoing expression for the moment of inertia about any axis, 
shews that of all axes taken parallel to each other, that which passes 
through the centre of gravity of the body will be the one in reference 
to which the moment of inertia is the least; k is in this case called the 
principal radius of gyration. 

1 . Take a straight line or slender rod / revolving about an axis at 
the distance a from the middle; then, by the first example of last 
article, the moment about the middle is -i^ /», therefore the moment 
about the proposed axis is 

2. Let a circle revolve about any line in its plane. 

The moment round a diameter parallel to the line is, by ex. 5, 
i V r*, and consequently, calling the distance of this diameter from 
the proposed line a, we have 

A:«M=i7rr*-}-a«M 

The result is necessarily the same when the proposed axis is out of the 
plane of the circle. 

3. Required the moment of inertia of a cone revolving about an axis 
through the vertex, and perpendicular to the axis of the cone (fig. 113). 

Let VA be to AB as 1 to w, then calling the distance VA' of any 
variable section x, we have A'P = nx for the radius of that section, 

Y 
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and for its moment of inertiB the exptetuoii, as ftmnd in ksi eai- 
ample, is 

i trn* X* -h x«M =J irn* «« -h rfi*«« = xji*(i«« + 1) f*; 
hence, for a solid generated by this circle, the moment is 

which applies to the cone of altitude jr. 



I.: 



ON THE ROTATION OF A SOLID BODY ABOUT 

A FIXED AXIS. 

(157.) Suppose a body of a known form and mass to be freely move- 
able about a fixed axis, passing through A (fig. 114), and perpendicular 
to the plane on which the figure is represented. 

Suppose an impulse or shock to be given to the body thus circum- 
stanced, and that it is in the direction BC, perpendicular to the plane 
A 6, drawn through the fixed axis ; if the impulsion were oblique to this 
plane we should only havetotakeaccountof that component of it which 
is perpendicular to the plane, because the other being directed towards 
the fixed axis, would be counteracted by its resistance, and its effect 
destroyed. 

If, when the impulse was given at B, we conceive the mass to have 
been perfectly free, and to have been concentrated in the point B, or, 
which is the same thing, if we conceive the impulse to have been directed 
towards the centre of gravity of an equal mass M, perfectly free, then, 
V being the velocity communicated, Mv would be the momentum com- 
municated ; this expression, therefore, properly represents the intensity 
of the impulse or the force mpressed on the systems (1 50). Tlie effect of 
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-his impulse upon the particles of the body, under consideration, is to 
2ause each to describe a similar arc of a circle in the same time, the radius 
of any one being Awi = r; each particle will, therefore, move with the 
sftme angular velocity about the fixed axis, and this, therefore, may be 
called the angular velocity of the whole mass; let it be represented by 
«. Now the only force impressed on the system is Mu, acting at B, 
and the forces with which the component particles w, rn', iw', &c. move, 
arise from their mutual connection with each other; we may, therefore, 
apply to this inquiry, the principle of D'Alembert, and thus obtain an 
equation between the impressed and the actual forces. As the particles 
all have the common angular velocity a>, their actual velocities are rut, 
»^«, f^'oi, &c. and, consequently, their moving forces, or momenta, iwrw, 
fny», m'r'b>, &c., and these are &e forces which acting at the distances 
r, r', r^', &c. from the axis of rotation, must equilibrate with the force 
M«, acting at the distance R = AB, when this latter acts in the oppo- 
site direction; consequently, multiplying each force by its distance firom 
the axis, we must have the equation 

mr««-f »i'/«w 4- m"r"*a>-f <fec. = MR» 

•••" = ^0^ ....(1)5 

which implies that the angular velocity is equal to the moment of the 
appliedjorce, divided by the moment of inertia, just as the linear velocity 
V, which the same force is competent to produce on an equal mass, is 
exi^ressed by that force, Mr, divided by the mass moved, by which mass 
Ae inertia of the body is always represented : so that as M denotes the 
resistance to progressive motion, 2 (r*m) denotes the resistance to angu- 
lar motion. This expression, therefore, is fitiy called the moment of 
kertia of the revolving body, 

(158.) Let us now suppose that instead of an impulse giving rotation 
to the body, every particle of it is actuated by an accelerative force; 
Aese forces may be all different, but, as before, we shall consider them 
as actiug in planes perpendicular to the fixed axis. Calling the several 
forces acting at m, mf, m" &c. F, F', F', &c. and p, p', f, tiie perpen- 
diculars from the axis on their directions ; the applied motive forces 
will be mF, m'F', wi"F'', &c. and cm being the angular velocity, or rw 
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the absolute velocity oim^r-— will be its acceleration, so tbat the ac- \^ 

dia dia d^ 

tual motive forces are iwr -—, wiV — -, irt'V —, &c.; henee^ by 

at at at 

D'Alembert's principle, these forces, taken in the reverse direction} 

balance the former, so that their moments give the equation 

(»ir» + mr"* + »»"»^) ~ = mFp + m'^p' -f m"F'y -f <fec. 

that is, as before, the angular acceleration is equal to the moment of the 
applied moving forces, divided by the moment of inertia, just as tihe 
linear acceleration which the same forces SF * Sm is competent to pro- 
duce in an equal mass, 2m is expressed by that force divided by the 
mass moved, that is, by 2F. 

Let us now apply the result just obtained to the theory of the com- 
pound pendulum. 



Centre of Oscillation of a vibrating Body. 

(159) When a heavy body vibrates about a horizontal axis, by the 
force of gravity, the mass is considered as a compound pendulum, and 
it is an important problem to determine what must be the length of a 
simple pendulum which shall perform its oscillations in the same time 
about the same axis of suspension ; or rather to determine what simple 
pendulum must be substituted for the compound mass, in order that 
the vibrations of both may be the same as regards velocity, acceleratiou, 
and time. The foregoing general formula enables us to solve this problem; 
for as the accelerative force acting upon every particle of the mass is 
the same, viz. F =g, the formula, as applied to this case, may be vmtten 

dot _ g^ {nip) 

dt ^(r^m) ^ ^ 

Now let G (fig. 115,) be the centre of gravity of the oscillating body 
M, and AB a vertical plane through the horizontal axis of suspension, 
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which axis we here suppose to be perpendicular to the plane of the 
paper; let GP be perpendicular to tiiis plane when the body is in any 
proposed position, that is, when the plane AM, through the centre of 
giavity and perpendicular to the plane of the paper, makes any angle 
GAB = e with the plane AB; then we know, by the theory of the centre 
of gravity (41), that 

M X GP = w/? -f my 4- w'>" -f , <fec. 

that is, putting a for the distance AG of the axis from the centre of gra- 
vity, since GP ^a sin. 9 

M . a sin. ^ := 2 (mp), 

substituting, therefore, this value in the numerator of the expression (1) 
above, we have 

dot M . a sin. 9 M . a sin. 9 a sin. 9 



dt 2(r»»i; ~M(>t2-f a^)— ^^^2 • • • • 



(2), 



where k represents the radius of gyration, in reference to an axis parallel 
to that of suspension, and passing through the centre of gravity of the 
body, and where a is the distance of these two axes. Suppose now 
that the mass were removed, and that in its stead there were suspended 
a single particle at the distance I from the axis, then 2(Hm) would 
become simply Pm^ and in order that the angular acceleration of this 
simple pendulum may be the same as that of the mass, for which it 
has been substituted, we must determine / from the equation, 

M . a sin. 9 m/sin. 9 

2(r*w«) I'^m 

a _ 1 
•** 2(r»»») ~ / 

a a 

this, therefore, expresses the length of the simple pendulum, whose vi- 
brations will agree with that of the compound pendulum: it is equal 
to the square of the radius of gyration measured from the axis, divided 
by the distance between the axis and centre of gravity. That point in 
the body, which is at the distance I from the axis, is called the centre 

Y 2 
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of oscillation of the compound pendulum. There are, it is evident, IB 
infinite number of such centres, or of points at the distance / from the 
axis, but we here more especially mean that point which is in the hoe 
passing through the point of suspension and the centre of gravity of te 
mass. 

As a is the distance of the centre of gravity G, from the centre of (» 
cillation O, it follows, from the equation (3), that the distance between 
these two centres is 

0G = — . . . .(4); 
a 

therefore, since so long as the plane of the body's vibration remains the 
same k must remain the same, it follows that vnth this condition the 
distances between the centres of gravity/ and oscillation are inversely at 
the distances between the centre of gravity and point of suspension. 

Moreover, if the centre of oscillation O were made the point of sus- 
pension, then to frud the corresponding value of / we must put the value 
(4) for a in (3) which substitution, as it alters not the value of /, shevrs 
us that, provided we do not alter the plane of the body's vibration, the 
centre of oscillation and point of suspension are convertible; that is, if 
we convert the centre of oscillation into the point of suspension, the point 
of suspension will become the centre of oscillation. 

Also the distances of the axis of suspension from the centres of gravity, 
of gyration, and of oscillation, are in continued proportion, for 

a'Wa^-\-/c^:: Va^ + yt^ : a -\ 

a 

We may, likewise, infer from the value of /, what the distance a of the 
centre of gravity from the axis must be, in order that for the same plane 
of vibration the time in which the body performs its oscillations may 
be the least possible ; for as the equivalent simple pendulum will vibrate 
the quicker the shorter it is, we shall merely have to determine a so that 
we may have 

/ = a -|- — = a minimum, 
a 

da a^ ' 

So that the axis of suspension must pass through the principal centra o^ 
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gyration. Several other particulars might be deduced from the foregoing 
investigation, but we shall mention here but one more, which is that 
if the compound mass consist of several distinct bodies, the centre of 
osdllation of the whole will be found by taking the continued product 
of each mass into the respective distances of its centres of oscillation 
and of gravity, from the axis of suspension, adding the products together, 
and dividing the sum by the product of the whole system into the distance 
of the common centre of gravity from the axis. 

For calling the several masses M, M', &c. and the length of the equi- 
valent pendulum L, we have, by the preceding theory, 

M (a' -h ^*) 

V ■■■■ "^ 



r= 



M .a 

W (a^-\- k"^) y .-. 2(/.M.a) = S{M(a«-|-Ar2)}. 



M'.a' 
<Src. <&c. 

As the second member of this equation expresses the moment of 
inertia of the whole system, it follows that 

L = ?i^-:i^....(a); 

S (M . a) 

which establishes the proposition, since the denominator of this fraction 
is equal to the whole compound mass into the distance of its centre of 
gravity from the axis. This same formula will, obviously, serve for 
any vibrating mass when we find it convenient to consider it in sepa- 
rate parts. 

(160.) We shall now give a few examples of the determination of the 
centre of oscillation in different bodies. 

1. To determine the centre of oscillation of a slender rod or straight 
Hne suspended at any point. 

Let a, b, be the lengths, on contrary sides, of the point of suspeusion, 

then (155) for /c* we have 

Again, the centre of gravity being in the middle of the line, its 
distance from the point of suspension is i (a — b); hence (3), 
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i(a« — ft*)"" »(« — * 



If the rod is suspended at its extremity^ then ft sa 0, and /=:|a, or 
two thirds the length. If it is suspended at ils middle, then a s= 6, aul 
/ = 00, that is, the centre of oscillation is at an infinite distance, and, 
therefore, to perform one vibration would require an infinite length oC 
time, and this is the same as saying that no Yibration at all could take 
place ; indeed, in whatever position about the centre of motion the rod 
be placed, it would obviously rest there, seeing that its centre of gn- 
vity would be supported. 

If 6 =s ^a, then / s= </, or two thirds the whole length, the same distance 
as when the rod is suspended at its extremity; so that in both these cases 
the oscillations will be performed in the same time, as, indeed, ought to 
be the case, because the centres of suspension and of oscillation are merely 
interchanged, (p. 245.) 

2. To determine the centre of oscillation of an angular penduhim 
{fig. 116,) composed of two equal slender rods AB, AC. 

Bisect the arms AB, AC, in g and y ; these points will be their centres 
of gravity ; bisect the line joining them in G, and tliis will be the centre 
of gravity of the system, and AG = Ag cos. g, or AG = ^a cos. 9. 

Again, the distance of A from the centre of oscillation of the part AB 
or of AC, is equal to j AB ^ fa, therefore, by the formula (5), 

, 2 (J a. a. i a) . 

L=-^^— ?— i = ja8ec.0; 

2 a . i a COS. 9 ' 

hence because L, the length of the equivalent simple pendulum, in- 
creases with 0, it follows that the time of vibration of an angular pen- 
dulum may be increased without limit, by merely increasing the angle 
between the arms ; when = 0, that is, when the arms close, and form 
but one rod = a, the corresponding value of L is Ja, and when 0= 90® 
or when the arms open into a straight line, L is infinite. 

When the time of vibration is given, we may easily determine the 
corresponding angle of the arms when their lengths are known, for, ftom 
the given time, L will be determined, and thence 

tec. 9 = 



2a 
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"Thus if the time is one second, &en L =39|, and if a ^ 15 inches 
sec. = 75° • ll'i /. L BAG = 150*> • 23'. 

3. To determine the centre of oscillation of a sphere. 

Let r be the radius of the sphere, then the mass is | irr^, and the 
square of the principal radius of gyration is (p. 239,) fc*=|r*; hence 

/=aH- — = a-|- -r- -r • • • • (1)> 
a o a 

a being the distance of the centre of the sphere from the point of sus- 
pension. 

If the axis of suspension were a tangent to the sphere, we should have 
r := Ay therefore, in that case, /= r-j- §r. 

From the expression (1) we get for a, when / is given, 

so that a sphere may be suspended at two different distances from the 
centre, and yet vibrate in the same proposed time; if, however, ^ ^* = 
I r*, that is, if the time of vibration is to be that which belongs to the 
simple pendulum, lz=2r\/l, then there is but one suitable distance 
for the centre from the axis of suspension, viz. the distance a^r ,^\. 

4. Suppose the bob of a clock pendulum to consist of two spheric 
segments joined at their bases : to determine the distance of the centre 
of oscillation from the centre of the bob. 

Let r be the radius of the sphere, and x the height of one of the seg- 
ments, then the moment of inertia of the two segments is (ex. 6, p. 239), 

and the volume of the two segments is 

M = 27rx*(r — \x) 

"a a{r—\x) 

and this is the distance of the centre of gravity of the bob from the 
centre of oscillation. 
If instead of the radius r of the sphere, the radius r of the base of 



r» 
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a' + r 
each segment is given; then, since r^ = (2 r — *)*.•. r =^ , 

and^ by substitution, 

a added to either of these expressions will give the distance of the centK 
of oscillation from the point of suspension. 

5. To determine the centre of oscillation of a cone suspended at its 
vertex. 

Putting (as in ex. 3, page 240,) x for the altitnde of tiie cone, and 

nr for the radius of its base, we have, for the moment of inertia, tbe 

expression 

Jirn««»(Jn«+l), 

also the distance of the centre of gravity from the vertex is (46^) | x, 
consequently, 

6. In a similar manner is found for the centre of oscillation of a 
circle vibrating edgewise, and suspended at the distance a from its 
centre, 

'='' + ^- 

7. And when the circle vibrates flatwise 



^4a 



On the Centre of Percussion. 

(161.) When a solid body revolves about a fixed axis, the force with 
which it would strike a fixed obstacle would vary with the situation of 
the point of impact, as also would the shock received by the immoveable 
axis; but there is a point at which, if the impact take place, the obstacle 
will receive the whole force of the moving body, and the axis will 
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leceive none, so that, if at the instant of impact the axis were to be 
annihilated, the body would still remain at rest. This point is called 
the centre of ffercussion. In order to ascertain the situation of this 
centre, let us refer to the expression (1) for w, w being here considered 
to represent the angular velocity at the instant of impact; let also the 
moving force due to the impact, and which we befoie represented by 
Mt;, be called,/, and the distance of the direction of impact from the 
axis D, the formula referred to then gives 

. <«> 2 (r* m) 
^^ D ' 

this expresses, therefore, the force of percussion at the distance D. 
Now if this force is equal to that of the whole moving mass, no portion 
of it will be expended in straining the axis, and D will in that case 
measure the distance of the centre of percussion from the axis. 

To determine what the whole force of the revolving body is, we must 
add together the forces due to the component particles; that due to any 
one, w, is mna\ hence, calling the whole force F, we have 

F = w 2 (rm) 
.-. w2(r»i) = ^r — - 

•• ^" 2(rm) ' 

consequently the distance of the centre of percussion from the axis is 
equal to the distance of the centre of oscillation from the axis; if, there- 
fore, the impact be perpendiculariy directed to the plane passing through 
the axis of suspension and centre of gravity, then the centres of percus- 
sion and oscillation will be in the straight line parallel to the axis of 
suspension. 

If the plane through the centre of gravity, and perpendicular to tlie 
fixed axis, divide the body symmetrically, it is plain that whatever force 
directed in this plane strike the body, the axis may suffer a direct shock, 
but it will not be twisted ; in such bodies, therefore, the centre of per- 
cussion coincides with tlie centre of oscillation, because at thb point 
the impact will neither strain nor twist the axis. But in other cases. 



-I 
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impact at the centre of oscillation, although it would occasion no direct 
strain on the axis, may yet tend to twist it, as is easy to conceive, (« 
Dr. Gregory's Mechanics, yo\. 1 p. 300; and Francceur's Mlcami^ 
p. 352.) 

Between the centre of gyration of a body revolving about a fixid 
axis and the centre of percussion, we may remark this difference, m 
the centre of gyration is the point in which, if the whole revolving man 
were concentrated, the same angular motion would be generated by 
any force as before, and therefore, an obstacle meeting the line which 
connects this point with the axis of motion, will be struck vntfi tiie 
same force as it would be by the revolving mass, at whatever point of 
the line the impact take place. But the centre of percussion is tint 
particular point which would strike an obstacle with the whole foice 
of the revolving mass. 

On the Centre of Spontaneous Rotation, 

(162.) Intimately connected with the centre of percussion is that of 
spontaneous rotation. 

We have just seen that when a body revolves on an axis, there exists 
a point at which a fixed obstacle would receive the whole of its force, 
so that if this same force were to strike the body when at rest in the 
same point, it would produce in it a rotatory motion round the same 
axis, even though tliat axis bad been removed; the axis about which a 
quiescent body, when struck in a direction not passing through the 
centre of gravity, thus spontaneously revolves, is called the axis of 
spontaneous rotation. 

Instead then of considering the body which receives the impulsion 
to be retained by a fixed axis, let us suppose it to be perfectly free; 
or, to render the inquiry the more general, let us first consider a system 
of material particles w, w', ni", &c. entirely free and unconnected, and 
moving with the parallel velocities v, v', v', &c., and let us inquire 
what will be the motion of the centre of gravity of the system. 

Through this centre conceive a plane parallel to the directions of the 
impulsions; as, at tlie commencement of the motion, the sum of the 
moments of w, w', m", &c. with respect to this plane, is 0, (p. 64,) and as 
the bodies preserve their respective distances from the plane throughout 
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the motion^ it follows that the sum of the moments, with respect to this 
plane, must be the same at every instant; hence, the sum being always 
0, the centre of gravity of the system must necessarily move always in 
this plane. Conceive another plane also parallel to the directions of 
the impulsions, and passing, in like manner, through the centre of 
gravity of the system, but making an angle with the former plane, then, 
as before shewn, the centre of gravity will always move in this plane, 
it musty therefore, describe the line of intersection of these planes, that 
is, the centre of graviti/ of the system describes a straight line paralU I 
to the directions of the impressed velocities. 

Conceive now a plane perpendicular to the directions of the velo- 
cities, and design by e, e, e*, &c. the distances of the points m, m\ i?/', 
&c. from this plane, at the commencement of motion : at the end of the 
time /*, their distances will be c -|- vf, e* -f v'f, e^ •\'VFt^ &c.; let us 
take the moments with respect to this plane, then a, x being the respective 
distances of the centre of gravity from the plane at the commencement 
of motion, and at the end of the time <*, we shall have the following 
equations (41) 

(i» -|- m' + m' -f <fec.) a'=.me-\- m' e' + m'c* + <fec. 

(to -f m' -I- m' + «fec. ) ^ = »* {e -f vt) -f m' (e' + v't) + &c. 

Subtracting the first from the second we have 

(m-|-m' -j-jw'-f «fec.) (a? — a) = (mt; -fmV +»/«;' -f&c.)/, 

which shews that the space x — a, described by the centre of gravity, 
is proportional to the time; hence the centre of gravity of the system 
moves uniformly. It must be remembered, that in the foregoing equa- 
tions those values of e, e', ficc., of v, v, &c. are taken negatively whicli 
are measured in opposite directions to those considered as positive. 

X " a 
As is the velocity of the centre of gravity, it follows, that if 

the whole mass of the system were concentrated there, its momentum or 
quantity of motion would be 

(m -f- »i' -f m' 4- <fec.) — — = wiv -f mW-^-m'v' + Ac. 

by the equation just deduced; hence the second member of this equa- 

z 
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tion represeDtft the intensity of the impulsion that must be apptied to 
the whole mass of the system, when concentrated in the centre of gnn%, 
to make that centre move, as it actually does; we conclude, thereftlc^ 
that the centre of gravity movei with the uane velocitjf asifailikeit^ 
pultions were immediately impressed on k^ or, which is the same 
the centre of gravity moves at if the whole mass oftke system were 
centrated in it, and all the forces were applied to it tn directions poraM 
to those they really take. 

If the impressed velocities were not parallel, the same thing would 
also have place. For if we decompose each of them into three odMB 
parallel to rectangular axes, we may apply to each of the three gioopi 
of parallel velocities the foregoing reasoning, and thence infer that (he 
centre of gravity would move in the direction of each axis, as if the 
forces parallel to that axis were immediately applied to that centre; 
and therefore its motion in space being (Compounded of these, it motes 
as if all the impulsions distributed througli the system were directly 
applied to the centre of gravity or to the whole mass concentrstedttKie. 

Let us now suppose the bodies in the system to be invariably con- 
nected together, as in the case of one solid mass. 

Let P, P', &c. represent the impulsive forces which act on the several 
bodies, decompose each force into two others ; the one due to the motion 
which it actually produces, and the other due to the motion destroyed 
on account of the mutual connection of the bodies in the system ; so 
that F, F', &c. may be the forces which produce their full effect, and 
f,f'y &c. those which are destroyed by the mutual action of the parts of 
the system; thus F and/ will be the components of P; F', and J* the 
components of P'; &c. In virtue of the forces F, F', &c , which are 
fully effective, the motion must be the same as if these forces only acted 
on the system, all connection between its parts being destroyed, so that 
from what has been proved above, the centre of gravity ought to move 
as if all the forces F, F', &c. were immediately applied to it, in direc- 
tions parallel to those which they actually take. As to the forces/J/, 
&c. they are mutually destroyed when they act upon the several parts 
of the system, and, consequently, satisfy the six equations (6), (7), 
page 90; but when transported, parallel to themselves, to the centre of 
gravity, they ought, for much greater reason, to be mutually destroyed, 
since then the equations (4) page 19, suffice to establish their equi- 
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bbrium. Hence the centre of gravity/ moves cuifthe several impulsions 
were immediately applied to it, 

(163.) Let us now examine the motion of a body which receives an 
impulsion, that does not pass through the centre of gravity; the mo- 
tion <rf translation would, we know, from what is proved above, be the 
sune as if the impulsion were applied in a parallel direction to the cen- 
tre; but, besides this, there would be impressed a motion of rotation, 
precisely the same as would have been impressed by the same force if a 
fixed axis had passed through the centre of gravity. This double mo> 
tiooy aruRDg from a single impulsion, may be at once shewn to take place 
atf follows. Let P (fig. 117) represent the impulsive force, and, perpen- 
dicular to its direction, draw GA from the centre of gravity; at an equal 
distance GB, on the other side of G, let two forces JP and JP, equal 
aad opposite to each other be applied, these vnll have no efiect on the 
system, so that we may consider the motion which the body actually 
tskeS) in consequent of the single force P, to be the result of the three 
forces acting as in t|ie figure at A and B. The motion of translation is 
due to the force P, considered as acting at G, or, which is the same 
thing, this motion is due to the force ^ P acting at A, and to 1 P acting 
at B^ in direction BS; the remaining forces, therefore, that is the force 
IP at A, and the opposite force ^ P at B, in direction BR, are those 
to wbidi the rotatory motion is due; the tendency of these forces is to 
turn the body about G, being symmetrically situated with respect to it, 
andthe value of the forces to produce this effect is at A, GA + j^P, and 
at B, GB 4- iP, and as these forces turn the system in the same direc- 
tion their whole effect is 

GAxiP-f GBxiP = GAxP; 

which is the effect due to the impressed force P to turn the body about 
a fixed axis through s. 

It follows, therefore, that when a body is acted upon by any impulsive 

JorceSf of which the resultant does not pass through the centre of gravity, 

the body will have, in consequence, a double motion; 1, the centre will 

move as if the forces were immediately applied toil; 2, the body will 

turn as if this centre were absolutely fixed. 

Let P (fig. 118) be the momentum, or quantity of motion, impressed 
on Ae body, r its distance OG from the centre of gravity of the body 
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M ; tlien, for the velocity of translation due to this forcCi we 

p 
V = — . Again, for the angular velocity w due to the same fci« 

acting at the distance GO from the centre of motion, we hafe(tS« «'«^ 

(u = ; consequently, the absolute velocity of any point in thftbol^ 

is compounded of these two, viz. 



progressive tfelocitif, v^-rr 



ogressive velocity y ''^ tt "1 

angular velocity, w =tt • tj = U -^ 



(1)5 



U If* k* 



r being the perpendicular distance of the centre of gravity of the 
M, from the direction of the applied force P, and k being the prinapd 
radius of gyration. These results may be expressed in words, as foUcyirik 
viz. the progressive velocity is equal to the moving forcCf divided by ^ 
titass of the body, and the angular velocity is equal to the movant of ^ 
force divided by the moment of inertia. 

If, however, the body is not free to revolve about its centre of gravity 
but is constrained to turn about some other point moving uniformly, 
the angular velocity will be different. It will be easy, however, to 
estimate it, for as the tendency to turn about the centre of gravity is ti)e 
same on wliichever side of it the impulsion be given, provided only it 
act at the same distance from it and in contrary directions, we may 
obviously consider the angular motion, which accompanies the pro- 
gressive motion of the point, to be the result of a force acting in a direction 
opposed to the progressive motion, and at the opposite side of the centre 
of gravity, but at the same distance from it as the centre of motion. The 
value of the impulse to which the motion of the body is due, will be 
known from knowing the progressive velocity of tlie centre of motion 
and the mass moved. We shall give an illustrative example of this 
hereafter (at Prob. iv., Chap, vii.); at present we consider the body 
as entirely free, in which case we observe the following particulars. 

At the instant the impact is given, the point O departs in the direction 
Oh, its initial velocity being equal to the sum of its progressive and 
angular velocities as their directions coincide, and the same is, obviously, 
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|e with any other point in GO. With the points in GO', on the 

iide of G, it is different, for although they have the same angular 

KS as the corresponding points in GO, yet, turning in the con- 

Ipection, their absolute velocity of any one of them is equal to the 

lice between its progressive and angular velocities; that is to say, 

point 0' in the line GO' has, in virtue of the angular motion of 

item, a velocity backward, and, in virtue of the progressive motion 

tystem, a velocity forward ; this latter is the same for all the points 

body, and equal to that of the centre of gravity, but the backward 

Jr of every point in GO' varies with its distance from G, being 

and increasing regularly as the distance increases; there must 

iKquence be some point in GO', either within or without the body 

fch the velocity backward is precisely equal to the velocity for- 

I; t^ point then is for an instant at rest while all the other points 

^body are in motion; so that the whole system, when the initial 

B is given, turns spontaneously round it; this point is hence called 

ktre of spontaneous rotation. Its situation is readily determined 

flie condition which characterises it, which is, that calling its dis- 

fiom G, r', and progressive velocity of the system v, 

V — rto:ssO .*. r = — t 

at 

in equation (1) above, 

r 






^ if C (fig. 119) be the point thus determined, its property, with 
Ct to the point of impact O, is that 

OC=:r + —.... (2); 
r 

I proves (159) thsXthe centre of spontaneous rotation coincides with 
Sntre of suspension corresponding to the point of percussion y con- 
id as the centre of oscillation, and is entirely independent of the 
lity of the applied force. 

54.) In order to determine at what distance GO, from the centre 
avity, the impulsion must have been given to produce the actual 

z2 
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progressive and rotatory motions observed in any body, we have, fioffl 
the equation (1) above, r s=— ; or, if V be the rotatory vdodty 

V 

of any point at the distance R from the centre of gravity, then aoei 

V 

<"> = —-, we have 
R 

f=--« — .... (1). 

Applying this to the double motions of the planets, we may determine 
at what distance, from the centre of each, the original impulsion must 
have been impressed by the hand of the Creator to cause their actual 
motions of progression in space and rotation on their axes. 

Taking the earth for example^ we know that it performs its revolution 
on its axis in a sidereal day, by which rotatory motion every point on 
the equator passes over about 25020 miles. 

Also its orbit, or a path of about 596904000 miles, is passed over by 

V 
Its progressive motion in 366 sidereal days, hence the ratio — is here 

V 

V 596904000 1 



V 25020 X 366 65 • 3 * 

and, considering the earth a sphere, we have (p. 239) k^:=lR^; hence, 
by substituting these values in the formula (1), we have for the distance 
r from the centre of the sphere at which the impulse was given 

R 



163-2 



that is, about the part of the radius distant from the centre. 

163 

It is very probable that not only the planets but that also the sun 

may thus derive its motion from a single primitive impulse, and if so, 

he, in common with the planets, must also have a progressive motion in 

space; this cannot, indeed, be ligorously proved. " But," to use the 

words of Dr. Robison, as quoted by Professor Gregory, "the very 

circumstance of his having a rotation in 27d. 7h. 47m. makes it very 

probable that he, with all his attending planets, is also movmg forward 

in the celestial spaces, perhaps round some centre of still more genera* 
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tod extensive gravitation ; for the perfect opposition and equality of 
two forces necessary for giving a rotation without a progressive motion^ 
las odds against it of infinity to unity.* This corroborates the conjec- 
tures of philosophers, and the observations of Herschel and other astrono- 
mers who think that the solar system is approaching to that quarter of 
the heavens in which the constellation Aquila is situated." 
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PROBLEMS ILLUSTRATIVE OF THE PRECEDING 

THEORY. 

(165.) We shall now proceed to illustrate the theory delivered in the 
two preceding chapters, by shewing its practical application in a few 
miscellaneous problems. Several of these are those selected by 
Mr. Barlow in his Treatise on Mechanics, in the Encyclopsedia Me-^ 
tropolitana* 

X^ROfiLEM I. 

Let AB (fig. 120) denote an axle turning on two fulcrums at A and B ; 
RS a wheel of given diameter to which is attached, by a cord wound 
found its circumference, a given weight W ; conceive p, p', p' />'", to 

• It does not appear to us, however, that any weight should be attached 
to this assertion^ founded on the doctrine of chances, and which can strictly 
apply only to the Case of two impulsive forces, directed at random towards 
opposite parts of a spherical body. Whatever primitive motions the Al- 
migbty Biay have designed to impress on the sun, the impulses it must have 
reeslfed could not fail to be those precisely competent to produce ihe in- 
teidedeASbt* 
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be given weights, fixed to the axes bjr inflexible lines or wites Cp, C^i 
&c. and let it be required to determine the droumstancai of the modoo 
of the descending weight. 

We sliall, in the first place, consider this problem under its mottum- 
plc form, viz. we shall suppose the wheel RS, the axle AB, and theHna 
or wires Cp, Qf/y &c. as divested of inertia, er as ofiforing no leuslBBces 
to angular motion ; so that W and the four masses J9, jf, //*, p*^, will be 
the only weights in the system, the latter being all equal, placed at equal 
distances from the axle C, and at right angles to each other. 

Let Cp, Cp*, &c. = r; the radius of the wheel =K; the samp-^p' 
-|- p" + p'" = P, and the given weight = W ; then the moment of in- 

P 

ertid of P will be r^ — , and the moment of W, the moving fi)roe, willbe 

1^ VV, consequently the acceleration of W, being equal to r^ times the 

W P 

ungular acceleration, will be r *VV -f- ^ h^* — , that isy 

& g 

and the velocity of W, after any time If', will be 
and tlie corresponding space descended will be 

and thus the circumstances of Ws motion are all known. 

Let us now take into consideration the inertia of the wheel and axle; 
call the weight of the former W, and that of the latterW", also let r' be 
the radius of the axle; then (page 236,) 

the moment of inertia of the wheel =s ^ r** 



axle = i r"« 



g 



g 
tlie square of the radius of gyration being in both cases k^^^r^. 



r 
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The motive force being still the same as before, we have, for the ac- 
^leration of W, 

F_ !iw ^ 

The accelerating force being thus known, the space, velocity, time, &c. 
are determined by the usual formulas for constant forces. 

If we suppose the system of small weights p, p, p'*, See. to be replaced 
by a solid body of revolution, as in fig. (121) the principles of the calt- 
culation will be still the same; for the moment of inertia of the solid P 

P 

will as before be h? — , k being the principle radius of gyration as mea- 
sured from the geometrical axis. Thus in fig. 121, let P denote a sphere 
whose radius is 3 feet, and weight 500 lbs. ; the weight j? =: 50 lbs. 
and the radius of tlie wheel 6 inches, or i a foot, and of which the weight, 
as well as that of the axle, are supposed inconsiderable with respect to 
the other parts of the system ; and let it be required to determine the 
time in which the weight W will pass through any given space, as, for 
example, 50 feet. 

In the sphere k^=s\r^; hence the expression for the acceleration of 
Wis 

r^W 

r'«W-f'|r»P ^ 

i X 50 ^ „ _ 403t^ 



324 =r feet • 

""ixao+ix 9X500 « 1812i ' 

therefore, 

*"-T8i2F^-^® • • '-^^r93 -^^' 

hence the time of descent is 15". 



PROBLEM II. 



Let ABC (fig. 121) represent a wheel and axle, its weight w, having 
a given weight W applied to the circumference of the axle, and P ap- 
plied to the circumference of the wheel in order to raise W ; it is required 



I 
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to assign the space described by the elevated weight W from rest, in 
any given time. 

Let the radius of the axle be r, that of the wheel R, and the principal 
radius of gyration of the wheel k; then, for the moment of inertia of the 
whole system, we shall have the expression 

g 8 8 

Now the actual weight, which, applied at the point D, gives motion 
to this, is not the whole weight P, since part of this is emptoyed in 
btdaneing the weight W; to know what this part is, we have, by calHn^ 
it P, the equation 

Wr 

Wr = FR .-. P = -^ 

so that only the weight 

Wr _ PR--Wr 
R ^ R 

is actually employed in moving the system, and as this weight acts sit 
the point D we must multiply it by R to obtain its moment, and 
dividing R times this by the mass moved, or by the whole inertia we 
have, for the acceleration of P, the expression 

PR2_WRr 

~>t2«; + R2p+r'W ^' ' " ^^^ 

Now as the acceleration of P is to the acceleration of W as the radius 
II lo the radius r, we have 

PR2— .WRr . PRr — Wr * 

• ^ •■ /c^w^R^P^r^W^ ' Xr^w + Rsp + r^W ^' ' ' ' ^'^^' 

which expresses the acceleration of the ascending weight. 
If R = r the acceleration of either weight will be 

P— W 
p = ____I Ra p 

Xr2M;-hR*(P-hW) ^' 
' It should be remarked, that if the mass moved, W, have no weight 
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but inertia only, or rather if its weight is otherwise supported, and its 
inertia only has to be overcome by the machine, as for instance when 
it is to be moved along a perfectly smooth horizontal plane, then, in 
the foregoing expressions, we must put P = 0. 



PROBLEM III. 

Let ABC (fig. 121,) represent a wheel and axle of given weight move- 
able about a horizontal axis which passes through S; and suppose a 
known weight W is applied to the circumference of the axle, to be 
raised by a given force P applied to the circumference of the wheel : to 
assign the proportion of the radii of the wheel and axle, so that the time 
in which the weight W ascends through any given space shall be a 
minimum. 

Since the ratio only of the radii of the wheel and axle is required, let 
the radius of the axle be r, and that of the wheel xr; the weight of the 
wheel w and k as before, the principal radius of gyration of the wheel, 
and of which the value we know is (p. 237) /c* = i jr« r«. Then, Sub- 
stituting JT for R and ^ x* r* for A:', in equation (2) of the preceding 
problem, we have, for the acceleration of VV, the expression 

Px — W 

(iw4-P)x«-f-w^' 
and consequently 

__HP£-W)_ 
(iM;4-P.)r»4-W* 



a 



g-(Px — W) 



This expression is to be a minimum, and consequently the quantity 
under the radical will be a minimum; therefore, dividing this by the 

g 
constant — , and putting for brevity p for J^ w -f- P, we have 
hg 

V: — - ^ a mtntmum : 

F X — W 

hence, by diflferentiating. 
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2;?i (Px — W) — P (/?x« + W) = 

If the weight of the wheel be too inconsiderable to deserve notice, 
then p = P, and in this case 



(2), 



W ± n/w* 4- PW 
x = -p .. 

and if, moreover, P = W, we have 

x = l ±»y2. 

Suppose, for example, ABC to represent a cylindrical wheel, the 
radius of which is required, but of which the weight is 20lb.; and let 
the radius of the axle be 1 inch; the weight, W, lOOlb., and the weight 
P, 33lb.; to find the radius of the wheel. 

Here i w + P=i' = 43lb., therefore, by equation (1), 

100 . . 100» . 100 , ^ ,, 

^ =-3r ^ >/ ^^ + ^5 =6 . 43 nearly. 

Consequently, since the radius of the axle is 1 inch, the radius of the 
wheel must be 6*43 inches. 

For other such problems as this, the student may consult Dr. Gregory's 
chapter on the " Maximum Effects of Machines." 



PROBLEM IV. 

In the wheel and axle, when a given weight P acting at the distance 
R raises a weight W acting at the distance r from the geometrical axis, 
it is required to assign the pressure sustained by the axis, the weight of 
the wheel and axle, and the friction of the cord not being considered. 

Suppose P and W to be at their respective extremities of the 
horizontal line passing through the centre of motion, and in that situa- 
tion let O and G be the respective distances of the centres of oscillation 
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and gravity firom the centre of motion; then, since the angular velocity 
of any revolving system is the same as if its whole mass were concen- 
trated in its centre of oscillation, we may consider P -f- W to be placed 
at the distance O from the centre of motion; and, since the force of any 
point in the revolving system is proportional to its distance from the 
axis of motion, we have 

O : G :: P + W : ^(P + W), 

which is the force or pressure with which the centre of gravity descends ; 
or in fact the force with which the whole mass descends. Part of 
the whole pressure P + W of the system is thus supported by the 

G 

axle, and the other part, which we have just seen is — (P -|- W), is 

employed in producing the motion which actually has place; conse- 
quentlyy that part of the pressure sustained by the axle must be 

P + w-§(P4vr>. 

It remains, therefore, to find the values of G and O, which are 

PR—Wr PR« 4- Wr» 

— p +W ' PR — Wr ' 

hence, by substitution^ we have for the pressure p, 

„-P4.w^ (PR-Wr)« _ (R + ry 

^"" "^ PR*-|-Wr« "" PR»4-Wr»* 

If R = r, as in the case of the single fixed pulley, then the pressure is 

_ 4PW 

^■^ P4- w 



A a 
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PROBLEM V. 

Let A, B (fig. 122,) represent a single moveable pulley by means of 
which the power P elevates the weight W ; then, having given P and \ 
W, together vnih the weights of the equal cylindric pulleys A and B, 
it is required to assign the space which the descending weight P de- 
scribes in a given time, the weight of the moveable pulley being included 
in the weight W. 

Let us refer the whole inertia of the system to the point p, so that 
we may consider the force which moves P to be burdened with the 
mass of P, and with the additional mass representing the inertia of the 
other parts of the system, this mass being all accumulated at />, or, 
which is the same thing, incorporated in P. 

In the first place the inertia of the pulley A, whose weight call Q, 
IS t}}e same as that of half its mass placed at /?, (see page 237.) 

In like manner the inertia of the pulley B is the same as t*:at of half 
its mass placed at q; or, since the rotatory velocity of B*s circum- 
ference is only half the velocity of A*s circumference, the mass of half 
R at 7 has the same inertia as the same mass placed at half the distance 

Op 
d^ far as the inertia of the pulleys is concerned, the equivalent mass to 

Q Q 

he placed at J9 is i . — -{■ ^. — . 

g 8 

Again, as the velocity of W is half that of P, it moves as if it hung 

at half the distance Op' from the centre of the pulley A, where, as in 

the case of the pulley B, it would offer the same inertia as ^ its mass 

placed at p' or p; hence the inertia of the weight is represented by the 

P W 

mass \- — placed at p, so that the whole mass moved by the force 

which moves P is 

' g " ^g 

To determine now the force or weight which moves this mass, we 



()/), or finally as -77-7 times the samemassplacedat/?, (p. 237.) Hence, 
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must find how much of the applied weight P is employed in merely 
balancing W ; Ais is easily done, because, as W is equally supported 
by the two branches of rope p'y, Qq', one half of W is the portion of 
P employed in balancing W; hence the moving force is 

2P — W 
P-iW, or , 

4 

and consequently for the acceleration of P we have 

_ 2P — W ^ 8P 4-2W4-5Q _ 8P — 4W 

2 • %g "~8P + aW4-6Q'^ 

8P — 4W ^ 

8* 



8P -f-2W 4-5Q 

8P>-4W 

*""8P -I-2W + 5Q^ 



PROBLEM VI. 

In a system of pulleys contained in two equal and separate blocks 
a single string goes round them all : it is required to determine the 
acceleration of P fastened at the extremity of the string, and drawing 
up a weight attached to the lower block. 

Let there be altogether n pullies, Q being the weight of each, and let 
the weight of the lower block, together with its attached load, be W, 
and let us, as in the preceding problem, ascertain what mass in addition 
to its own must be incorporated in P to supply the place of the inertia 
of the system. 

The pulley ivhich first receives the cord from the ascending weight 

turns with — th of the velocity of the pulley which delivers the cord to 
n 

the power, and therefore, as in the' last problem, the mass at P, which 

. 1 Q ^ . 
will be a substitute for its inertia, is . — . The circumference of 

the next pulley in the lower block revolving twice as fest as the former. 
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4 Q 

the mass due to its inertia will be — - . — , and soon; hence, for the 

2'n' g 

pulleys, the mass to be substituted will be 



^n^g 



__ Q 2n»-|-3n«-|-» 

Again, the velocity of W being — th of P's velocity, the maas at , 

ft 

P, which represents its inertia, will, as in the preceding problem, be 

1 W 

-r . — ; hence the inertia of the weights is represented by the mass 
ir g 

P 1 W 

H . — , and therefore the whole mass moved i» 



A' 



n» g 



■Lj-i. W Q 2«»-|-3»-hl 

g fi^' g ^ng ^ tt f • 

W 

Ihe weight at P which balances W is — and consequently that which 

moves the system is 

W_ nP— .W 

fi n 

und therefore, dividing this by the mass moved, as above expressed, we 
have for the acceleration of P 

\2nin? — W) 

""12(»2P4.W) + Q»(27i2+3«4-l)' 

from which, as in the preceding problem, the expressions for the 
velocity and space generated in any time t" are immediately deducible. 
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PROBLEM VII. 

A wheel, whose interior and exterior radii are r^, r,. rolls down an 
inclined plane (fig. 123), of which the friction is just sufficient to pre- 
sent sliding: to determine the circumstances of the motion. 

Let i be the inclination of the plane, and F the effective accelera- 

tive force down it, then, putting w for the mass of the wheel, Fw will 

represent the effective moving force. But the impressed moving force 

is wg sin. t, minus the resistance of the firiction, which, as it diminishes 

the amount of the moving force which the body would otherwise have, 

we nuiy represent by an opposing moving force; let us then call it 

w'g sin. }. Now if P be the point in contact with the plane at D, 

where the motion is supposed to have commenced, then, since in any 

lime t", DP' = P'P, it follows that the rotatory acceleration of P is 

also F ; and, consequently, the acceleration of a particle at the unit of 

F 
distance ftom C, that is the angular acceleration, is — ; hence wk^ be- 

F 
ing the moment of inertia of the wheel round C, — wk^ will be the 

actual moment of the system round C. But the only impressed mo- 
ment is that arising firom the firiction, it is, therefore, r^ w'g sin. *; 
hence, by the principle of D'Alembert, we have, by equating the im- 
pressed and effective forces, 

FwAr* 



eliminating m/, we have 

Fm^ r^ -f Ft*; A:» =r wr^ g sin. • 

Aa2 
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which expresses the acceleratioii of the centre C down the plane^ ui 

in which A:*= ^, (ex. 3, page 237.) 

If the cylindrical wheel be indei&nitely ihin^ or when r, as r^, 

F s= i ^ sfai. f . 
For the time of describing a given space s, we have 

g 8in. tr^ * 
and for the velocity acquired 

which expresses also the rotatory velocity of every point on the outer 
circumference. 

To determine the absolute velocity of any proposed point P of the 
outer circumference in space, or in its cycloidal path, we must compound 
together these two velocities; so that, calling the absolute velocity \', 
we have 

V =s 2 1; COS. J«Pm-=2«; X tab. cos. J arc. Fj9 m ; 

and the degrees in P/ww are known, since the length 2 s of the arc PP'w 
is known ; therefore the absolute motion of P is determined both as to 
velocity and direction. 

If ;) be diametrically opposite to the point of contact P', it appean 
from this expression for V, that the absolute velocity of any point P at 
any time varies as the tabular cosine of half the arc Pp ; at p this velo- 
city is greatest, being = 2v; and at P' it is least, being for an instant 
0, that is, P' is the centre of spontaneous rotation of the body. The 
last conclusion, viz. that the point of contact can have no motion along 
the plane, is an immediate consequence of the conditions of the pro- 
blem, for if it had any motion along the plane, the body would slide on 
that point, whereas the friction is supposed to be sufficiendy great to 
prevent sliding down the plane. 

If, in consequence of any initial impulse, the rotatory velocity exceed 
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^liat of translation, P' will no longer be the centre of spontaneous rota^ 
lion, but will have a velocity backward greater than that forward, so 
Lhat the body will move up the plane and will continue to do so till 
tliis excess of rotatory velocity is destroyed by the friction ; when the 
body, after being for an instant stationary, will reverse its progressive 
motion, and roll down the plane with a velocity eciual to that of rotation. 
If the velocity of translation were made to exceed that of rotation the 
body would partly roll down the plane and partly slide. These deduc- 
tions are on the supposition that the friction of the plane is jtist sufH- 
cient to prevent sliding when the initial velocity of the ' body in pro- 
gression is equal to that in rotation. 

Rotatory motion of this kind may be produced by the uncoiling of a 
thread or ribbon previously wound about the body; the tension of the 
thread supplying the place of friction. 



PROBLEM Viir. 

A sphere, whose mass is P, is placed on the slant side of a smooth 
prism, whose mass is Q, and a fine thread or ribbon is fixed to the 
prism at B (fig. 124,) and coiled round the sphere in the plane of its 
vertical great circle, the object of it being to cause the sphere to roll 
and not slide down the plane. The base AC of the prism, as well as 
the horizontal plane on which it is placed, is perfecdy smooth, so that 
it moves along the plane OC, in consequence of the pressure of the 
rolling sphere. It is required to determine the tension of the string, 
at any time the pressure on the prism, and the path described by the 
point of contact P. 

In this case the rolling body has two motions, viz. one down the in- 
clined plane, and the other in a horizontal direction, as well as the 
rotatory motion about its centre. As in last problem, the rotatory ac- 
celeration of any point in the circumference, must be equal to the ac- 
celeration of the point of contact P down the plane; but this rotatory 
acceleration is wholly produced by the tension T of the thread, it will, 
therefore, be expressed by dividing this force by the moment of inertia 
of the sphere, that is, the acceleration of the point of contact isT-f- |P, 
(p. 240.) Let us now deduce another expression for this acceleration 
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of the point P from the actual space BP passed over by it, and ibrtlii» 
purpose put ON s= x, OAs= :r,, O being the place of A at the coob- 
meucementy or when P is at-B; let, moreorer, BCfssa, AC^bj 
AB SB c; then the space BP is 

BPe=(a:i + &— i)aec.A«=(«i-f 6 — *)-r' 

and therefore the second difierential coefficient, with respect to the time, 
must express the acceleration down the plane; tiiat is. 

The first of these diflferentiai coefficients denotes the acceleiatioa of 
the point A or of the entire prism in a horizontal direction, and the 
second denotes the acceleration of the point P, or of the sphere ia t 
horizontal direction. Now the motive forces to which these accelen- 
tions are due, are equal and opposite, therefore, calling p the pressure 
on the prism, or — py the resistance against the sphere, we have for the 
liorizontal force on the sphere 

P^77r = ~/'T+T- (2), 



dt^ 



c c 






also, for the vertical force on P, we have 

C ' c 

Consequently, since 

"^ b 

the equations (1) and (4) give 



P^i = -P5'+/? — + T— . . . . (4), 



y=x^*"-*i) • • • (^h 



^ 0, b „ ^ b ^ a 

T-T-T^^^s-P~~T-. ..(6). 

Also the equations (1), (2), (3), give 

. 5 'r 1 1 1 1 
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2nd horn, these two equations we obtain for p and T the values 

6cPc2P + TQ)gr 
'^ Ta«(P-|-Q) + 6«(2P + 7Q) 

^ 2fl cP (P+Q)g 

*-7a«(P + Q)>6»(2P + 7Q)' 

both- of which are constant quantities. 

As to the path described by the point of contact P, it is immediatelj 
deducible iirom the conditions of the problem; for, as both bodied 
coQimence their motion together, the horizontal momentum of the 
sphere is equal and opposite to that of the prism, that is, 

dx dr. 



that is, (equa. 5,) 



b 

Pr-f Qx — Q— y = 
a 

fl(P + Q) P« 
"^ bq * Q* 

hence the path is a determinate straight line. 

For a very complete and elegant soluticHi to this problem, considered 
under different modifications, the student may consult a paper by Mr. 
Mason, in the twentieth number of Leyboum's Mathematical Reposi- 
tory. 
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ON THE MOTION OF A SVSTEM OF BODIES ACTED ON 
BY ANY ACCKLERATn'E FORCES WHATEVER. 

(166.) We propose in this chapter to uive8t^;ate some veiy genoal 
aad icmarkable theorems which i^ply to the motkm of a qfstem of 
bodia actmg in anyarintiiiy mumeroD each other, and eadi inflo^^ 
by any aeoekntife foioes. 

Let JH, m,, JH^ tec. ic p ic a ent the masses of ^different bodies in the 

system, x, y, z ; x^ jf„ x^ &c. iiie lectangolar coordinates which maik 

their position, X, Y, Z, the componenti of the accelezative feroes od m, 

X„ Y|, Z|, the components of those on ni|, &c. then the motive forces 

applied to any one, as m, will be mX, mY, mZ, and those which actu- 

d^x d^ (f's 
ally have place will be m —j^^m —7-, w--; — ; hence the diflferen- 

«r ol* flf* 

oes of the impressed and efiectire forces resolved in the directions of the 

coordinates are 

d'T tPy dh 

m-j^ — mX, m— niY, m-^-mZ; 

and, in like manner, for each of the other bodies m^, m^ &c. we get 
similar expressions for the differences between the impressed and ef- 
fective forces, and we know, from the principle of D*Alembert (154), 
that if these differences alone acted on the system it would be kept in 
equilibrium. But when any forces keep a system in equilibrium these 
forces must fulfil the conditions (6) and (7), at page 90; hence, 
in the present case, we must have these two groups of equations, viz. 

i'("-^-) = 2(i«Y) J> . . . . (A> 
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S (w ?fi^^) = 2 (myX — mxY) 

S (m -r^ ) = S (>wj?Z — wsX) }- . . 



(B). 



These two groups of equations^ which contain the conditions of the 
motions of any system of bodies under any circumstances, furnish seve- 
ral general principles of motion; one or two of these we shall proceed 
to develope. 

Let X, y, z, represent the coordinates of the centre of gravity of any 
system of bodies wi, /m, rwj, &c.; tlien (39) we shall have 



S (wit) S;(my) S (mz ) 

^"^ 2(m) ' ^■' S(w) ' ^ ~ S (/«)" * 

and taking the second differential coefficients with respect to t 



dH _ ^^^"di^ > d^ 
dt^ ~ 2(w) ' rf^« 



S(»i^) 



dfi 



S(m) 



d*2 

dfi S (w) * 



Comparing these with the equations (A) we have 

r/«x __ S (mX) if^Y __ S (mY) rf'z _ S(mZ) 



rf^ 



S(»i) 



rft* 



2 (?«) 



rf^2 



2(m) 



• • • 



(C); 



or putting M for the whole mass, wi + wi, -j- w^ -|- , &c. of the system, 
we have 



dhc d^v d^z 

M-^=2(mX), M-^ = S(mY), M -^^ = 2 (mZ). 

These equations shew that if the whole mass of the system were to be 
concentrated into the centre of gravity, and this centre to have the same 
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acceleration as in the actual state of the system, the moving force of the 
whole mass at the centre would be the same as the entire moring fbcoe 
of the actual system; but £(i»X) being independent of x, Xi, jr^ &e.is 
independent of the distances between the several bodies m^ m,, m^lBc. 
and, therefore, would remain the same if these masses were united in t 
single point, provided only the same accelerative forces were app&ed 
parallel to their actual directions; hence the motion v?faich the centre of 
gravity actually has is the same as it would have if all the system were 
united there, and the forces applied to it parallel to the directions ^ 
really have; whence this general principle of motion, viz. 

The centre of gravity of a system of bodies, acted upon by any aisU' 
lerativejbrces and mutually influencing each other, moves in space as if ^ 
the system were united into that centre, and the forces which solicit tk 
bodies were directly applied to it. 

(167.) When the system is acted on by no otha: forces than the mu- 
tual attractions of its parts, the second members of the equations (A) 
must vanish; for, as the action of any two of the bodies is mutual, each 
will impress on the other the same motive force; and as these forces are 
opposite to each other, it follows that if the bodies were connected with 
each other by rigid rods, these, on account of the sequel at opposite 
pressures at their extremities, would be held in equilibrium, whence 
all motion in the system would be prevented by the forces applied to 
its several parts thus connected together; hence these forces must ful- 
fil the six equations of equilibrium, so that we must here have 

2(wX) = 0, S(wY)=0, S(wZ) = . . . . (D) 

2:(wyX— .mxY)=0, S(mj?Z— wtiX) = 0, 2(m«Y — myZ)=0 . (E); 

and, consequently, from the equations (C), we get 

d^x ^ d^Y ^ dh 



= 0» -3^ = 0,-— -=0, 



dfi ' dfi ' dt^ 

of which the integrals are 

x = a ^bt, Y = o'4-A'^ z^a' + b't 

where a, b, a, b' a", 6", are the arbitrary constants, introduced hy the 
integration. 
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If we eliminate t from any two of these equations there will result a 
linear equation either between x and y, or between x and z, or else 
between y and z; it follows, therefore, that the centre of gravity of the 
system must describe a straight line, and its velocity at any time will 
be 

which, being constant, shows that the motion of the centre of gravity 
of a 9y$tem of hodiesy whose motions are entirely due to their mutual 
influences^ is both rectilinear and uniform. 

This is called the general principle of the conservation of the centre 
cf gravity. If no primitive impulse be given, to the centre of gravity 
of a system, then b, 6', 6", will be each = 0, and, therefore, v ^ 0, or 
the centre will be at rest. 

(168.) We have seen at (122,) that the differential expression ydx — 
xdy,* is the differential of double the area described by the projection 
on the plane of xy of the radius vector of m; hence the sum of the proi» 
ducts of each body into the differential expression for the area it traces 
out on this plane in any time will be expressed by i 'Z(mydx — mxdy). 
In like manner the corresponding sums for the other planes will be 
^X(mxdz — mzdx), and i'Zimzdy — mydz); or calling these several 
sums i dS, h(^S*f § dS', and differentiating, we have 

2 (myd^x — mxd'hf) ^ d'S 
S (mxdh — mzd^x) = rf^S' 
2 (mzd^y — mydh) = rf«S' 

and, therefore, from the equations (B) 

2(wiyX — mxY) = 



dfi 



* The sectorial area to which this expression applies, is measured from 
the axis of y, as at art. 122 ; but for the complement of this area, or that 
meosured from the axis of x, the corresponding expression is, of course, 
tdy — ydx^ It is easy to see that the law of areas, established in this 
article, holds in either case. 

Bb 
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2(»ixZ — »ttX) = -=;| \ 

at* 



2(»aV— jiiyZ)= ^^' 



I 



Now when the system is influenced only by the mutual actions ^ 
parts, we hare seen (equa. £,) that the first men^bers of these eq>ia^^ 
are eadi= 0, consequently. 



— 0>-3S- = 0, 



.-. S=:cf, S'zszcff, S'sc*/. 

This result establishes the general pruiciple of the conservation of i 
viz. that IN any system of bodi€S,moving in virtue of their mutual at 
on each other y the sum of the products of each body into the projet 
on any pianCy of the areas, described by its radius vector, is propori 
to the time ia which those areas are described. 

(169.) We shall investigate one more general principle, which 
being deducible from the general equations (A) and (B), require 
we consider the motion of the system in another point of view. 

In even' svstem of bodies, the motion of each is due to the 
impressed on it, combined with those which arise from the acti 
the other parts of the system ;'*the simultaneous action of all these 
deiermine the motion of any one body w/ ; and, therefore, takin 
components of these forces, viz. wX, /«Y, mZ, where X, Y, Z, ai 
accelerations of the body in the directions of three rectangular 
we must have, at any time i', the equations 

«"5ir=''»X, m-^=mY, m-^^mZ 

&c, <fec. <fec. 

Multiplying now, the equation in .r by , the equation in 

dt 
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dz 
ie equation injj by 2 -— ; and, in like manner, the equation in 

Of 

Sir, _, 

•^, and so on, and then adding them together and integrating, 

evidently have the equation 

m -^ + m, + <fec. = 

jtrfffH- Ydy -\-Zdz)+ 2/m, (X, rfx, + Y, rfy, + Z, dz,) -f«fec 

lie usual notation, 

b« 4. rf«» 4. dz* 

' d^ ^ = ^ :2fm(Xdx^Ydy+Zdz) 

■ 

S(mw»)^2 r/»i(Xrf«-HYrfy + Zdaf) .... (F), 

similar to the equation (2) at page 180, when the system con- 
hot a single point : the second member is also integrable in 

istances, that is, when X, Y, Z, &c., are functions of x, y, z, 
fulfil also the conditions named at page 180. 

conditions have place, then, as at the page referred to, 

^ 2(mt;«)— S(»i »»,)=/(*, y, z, *,, Jfj, »i, &c.) — 
\ /(a, b, c, fli, *,, <?i, &c.) 

Muct mv^ of the mass into the square of its velocity is the vk 
' W Uving Jhrce^ so that when the second member of (F) is an 
jpiffeiential, we infer that the sum of the living forces qfthest/stem 
fof in moving from one position to another, depends solely upon 
ji^ioo left and that arrived at, and is independent of the paths 
$he several bodies have taken, and of the time of describing them. 
f the general princip/c of the conservation of living forces. 
\ principle always holds, that is to say, the second member of 
t always an exact differential when the bodies move in virtue of 
ilutual attractions. To prove this, let r be the distance between 
4 the bodies of the system m, m, ; then 

1i)e the function of r which expresses the intensity of the attractive 



'i 
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force exercised by the uait of in on m,, and by the unit of ni} oqm; 
then the whole attractire force of m on m, will be Rm ; and the lAtk 
attractive force of i7i| on m will be RfTii . The components of the focea 
Rm will be (see page 182,) 

r r r 

and these, in virtue of (1) abore, are the same as 

dr ifr ifr 

ds dy dz 

Is hke manner, for the components of the force Rfii| , we ha?e 

dr dr dr 

Kin, — — , R0i| -r- f RMi — • 
'<fa, *dy, 'rffj 

This last set of components have the same signs as the haua M, 

it ir 
because the force ifij R is opposite to mR, and the coefficients t~> T^* 

dii Wi 

dr dr dr dr 

- — , obviously involve opposite sijrns to the coefficients — ^ — y —• 
dz^ "^ rr p dx d^ djL 

Substituting the foregoing component forces for X, Y^ Z, in the ex- 
pression 

2 (wXrfr + »» Yify -f mZrfz), 
we have 

n ^^ J t dr dr dr 

mm^ K—'dx-f- mm. R -r- </y -4- m m, R -r- rfx + m, m R --- dx, 
^ dx ^ dy ^ ^ ^ d% * rfr,' * 

dr dr 

4- f^i m R J— rft/j -|- mj m R — — dt^ = m i», R </r , 

ai/j aZj 

the first side of this equation being wiwi, times the total differential off, 
coDsidered as a function of the six variables in equation (1) above. 
The same reasoning applied to every two bodies in the system, mast 
lead to a similar result, so that, 

2r/(wXrf* + »iYrfy4-»iZrfi) = 2S . wm,/Rdr, 
which is always integrable, since, by hypothesis, R is a function of r. 
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ON THE COMPOSITION OF ROTATORY MOTIONS; AND 

ON THE PRINCIPAL AXES OF ROTATION 

OF A SOLID BODY. 



On the Composition of R&tator^ Motions, 

(170.) If a body receive simultaneously impulses which are sepa- 
rately competent to produce rotation about different known axes, the 
result will be a rotation about a new and determinable axis. It will be 
sufficient to consider three given axes at right angles to each other, and 
the problem we propose now to solve is this, viz. when the body tends 
to turn at the same instant about three rectangular axes AX, AY, AZ^ 
with the respective angular velocities w, ta\ u/'; to determine the position 
of the axis about which it actually turns, and the angular velocity of 
the rotation. 

Let m represent any particle of the body (fig. 125,) and let us first 
consider the motion of it about the axis AY; this will be in a circle 
pqm, and we shall suppose it in the direction of these letters. The plane^ 
of the circle pqm being parallel to the plane of xz, the particle has no 
motion in the direction of AY, and its motion in the directions of AX, 
AZ will obviously be the same as if the circle coincided with the plane 
of xz, we may then, in estimating these motions, suppose such to be 
the case. Now as m turns towards the plane of xy, its coordinate x in- 
creases, and its coordinate z diminishes ; hence the differential of x 
with respect to the time, will be positive, that of z negative. The ab- 
solute velocity of m about AY will at any time t", corresponding to 
the coordinates x, y, be in the direction of the tangent mr, taking, 
therefore, this line to represent it, its components in the directions «f 
AX, AY will be ms, and ma. As the expression for the absolute velocity 
is Am . ui' we have Am . ta* = mr^ and since ms = mr sin. mrs = mr sin. 
A := u • Am sin. A = a>' . m6 = (u' ;;, this, therefore, expresses the velocity 

Bb2 
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in the direction of AX which is due to the rotation about AY. lo tike 
manner, ma^mr cos. rma^^mr cos. A = c/ . Am cos. Assi/x ii 
the velocity in the direction AZ to be taken negatively; hence the 
velocities in the directions of AX, AZ, due to the rotation of any p«- 
tide at the point {x, y, x\ at any time <^ is 

# «»'t and — itf'x. 

Consider now the rotation]of the particle m about the axis AX (fig. 126,) 
from Y towards Z, and applying precisely the same reasonings we ^ 
for the velocities in the directions of Z and Y the values 

«jr and — wt. 

And finally, applying the same reasoning when the rotation is about die 
axis of z fiK>m X towards Y (fig. 127), we have, for tiie velocities in the 
directions of AY, AX, 

«'« and — w^y. 

It follows, therefore, that when all these rotations have place simul- 
taneously, we have, by adding together the above partial velocities along 
the axes, the following expressions for the whole velocities in those 
directions, viz. 

dx 



at 
dz 



.(1). 



Now we may determine from these expressions about what axis the 
body actually turns at the instant t", when the foregoing motions have 
place simultaneously ; for as every particle in the axis of instantaneous 
rotation is motionless, we must have for all of them 



dx 

that is, 



^'^ ^ dy ^ dz 



(tt'% — <^*y--.o^ w'x— w» = 0, wy — (u'dPscO, 
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and these three equations obviously characterise a straight line in space 
passing duough the origin of the original axes ; two of these equations 
are sufficient to determine the position of this line, as for instance the 
equations 

t=-%,y=-.t (1), 

wh^re 77/ and ^jj;; are the trigonometrical tangents of the angles which 

the projections of the instantaneous axis make with the axis of ^; hence 
if A, Py yy denote the angles which the instantaneous axis of rotation 
makes with the axes of x^ y^ and »y we have {AnaL Geom. p. 226,) 



<*> ^ ia 



COS. a ^ , cos. fi := 



>/ w* + w* + w'* >/ w» -f <J> 4- of'* 

COS. 7 = 



oJ' 



n/ w* + cJ2 H- w'2 

and thus the position of the required axis is determined in terms of the 
known angular velocities. 

To determine the angular velocity of the body about this axis, we 
need consider only the angular velocity of any single particle chosen at 
pleasure ; let us take a particle on the axis of x\ if from it we draw a 
perpendicular p to the instantaneous axis, then the distance of the par- 
ticle from the origin being x, we have 

, -, a: >/ oJ« + aJ'» 

o := X sin. a := a? V 1 — cos.' a := • 

'^ V w» H- aJ« + oJ'* 

Now as for this particle 3/ = 0, ar = 0, in the second members of (1),. 
we have, for its absolute velocity, 



V=N ^^-^ = xv w^-l- w'«, 

and, consequently, for the angular velocity v, we have 

t; = — = >/«» 4. a»« 4- ai'2 .... (2), 
P 
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SO that the three angular velocities «», in' 9 «/', about three ledangnbr 

axes, are equivalent to the single angular Yelocity, Vi** + i/*+i^, 
about an axis inclined to these threci at angles whose cosines an tilt ei- 
pressions for cos. », cos. Py cos. y, above. 

It is obvious, from what has now been said, that when a bodjr 
revolves about any axis given in position, and with a given angdhr 
velocity, we may alvrays resolve the motion into three partial rolatsiy 
motions about tiie three rectangular axes of coordinates, these compo- 
nent motions being in the directions assumed at the outset of this 
article. For the equations of the axis of rotation compared with the 
equations (1), and the expression for the angular velocity oompared 
with the expression (2), will furnish three equations among the un- 
knowns 0), (o% «i/', which are sufficient to fix their values. Hence, to 
whatever combination of rotatory motions the rotation which actually 
has place be due, we may always consider it as the resultant of the 
three angular motions above considered. 



On the principal Axes of Rotation, 

(171.) There are some remarkable properties belonging to certain 
axes of rotation, passing through any point in space, which well deserve 
notice; for instance, whatever point be chosen, there always exists one 
axis in reference to which the moment of inertia of the revolving body 
is a maximum, and another for which the moment of inertia is a mini- 
mum ; these two axes are always perpendicular to each other, and they, 
together with a third axis through the same point, perpendicular to them 
both, are called the three principal axes of rotation, passing through 
that point. When the point chosen is the centre of gravity of the body, 
these axes have each of them a property peculiar to themselves, which 
is that neither of them will suffer any pressure from the rotation of the 
body round it, so that, when this rotation has once commenced, if the 
axis were to be withdrawn, the rotation would, nevertheless, continue 
as if it were there. 

To establish these interesting properties it will be requisite, first, to 
obtain a general expression for the momentum of inertia of a revolving 
body, in reference to any axis whatever. 
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In order to this, let AB (fig. 128,) be the axis in reference to which the 
moment is to be detennined, and assume a point on it A for the origin 
3f the coordinates. Let m be a particle of the body, and of which the 
coordinates are jr, y, z; let the perpendicular mB = r, and the distance 
km of the particle from the origin d ; also call the]angle mAB, e, and let 
%f 3,y; a'y ^y y*, be the angles which AB, and Am, make with the axes 
3f JTf y^ z\ we shall thus have 

5a = r»H-y»H-s« .... (1) 
COS. e = cos. » cos. a' -{- cos. /3 cos. p -{- cos. y cos. y' ; 

therefore, since 

C0S.*'=y, C08.j3' = y, COS. y = -y> 

we have, by substitution, 

$co%,^':=xcoB, a'\-ycos,^'\' zco9,y .... (2). 

Now in the right-angled triangle wiAB we have 

r^ = 5« sin.*« = 5« — 5* COS.* € ; 

therefore, substituting in this value of r* the expressions (1) and (2), we 
have 

r*= (1 — co8.««)a* -h (1 H- C08.«/3)y* + (1 — cos.^y) «« 

— 2iy COS. a cos. /3 — 2x? cos. a cos. y — 2 yz cos. /3 cos. y, 

that is, 

r« = «* 8in.«« H- y2 sin.* ^-^-z^ sin.* y 

— 2iy cos. a cos. )3 — 2xz cos. a cos. y — 2yz cos. j3 cos. y. 

From this equation we immediately get the expression for the momeut 
of inertia X(r*/«) of the body, in reference to the axis AB, for putting 
for brevity 

2 {xhi) = A, S iy^m) = B, S (2«/») = C 

2 {xym) = D, 2 (izm) = E, 2 (tfzm) = F 
the foregoing equation gives 



J 
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2 (r«/w) = A slii.«<t + B Bin.*P + C 8lii.*y 

— 8 D COS. m coi. P — 2 E C08. a cos. y — 2 F cos. /3 cos. 

which is the general expression for the moment of inertia of the mass '. 
in reference to any axis AB through the origin of the coordinates, 
inclined to them at the angles a, P, y. The position of the rectanj 
axes of coordinates originating at A, being arbitrary, if we could so 
them that they should give 

D = 0, EssO, F = .... (4), 

the general expression (3) would be considerably simplified, being 
such axes reduced to the first line; that is, we should then have, 

2:(r«»i)=:A8in.«»-|-B8in.«/3 4-Csin.«y .... (5). 

We shall presently shew that there really does exist for every 
A three rectangular axes, for which the conditions (4) have place, 
being what are called the principal axes of rotation, But^ before we 
enter upon the proof of this, it will be expedient to shew how to trans- 
form the equation (3) into another, into which there shall enter, instead 
of A, B, C, the expressions for the moments of inertia around the three 
axes chosen for those of the coordinates. Now as the distance r* of the 

particle m from the axis of J is vy-* -j- <?*, its distance r" from the axis 

ofy, V x' H- z^, and its distance r" from the axis of z, ^ x^ +3/*, it fol- \ 
lows that if we put for the moments of inertia about these axes the sym- 
bols A', B', C, we shall have 

2 (r'2 m) = 2 (y2 4- ^2) ;;i =s B 4- C = A' 

2 (r"«m) = 2 (1^ 4- ^3) ,„ = A 4- C = B' 

^{r"'hn) = 2 (a« + y2) w = A 4- B = C 

I 
When, therefore, these three moments of inertia are known, the mo- 
ment, with respect to any other axis AB, will be obtained by substi- ' 
tuting in the equation (3) the values of A, B, C, in terms of A', B', C', 
deduced from these expressions; the result of this substitution is 

2 (r«/w) = J A' (sin.* /3 4- sin.« y — sin.« a) 
4- j B' (sin.2 a 4- sin.2 y — sin.« /3) 4- i C (sin.a « 4- sin.« /3 — sin.* 7). , 



i 




^w .». 



A- > 4^ • A * , 



>S'."^'^ T 



■i 



/ 

/ 



n 






/. 







UB 



III 



PRINCIPAL AXES OP ROTATION. 287 

But since 

COS.* A + COS.* /3 -\- co8.« y = 1 . . . . (6;, 

or 
1 —sin.** -I- 1— 8in.«/3H-l— sin.«y = l, 

or 
sin.* a -\- sin.* j3 + sin.* 7=2; 

this equation is the same as 

2(r*w) = A'cos.*« + B'cos.*/3-|-C'cos.*y . . . (7); 

which shows that the moment of inertia, with respect to any axis, is 
equal to the sum of the products, arising from multiplying each of the 
moments, with respect to the principal axes by the squares of the cosines 
of the inclinations of the proposed axis to these. 

On account of the relation (6) between these inclinations, we need 
introduce but two of them into the expression (7), which may be 
written 

r(r«OT) = A' + (B' — A')cos.*)3-|-(C' — A')cos.*7 .... (8). 

The quantities A', B', C, are necessarily positive, being formed from 
squares multiplied by masses : hence, if A' is the smallest of the three, 
every term in this equation will be positive, and, whatever the arbitrary 
angles p, y may be, we must always have, in this case, 2(r*»i) > A', 
that is to say, no other line AB through the origin can be found, about 
which, if the body revolve, the moment of inertia can be so small as 
when the body revolves about that principal axis which we have taken 
for the axis of x. But, if A' is the greatest of the three quantities, then 
r(r*wi) < A', for every value of /3 and y, so that then the principal 
axis in question will be that for which the moment of inertia is greater 
than for any other axis through the same origin. A' may, however, be 
neithier the greatest nor the least of the three moments A', B', C', but 
may be intermediate between B', C; but we may make either of these 
Uiree quantities stand first in the equation (8), by eliminating from 
(7) that angle which multiplies the quantity we wish to stand alone, 
by means of the relation (6), thus if y be eliminated instead of a, as 
above^ then C will stand first^ and the same conclusions will then apply 
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totfaeazisoff instead of to the axil of jr; hmot,^ ike ikrm 
(f inertia relative to the principal axe$, one ^ Hm ti • 
and another a minimum. 

This coDclusioDy howem, is on the suppoiitioD that the prine^sl 
moments are all unequal; but it may happen lliat tbi* is not tiie ass; 
let us suppose then that two of them are equal, as Af^Wf ibm the 
equation (8) becomes 

S(r*M) = A' + ((r— A'}oos.*7; 

wheieitiseridentthatif A'>e9A'willalwaysbe>2<r%»),pfOfiM ^ 
y is not 90^y and, with the same oonditiony A' will always be < l{r^)9 
ifA'<C; but, when 7 s 90, whatever A and /3bey then always I(f^) 
s= A'; we infer, therefore^ diat when, the prindpal moments of inerta 
relative to the axis of x and y are equal, the moments aie all equal, lor 
every axis in the plane of jrjf, and the moment relative to the axis of m, 
will be a maximum on a minimum, according as A'<C, or A'>C. 

If A'ssB'ssC, then £(f^)s: A', so that, in this case; all die am 
through the origin are principal axes. It follows, therefore, that when 
more than three principal axes can pass through any pofaat, an infinite 
can pass through that point. ' 

(172.) It is time now to shew that through every point of space three 
principal axes may always be drawn; that is, three axes in reference to 
which the equations (4) have place. From the properties just deve- 
loped we shall, obviously, be led to one or other of these principal axes, 
if they exist by determining for what values of the arbitrary and inde- 
dendent angles a, /3, the general expression (3), for the moment relative 
to any axis, becomes a maximum or a minimum ; so that, for the deter- 
mination of the position of the axes of greatest or least moment, or of 
the suitable values of a and ^3, we should have, by the theory of maxima 
and minima, the two equations 

dJljrhn) _ dJ:(rhn) _ 
d» — ' dp ' 

which are sufficient to fix the values of a and p. The performance of 
the actual differentiation, here indicated, is an easy matter; but the sub- 
sequent elimination of » or of Py in order to obtain a final equation in- 
volving only one of these quantities, is a very tedious and troublesome 
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operation^ which, at length, conducts to a complicated cubic equation. 
insteail, therefore^ of employing this method of investigation, we shall, 
after the example of Professor Whewell, adopt the following shorter and 
more elegant process from Lagrange. The problem is to find the po* 
sition of three axes of rectangular coordinates, x', y, t', such that 

S(«'ym) = 0, 2(x'«'»») = 0, ♦(yVi«) = .... (A). 

Let the three fixed axes, in reference to which the required ones are 
to be determined, be those of jt, y^ z, both systems having the same 
origin. 

Let i' make with x, y, s, angles whose cosines are a, b, c ^ 

%f . . . , ayb'yC > , , . (1) ; 

then the angles contained between x and y, between x and «, and be- 
tween y and «, being right angles, and, consequently, their cosines = 0, 
we have, (Anal. Geom, p. 227,) 

aa' + by-\-cc'=:0^ 

at^ + bb' + cc''=iO 

aa' + b^b' + t/c'^zO 

and (^Anal, Geom* p. 226,) 



-j-^ +c« =1 



... 



(2); 



a'* + i's + c** = 1 

a'a-|-6'» + c'» = l^ 

and these are the six equations of condition, which must befiilfilled by 
the constants (1). 

Now we have ahready seen that the general expression for the moment 
of inertia, with respect to any axis AB, making the angles «, /3, y, with 
x,y, »,i8 

2 (f*m) = A 8in.« « -f B sin.* )3 + C sin.* y 

— 2D COS. a COS. j3 — 2 E cos. a cos. 7 — 2 F cos. fi cos. y 

c c 
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But if this same axis AB make the angles «% pf y% with y, y, i', theo 
since, by hypothesis, 2 (j^y'»>) = 0, &c. the moment of inertia, in refer- 
ence to it, will be \ 

2(r^) = A 8i!i.««' + B'8in.«/3'+C8ln.«7'; ' 

where A', B', C, stand for S (x^), S (y^), S («^). i 

These two expressions for S (r*m) are, therefore, equal. The latter j 

is the same as ' 

A'4-B'+C' — A'cos.««'— B'tos-^/r — C'coi.«y', 

but I 

I 
and this last expression is what we have before represented by A + B \ 

-{■ C ; hence, substituting in the first expression, A — A cos.'a for A sin.V, 
B — B cos.*a for B sin.*/3, and C — - C cos.^y for C sin.*7, and then equa- 
ting the two, we have 

A -I- B -f C — (A co«.«» + B cos.*/3 -f C cos.' 7) 
— (2D COS. a coH. /3 -|- 2 E cos. « cos. y -{- 2 F cos. /3 cos. 7) 
= A-f B + C — (A'cos.«a'-|-B'co8.«j3' + C'cos.2y') .... (3). 

Now since (Anal. Geom, p. 227,) 

cos. a'=za COS. a -|- 6 COS. fi -\- c cos. 7 
cos. /3' = a' cos. a-}- b* cos. P -\- c cos. 7 
COS. 7' =: a" cos. a + 6" cos. j3 -f c'' cos. 7 ; 

the last term in (3) becomes 

A' (a« COS.' tt -f 6« co8.« /3 4- c* cos.* 7 

+ 2ai cos. a COS. j3 -j- 2flM? cos. a cos. 7 -j- 2^<? cos. j3 cos. 7) 

4- B' (a'2 cos.« * + A'« COS.* P-^-c"^ cos.* 7 

4- 2a' b* cos. A cos. j3 4- 2a' c' cos. a cos. 7 4- 2*' c' cos. /3 cos. 7) 

4- C (a"* COS. A 4. 6"* COS.* j3 4- c"* cos.* 7 

4- 2a" 6" cos. a COS. /3 4- 2a" c" cos. a cos. 7 4- 26" c" cos. /3 cos. 7); 
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and this expression must be identical with 

A COS.* * 4- B COS.* i3 4- C COS.* y 
+ 2 D COS. a COS. j3 + 2 £ cos. a cos. y -f- 2 F cos. /3 cos. y ; 

hence, equating the coeflScients of the like terms, we have 

A'a* +B'a^ +€'0"* =:A .... (!') 
A'6* +B'6'* +C'r» =:B . . . . (2') 
A'c* +B'(^ +Cc"« =C .... (3') 
A' ah + BV6' + C'a"6''=D .... (4') 
A'ac + B'aV + C'aV' = E .... (5') 
A'ic + B'6V 4- C'6V = F . . . . (6'). 

These six equations, combined with the six marked (2), are sufficient 
to determine the twelve unknown quantities which enter them, but we 
shall only require to determine four of them, viz. a, b, c, and A', and 
shall, therefore, eliminate the rest. In order to this, add together {}')a, 
(4*) hy (5') c, and we have 



A'a(a«+ fc» + c*) + BV(a«' + 6y -fee') + Ca"(aa"-|- W" H-cc") 

sB=Aa4-D*+E<?; 

or, by the conditions (2), page 289^ 

A'a = Aa + D* -|- E<? 

Similarly (2') b -^ (6') c -\- (4') a gives A'6 = 
. . . (3') c 4- (6') a 4- (6') * A' 



a = Aa4-D* 4- E<? 
/6=B64-Fc4-Da( . . (4). 
L'c = Cc 4- Ea 4- F* -^ 



These three equations, together with the condition a* 4" fr* 4- c' = 1, 
are sufilcient to determine a, by c, and A'. 
By the first two 

(A' — A)a — DA — Ec =0 
(A'--B)6 — Fc --Da=0 

from which, by eliminating c, we have 



1 
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{(A' — A) F + ED} «— {(A'— B) E 4- FD} 4=0 
^ (A' — A)F + ED ... 

also eliminating b from the same two equations, 

{(A' — A)(A — B)— D«}a— {(A' — B)E-hFD}c = 
(A'— A)CA' — B) — D« 



(A' — B)E + FD 



a • • • • (6)i 



Substitutmg these values of b and c in the third of equations (4), 
that is, in 

(A'- C)c — Ea— F6=0, 

there results 

,,. ^, (A--A)(A-~B)-D« p (A'-A)F + ED 

^^ ^^ (A' — B)E + FD (A' — B)E + FD * 

or, 

(A'— A)(A' — B)(A'— .C) — 
{(A' — A)F2-i-(A— B)E«4-(A'— C)D2}— 2FED=:0 . . . (7), 

a cubic equation in A'. This equation being of the third degree has, 
necessarily, at least, one real root, and, consequently, the values of a, 
b, and r, as determined from the equations (5) and (6) combined with 
the equation 

are real, so that there exists at least one principal axis, viz. the axis of j', 
and its position is determined by these three equations. 

Returning now to the equations (1'), {2% &c. and making the same 
combinations of them as before, only using now a', b', c', instead of 
AT, b, c, we shall, obviously, be led to the same cubic equation (7), 
except that B' will occupy the place pf A'; and if we use a", b", c", in- 
stead of a, b, c, the resulting cubic will differ from that above only in 
having C in place of A'. Thus although the first of these cubics de- 
termine three positions for the axis of jt' (one at least being real) ; the 
second, three positions for the axis of 3/'; and the third, three positions 
for the axis of/; yet these systems of threes must coincide, and can. 
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therefore, furnish only three distmct and different directions for the axes 
of j',y, and a', given by the three roots of (7). 
It remains to show that these roots are all real. Suppose two of them 

to be impossible, and, therefore, of the form m-^-n'^ — 1, and m — n 

V — 1 ; the quantities a, 6, c, are possible, when the root A' is so, and 
for one of the impossible roots the corresponding quantities o', I/, c', will 

be of the form p-^-q >/,^^, jf-^-q* V^^, p" + <?" V^^f, and for 

the other root, a", l/\ c', will be of the form/? — q^ — 1, p' — q sJ — i 

f — 9" n/ — 1. Now as 

which is absurd, because the sum of a series of squares can never be 0. 
Hence the three rectangular axes, each having the property (A), really 
exist through whatever point we require them to be drawn, because the 
origin may be arbitrary. 

(173.) But the existence of the three principal axes may be established 
in another way, after having shown, as above, that one exists. For 
suppose the axis of x, whose position is arbitrary, to coincide with this 
princip>al axis; then we must have 

a = l, 5=rO, c=0 

and these values substituted in the three equations (4) in a^ b, c above, 
give 

A' — A = 0, D=0, E=:0, 

so tliat the cubic equation (7), from which the values of A' are to be de- 
duced, becomes, by putting these values for D and E, 

(A' — A) (A'— B) (A' — C) — (A' — A) ¥^ = 

.-. (A' — B) (A' — C) — F« = 0, 

or 

A'a— (B+C) A'-f-BC--F» = .... (J). 

This being a quadratic will furnish two values for A', and to determine 
the corresponding inclinations «, 6, c, we have (4) the two equations 
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A'* = B6 + Fc + Da 

But D = 0, and, since the axis to be determined must make a right 
angle with that of jr, we must have a = 0, therefore 

(A' — B)6-=Fc; 6' + c«=l 

so that if 9 represent the inclination of the required axis to that of y, 
then b = cos. 0, c = sin. 0, 

^ ^ e A'-B 
••. tan. ©=:—• = 



.*. tan. 2 0^ 



b F 

2tan.0 2F(A' — B) 



1— tan.'d "~ F» — (A' — B)«' 

the denominator of this fraction will be given by adding the identical 
equation 

(C — B)A' — (C— B)B = (A'— B)(C— B) 

to the equation (1), for there results 

(A' — B)2— F« = (A' — B)(C — B) .... (2) 

2F 

.*. tan. 2d= — — .... (3), 

U — C 

and, as the same tangent belongs to two arcs of which the difference is 
180°, therefore there are two values for 0, of which the difference is 90°, 
so tliat besides the principal axis, which has been made coincident with 
that of a-, there are two others in the plane of xy, inclined to the axis 
of y in the angles 9 and 90 -|- 0, or perpendicular to each other. 

When we know the position of one of the principal axes, taking it 
for the axis of jr, the position of the other two becomes determinable 
from the equation (3), just deduced. 

(174 ) Let us now prove, that if a body revolve about one of its 
principal axes passing through the centre of gravity, this axis will suffer 
no pressure from the centrifugal forces of the several particles. 

Let the body revolve about the axis of z, then every particle m will 

describe about this axis the circumference of a circle of radius v j:* -f ^^ 
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od, therefore, if w be the angular velocity of the system, w >/j:» + y* 
rill express the rotatory velocity of any particle m whose coordinates 
re x, y; but the centrifugal force being equal to the square of the 

'elocity, divided by the radius, its general expression here is w* >/ jt* 4- ^, 
ind consequently the strain which any particle m produces on the axis 

s m w^'s/ x^-\-y^; if this force be resolved in directions parallel too* 
ind y, the two components will be nua^x and mo^'y, and the moment 
3f these forces, to turn the body about the axis of y and of Xy will be 
mu>*xz and mut^yz, and therefore, of the forces exercised by all the 
particles, the moments will be 

6>*i:(mx2) and «'S(my2) . , . . (1), 

if these be each 0, there will be no eflfort used by the centrifugal forces 
to incline the axis of 2: towards the plane of xy ; such is the case, there- 
fore, when the axis of rotation is a principal axis; hence, in this case, 
the only effect of the forces nno^x and ?n(it^y on the axis, is to move it 
parallel to itself, or to translate the body in the directions of x and y; 
the aggregate of these forces is 

<ii*i:(mx) and w*2(wi/) . . . . (2), 

and if these be each 0, the forces will use no effort to move the body 
or to press the axis; and ^hey are when the axis passes through the 
centre of gravity ; yf^ conclude, the^fore, that when a body revolves 
about one of its principal axes passing through the centre of gravity, 
the rotation causes no pressure whatever upon the axis, which may, 
therefore, be removed without at all affecting the motion of the body, 
the rotation once impressed continuing permanent. On this account 
the principal axes through the centre of gravity are called the axes of' 
permanent rotation, or by some, the natural axes of rotation. 

(175.) If the initial rotatory motion of the body be not about a per- 
manent axis of rotation, the eflfects of the centrifugal forces on the axes 
cannot be destroyed, inasmuch as the foregoing conditions cannot obtain ; 
these forces, therefore, will alter the axis of rotation, and the body will 
at every instant of its motion, if free, turn about a different axis, called 
the instantaneous axis of rotation; and it may be proved that if this 
axis does not at the commencement of motion coincide with a permanent 
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axis, it can never coincide with one afterwaFds, so that wbeneva it 
observe a body to revolve about one axis during any time, however dm^ 
we may conclude that it has continued to revolve s^out that axis fron 
the commencement of the motion, and that it will continue to revohe 
about it for ever, unless checked by some extraneous obstacle. 

Tliese particulars will be more completely established in the following 
iirticles. 

We may further remark here, that when a body revolves about any one 
of tl)e principal axes passing through the fixed point, which is taken for 
the origin, although this point be not the centre of gravity of the body, 
yet the expressions (1) will still be 0, so that the revolving body wifl 
use no effort to cause the axis to turn about the origin in any direction; 
but as the expressions (2) will not be 0, the axis must sustain a jMessuie 
in the directions oixof y which would cause a tendency in the axis of z 
to turn about those of y and jr, imless these pressures were wholly 
exerted upon the fixed point or origin ; tliat is, unless the resultant of 
all the pressures passed through this point; such, therefore, in virtue 
of the former conditions, must be the case ; so that through any given 
fixed point in a body, there may always be drawn three axes around 
which the body may turn uniformly without changing its original axis 
of rotation, although it would be at liberty to do so, as it is free to move 
in any direction about the fixed point. In order, therefore, that a body j 
retained at rest by a single fixed point may, by means of an impulse, i 
receive a permanent motion of rotation, it is necessary and suflicient that 
the impulse be such as to cause a percussion on one of the principal 
axes of the body, through the point, equivalent to a single force applied 
to this point perpendicularly to the same axis. 

It remains now for us to prove the assertion above, viz. that the in- 
stantaneous axis of rotation can at no instant coincide with a permanent 
axis unless the body has continued to revolve about this axis firom the 
coramencemenl of the motion, and in order to this it will be convenient, j 
first, to ascertain the equations which express the general theory of a 
body's rotation about its centre of gravity, and then to discuss those 
particular forms of them which arise from supposing the rotation to 
take place about the principal axes. 

(1 76.) The group of equations (A, B), at art. (166), which expresses the 
conditions of the motions of any system of bodies mutually connected, 
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and each acted upon by any acceleiative forces, obviously holds when 
the system constitutes a solid body ; we may regard them, therefore, as 
embodying the analytical theory of the motion of a solid body, of whidi 
each particle is acted upon by any accelerative forces. 

The first three of the equations refen'ed to, completely determine the 
progressive motion of the body in space, or the path described by its 
centre of gravity, furnishing for this purpose the requisite equations 

dPx. __ 2(mX) d^Y ___ S(w»Y) rf«z _ 2(w»Z) 
£&«■" M 'fif^"" M * de ^ M ' 

wbere the sign S includes under it all the particles m, mj , m^y &c. of 
the mass M, which are acted upon by the accelerative forces X, Xi , 
X,; Y,Y„Y„&c. 

The remaining three equations (B) must be those which determine 
the rotatory motion of the body round this moving centre ; or if the 
centre of gravity remain fixed, and the body be free to move round it 
in every direction, then the three equations (B) must be sufficient to 
determine the circumstances of the rotatory motion arising fix>m the 
action of the same accelerative forces. 
. The rotatory motion thus produced, on the supposition that the centre 
of g;ravity is fixed, must, since the progressive and rotatory motions 
are independent of each other, be really that which accompanies 
the progressive motion the body actually has when this centre is fi^e, 
and which progressive motion is that which the centre would have if all 
the accelerative forces acted upon it as a single firee point, so that the 
absolute motion in space of any particle of the body is compounded of 
these two. 

Supposing then the centre of gravity of the body to be fixed, if we 
place there the origin of the coordinates, all that concerns the rotatory 
motion of the body will be comprised in the equations 

xd^z zd^x 
•&(-^m Jj^^) = 2(Z«»« — Xzm) 

S ('-J" »» - ^' >») = 2 (Y «,» - Z, »^). 
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Let us represent, as at (170,) the angular yelocities of the body aboat tbe 

three axes of coordinates by w, w', w% then, instead of the coefficients 

dp X cP V 

, — J-} ^e may introduce their values from equation (1), page 282, 

so that the first of the preceding equations will be, by transposing, 

2 (Y«m--Xyi») = 2«-^ j- ^m — Sy— ^ ^ m, 

at at 

If we actually perform the differentiation here indicated, and always 

dx dif dz 
substitute for — , --, •—, their values as given by the equations referred 
dt dt dt 

to, we shall have 

2:(Yxm — Xy>») = ^2(a* + y•)m^-«a;2(x«+y»)m^- 
(2 J» + 0^ — ««) 2 (xym) 

- (*f « + ~) 2(yf w)-(ftr<rf + ^) 2 (»z m) + 

ii> (J 2 (x* — y*)»w. 

Now let us suppose the axes of coordinates to be the principal axes 
of the body, then we know that 

2:(xyw)=0, S(xew) = 0, S(y;5m) = 0; 
hence, putting 

.-. S(i« — y2^w = B — A, 
the foregoing equation becomes simply 

^(Yxm — Xt/m) = C -^ + (B — A) w w', 

and, in a precisely similar way, we obtain 

S(X2m — Zxm) = B -^ + (A — C) ww'' 
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2(Zym — Y«m)=:A^H-(C— B)a;w'. 

(177.) Suppose now that no accelerative forces X, Y, &c. solicit the 
xiy, these equations become in that case 

' ^*^ H-(C — B)a;a/=0^ 



dt 
B-^H-(A — C)ww' = >-..., (1). 

C^ + (B-A)a,a; = 0. 

In these equations A, B, C, are constant for the same body, and 
cutting for abridgment 

B~C _, C~.A _. A~B __ 

Lhey become 

dia = hijSto*dt, dfJssM i»n6'dt, di6*=zl^iaijide , 

Multiplying these severally by «, w', w", and putting uto'<a"dt = (/0, 
^e have 

and the integrals of these are 

«» = 2L0+aS ««=2M^+i2, J'»=2N^ + c« .... (2), 

-where a, 6, c, are what w, w', w'', become when f, which is the indepen- 
dent variable in the function ^, becomes 0; that is, those constants are 
the initial rotatory velocities about the axes. 

Consequently, substituting these values for una'ia" in the equation 

dt = — pr-, we shaU have, for the determination of 0, corresponding 

to any time t"y in functions of ^, the differential equation 

dtp 



dt=i 



V (2 L H- a») (2 M + 6») (2 N + c«) 
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Suppose now that an initial velocity a is given to the body abnl 
one only of the principal axes, then 6 = 0, c ^ 0, and this eipcefliB kr^ 

becomes 

1 ^ d^ 



dt=: 



2VmN ^N/2L0 + a« 



that is, replacing 2L^ + d» by its value «•, and d^ by its value — , 



1 dia 

dt=s 



and the integral of this is 



C + * >/ MN = — log. 



1 . u — a 



e 



2a ia -\- a 



• c? a^ .... I «i# y. 






« + a 

Now the constant C must be determined so that when ^ ^ 0, «i» may be 
= fl, that is, the first member must vanish for * = 0; hence c**^ must 
= 0, or C = — 00 , consequently, there must always be <i> = a, and I 
therefore (2) always = 0, w' = 0, w" = 0; consequently, as before ' 
shewn, the impressed velocity about one of the principal axes of rotation ^ 
continues perpetual and uniform. 

VVe see, moreover, from the equation (3), that if the instantaneoui 
axis of rotation does not coincide with a principal axis at the commence- 
ment of motion, it can never afterwards coincide with it : for if we sup- 
pose the coincidence to take place at any epoch, and that the angular 
velocity is then a, then, measuring f from that epoch, the foregoing 
equation must give <i> = a when f = 0, which requires, as shewn above, 
that C = — 00 , and therefore <o must be always = a for every value, 
positive or negative, of t. j 

(178.) Let us now see what must be the conditions, in order that the 
instantaneous axis of rotation, if it do not accurately coincide with one 
of the principal axes, may yet always be very nearly coincident. 

Let us suppose the axis of instantaneous rotation to be nearly coinci- 
dent with the axis of 2; then considering the angular motion to be the 
resultant of three, about the three principal axes, the velocities cu, <•>', 
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iMmt the axed of x and y, are, by hypothesis, to be veiy small in com- 
ittiison with the angular velocity b/' about the aids of z, because die 
KxLy turns almost entirely about this axis. The expression for the sine 
»f y, the angle which the instantaneous axis makes with that of i, is 
p. 283,) 

\/ ws + w'« 
sin. y = 

Now, on account of the smallness of boA la and m', the third of theequa- 

tions(l) p. 299, becomes C — — = very nearly; so that w , the velo- 

dt 

city round the axis of ^, is very nearly constant. Call it iiT = n, then 

the remaining equations of (1) become 

A^ + (C— B)na»'=0 -v 

( . . . , (1). 

at 

By diflferentiating the first of these, we have 

A-.^-|-(C-B)n 



rf/» ' ^ ' dt 

but, from the second, 

rf«' C~A 



dt B 

hence^ by substitution, 

jV> (A-CXB-C) 
dfi ^ AB 

or, putting for brevity the coefficient of w = ^, 

J^H-/«« = .... (2). 
Tlie integral of this equation is, (see Int. Calc. p. 245,) 



1 . . « 
^ f 



Dd 
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If at the commencement of motion, or when t^O^t wien«oeiMiii)fi 
Of the constant c* would neoenarily be 0; at it ia, howeffer, />iiialt1 
very small: calling Itf^k^mt have '■'■ * '*' 

and, substituting this last expiession is the first of (1% we get 
the value 

, Ah. COB. (li-\-k) 

III SB II • 

ii(B — C) 

Here also we may observe that i^ at the commencement of the mo- 
tion, the instantaneous aids accnmtely coincided with the axis al z^ 
would necessarily be 0, for otherwise •* and «/ wouM neva be bodi 0; 
so that we again infer what has been otherwise proved, viz. that *» and 
*»' if at the beginning are always 0. But, if, as we here soppoee, » 
and a»' are not accurately at the commencement, then r, instead of I 
being 0, must be very small; consequently, if I involves no impossible I 
quantity, m and a»' must always be small, however great t may.be, ibr | 
be this as great as it may the factors sin. (It + ^)> cos. (Jtt + k), can 
iiCTcr exceed unity. 

The expression for /is ^ 

/ = «n/{ AB *' 

where A, 6, C are essentially positive ; hence that the expression may 
be possible A — C, B — C, must be either both positive or both nega- 
tive ; that is, C, the moment of inertia with respect to that axis aboat 
which the axis of instantaneous rotation perpetually oscillates, must be 
either the least or the greatest of the three moments A, 6, C. 

If we were to integrate (2) on the hypothesis that / is imaginary, or ' 
/' negative, the resulting expressions for a>, of', would be exponentials, 
t entering as an exponent ; their values would, therefore, increase con- 
tinually with tj showing that the supposition of these quantities con- 
tinuing small, after the commencement, is inadmissible. 

We conclude, therefore, that when a body commences to revolve about 
a principal axis, it will perpetually do so: when it happens that any 
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fitiaiiecms cause deranges this uniform rotation a little, the body will, 
Qevertheless, always have the new axes of rotation, which it perpetually 
tarns about very near to the original axis, provided this happened to 
be either the axis of greatest or of least moment; but if it happened to 
be the axis of mean moment, then, however trifling the derangement 
may have been, its effects will increase with die time, and the body will 
depart alU^ether from its original motion. We hence say that the rota- 
tion about the principal axis of greatest or of least moment is stable^ 
while the rotation about the axis of mean moment is unstable. 



OBAVTBlt VZZ. 

MISCELLANEOUS DYNAMICAL PROBLEMS. 

f PROBLEM I. 

f (1 79.) If a body revolve about any centre of force S, (fig. 1 29,) and if 
the velocity at an apse A is v, the expression for the sector ASP, des- 
cribed by the radius vector in any time t from A, will be 

ASP = i AS .t;.^, 

required the proof. 

Taking S for the origin of the rectangular axes, and SA for the axis 
». dx (iy 

W of «, the components of the velocity in the curve are always — and — . 

at the i^Mie, the velocity in the curve being in a parallel direction to the 
axis of y, wid being in the direction of j:, we have, at this point. 



dx ^ dy 



therefore, since (122) 



I 






^<» 



.-. yi^i 



ss^AS.r.L 



n. 
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!& 




LetCfiAbe 



bete 




if k lemhre about its aiis pfaKid 

wlBcttfyabeoTjniigatlibertjrtoslide e^ 

kBpfaoed,(fig.l30.) 

« ibe gifcn agiifar %idocit7, and let £ 

B pbced: daw RN a w«*"»al tothecmve 

keani; ^» let ST be a tangent at R, and 

Tbe absoloae Tekxaty of R is MR . «, and, 

MR>.«i> 

— — - — =MR.mS, in the directum 

5LS ; rtii ccntpcQEcc o^ die* in d« directioo RT of the ciirv«, is MR. 
izti ie cocif«>a:t ot tii€ force g of giarity in opposition to 
2«v 3. rue dztctcc RS, is g eas.« ; hence, in order that the ring 
rtieaf rvo jcroes nicst balance each other, 









:! 



.'. MR . M^sia. «z= <r COS. « 

9 



MR.*# 



X 



MR 



= «*.MN = 



g 



. MX = 



M^ 



t:^: s* :bc 5;iCi:onnai b constant, and, hence, the curve is a parabola I 
wrti ::s rentx do wr ward. Upon similar principles we may determine 
r^t* c»:cotTe 5?irRsce which a fluid presents when a rotatory motion is 
c^c ^> r'e vessel which contains it This surface is a paraboloid. 
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PROBLEM III. 

An upright cylinder standing on a smooth horizontal plane has a string 
toiled several times round it in the plane of its base; one end is fixed 
lo the cylinder, and to the other is attached a body P, to which a velocity 
is given in the direction of the string; to determine the motion, (fig. 131 .) 

I«t V be the progressive velocity of the cylinder at any instant, then 
M being its mass, Mv will be the impulsive force due to this velocity ; 
as it acts at the extremity of the radius r of the base, and in the di- 
rection of a tangent, it will communicate to the circumference of the 

cylinder the rotatory velocity —7 — =t2w; therefore, the absolute velo- 
city of every point of the unwound string must, at that instant, be 
3©, which, therefore, expresses the corresponding velocity of P; hence, 
at that instant, the whole momentum of the system is Mv -\- SPv; but 
if the given velocity originally communicated lo P be v,, the momentum 
communicated will be Fv^, 

.: M» + SP» = Pr. .-. „=^>_; 

this, therefore, is the velocity of the cylinder in progression, at any in- 
stant, and twice this is the rotatory velocity of the curcumference; the 
velocity is, therefore, uniform, so that the motion of the cylinder is wholly 
due to the initial impulse it receives from P ; P, therefore, never after- 
wards acts on the cylinder. 



PROBLEM iv« 

A uniform straight rod AB (fig. 132), is placed in an assigned po- 
sition upon a smooth horizontal plane, and one end of it, B, is drawn 
uniformly along the straight line GD with a given velocity v; it is 
required to find the position of the rod at aniy time, and its angular 
velocity. 

Let G be the centre of gravity of the rod, then the uniform motion 
of B along the straight line CD maybe considered as the consequence 

Dd3 
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of an iropulae at G, in the direction GlXy paxaUel to CD. As it 
progressive velocity ^us generated is v» the value of the impnkifefcni 
iM2a'v,a representing the mass of half the rod or of AG. Biit,« 
this force really acts at B instead of G, there would be genenlelii 
addition to tiie progressive velocity a unifbnn angular vdodty abQ||| 
G. if B ¥rere not constrained to continue on the line CD; ai %'k] 
the angular motion must be about B. Now the sam« fciop.'9diB|j 
applied at B produces any ai^^ular motion of die rod about G^ wQi^ 
obviously, if applied at Ay and in an opposite directioiiy piodiioft4|l 
same angular motion; whatever angular motion, therefoln, has/^sfse id 
the present case, is due to die force 2av applied, at the ctommcsnwi 
of motion, to the point A in the direction AC. Calling, tterefoie^ dn 
angle ABY, which the rod makes with the peipendicular BT at tfas 
beginning i#|, we have, for the constant an^lar velocity about By 

dm SdtvxBE tov X S«ooi.«i^ S v 

di= i(a«)» == fS =-^--coi.«.; 

hence, at any time f, the rod will make with BY an ai^ m equal to 

i t* -~ cos. <Oi, and the length of path gone over by B will have been 

equal to tVy so that the position and angular velocity of the rod at any 
time is completely determined. 

The curve traced out by any point in the moving rod is, obviously, 
a species of cycloid, for each point describes uniformly the circum" 
ference of a circle, whose centre B is uniformly moving along a straight 
line ; that point in the rod whose rotatory velocity is equal to the pro- 
gressive velocity of B will describe the common cycloid ; for if with 
centre B a circle be described through this point, and then a tangent to 
it be drawn parallel to CD, this circle, by rolling on die tangent so that 
its centre, or the point of contact, may move with the proposed velocity 
of B, will obviously cause every point in the circumference to revolve 
with that same velocity, and thus the point in question will trace the 
patli which it actually has, and which must, therefore, be the common 
cycloid. 
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PROBLEM V. 

Suppose a heavy particle is placed at a given point in a perfectly 
nootli narrow tube of a given length, and suppose the tube to be 
iiirled about one end as a centre with a given angular velocity in a 
diriaK>ntal plane; it is required to determine the velocity and direction 
f tiie particle when it leaves the tube ; the motion being solely gene- 
ited by the revolving tube, (fig. 133.) 

Let Sx\ = a be the tube in its first position, and B the place of the 
article. Call SB^ 6, and the distance SP of the particle at any time 
', r ; let also v represent the uniform angular velocity of the tube, and 
»C its position, when the particle quits it. 

As no centripetal force acts on the particle, its motion along the tube 
s entirely due to the centrifugal force rv^ (art. 138), that is 



Multiplying this by 2dr, and integrating, we have 

also 

0=:Aw9-|-C 

dr* 



dfi 



=-t^(r« — 6«) .... (l)j 



heace, when r = a, or when the body arrives at the mouth C of the 

tube, its velocity in the direction CE of the tube is v v a'' — 6', als oits 
velocity in the direction CD, perpendicular to this, is va ; hence its 
velocity in its path at that point is the component of these, viz. 

V >/2«* — 6* and for the angle ECF, which the direction makes with 
the tube, we have 

. «^„ CD va a 

tan.Z,ECF = --=-= ; — = , 

Tliis angle, added to the angle S, will give the position of CF, with 
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respect to AS. If T represent the time in which the tube posses fiom 
the position S A to SC, then since v is the angle described in one 
second, Tv will express the angle S, and to find T, we have, fiom the 
equation (1), 

^=s— log. —! 

9 
.•T«^ + l0g. J 5 

so that the angle S is ekpressed hf 

V log. — ■ — J . 



PROBLEM VI. 

Two bodies P and Q (fig.l 34,) are placed on a smooth horizontal plane, 
and connected by a perfectly flexible and inexteosible thread, which passes 
freely through a small ring R in the plane ; a given velocity is com- 
municated to P in a given direction : it is required to find the equation 
of the curve described by P on the plane, the length of the thread 
being indefinite. 

Call the radius vector RP, r, and let P, Q represent the masses 

of the bodies, then -— -- being the acceleration of Q, the motive force 

d^r 
of Q mu&t be Q -— ; hence P must be drawn towards the centre R 

Q <^r 

by this motive force; the accelerative force on P is therefore *, 

P df' 

which may be considered as the centripetal force at R which retains 

P in its orbit. 

(fir 
Now we know that the paracentric force — is equal to the diffe- 



ii 



rence between the centripetal and the centrifiigal force — , (see art. 



dt^ 

1 forre 
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138,) therefore 
Multiplying by 2 dr and integrating, 

« p "^'J ^ = ^*{^-7ir} = ;r--^ • • • • W' 

or, substituting for the square of the paracentric velocity its value at 
page 213, we have 



N/r» — c» fP + Q dr 
c, Pr« dia' 



M bemg &e angle between r and any fixed line RX. Consequently, 



I P + Q c,dr 



and, by integration. 



I PH- Q »• 

ta> — CjSsN — 5-^ • 880.—* — .... (3), 

P Cj 

the polar equation of the orbit. 

The constants c, and c, are readily determined from the initial con- 

ditions of the motion; thus let v^ be the initial velocity, and a the 

angle which its direction makes with the original position of the string 

r, and let the value of r be then a; the initial velocity in the direction 

of the radius vector will consequently be u cos. «; hence, putting this 

dr 
or — in the equation (2), we have, for the determination of Ci , this 
di 

^uation, observing that c, which denotes double the sectorial area 

lescribed about R in one second, and which is constant, is expressed 

)y a Vj sin. a, 
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which gives for — the value 

i_ — -L / P-fQco8''« 
c, a Psin.^a 

To determine r, let the radius vector coincide with the assume 
RX at the commencement; then « = when r^a, and conseqi 



7, = — N — ^— . sec.-* V 



P-j-Qcos.gg 
P sin.« « 



PROBLEM VU. 



A given weight W (fig. 135,) hangs at the middle point n of a 
PCnC P' passing over the pulleys C, C\ in the same horizont 
drawing up the two equal weights P, P*, hanging at the extrero 
the cord ; to determine the motion of W. 

Draw nD perpendicular to the horizontal line CC, then CD = 

X 

Let CD = fl, Dn = r, Cn =y, tlien — =■ cos. CwD = cos. C 

Now to the point n there are applied the force P, in the directi 

the force P' in the direction nC, and tlie force W in the directio 

The actual, or effective forces, in these directions, are respe 

F (fit/ F d^ W cPx 

— — — , — • — — , — —TTf snd of these it must be observi 
g dt\' g dt^'g de' 

the first two have contrary directions to the corresponding applied 

for the applied force P acts from n towards C, whereas the actuj 

is from C towards w, since W descends; consequently, taking th( 

tive forces in opposite directions to those which they really hav€ 

must, by the principle of D'Alembert, be an equilibrium amo 

forces 

acting at n, in the directions wC, nC', nW. Consequently the 1 
components of these must equilibrate, that is, 



MISCELLANEOUS DYNAMICAL PROBLEMS. 31 1 

'Hie relation between x and y is 

y» = a' + ,».-.±=J....(2); 

therefore, substituting this value of — , dividing by 2P, and putting for 

W 
abridgment -— = m, we have 

^ -^dx -^ -^ dy^ g (mdx-^dy) . . . (3) ; 

•and, by integration, 

da^ du^ 

^^'dF^^dF'^^^''"^'^^^'^^ ' • '^^^' 

dv^ x^ dv^ 

or, since in virtue of the condition (2), = — -- • this equation 

^ ^' dt"" f dt^ ^ 

gives' 

<^J' _^ 2g(>wx-y) + 2g 

dt^ ^ ^«4-wya ' 

which expresses the square of the velocity of W. The determination 
<)f c depends upon the initial position, when the velocity is 0; thus 
r=g (^1 — mx^y where x^ and y, are the values of x and y, at the 
Commencement of motion. 

To find when the velocity is again we have from (3), by introducing 
ihis value of c, the equation 

or, substituting for y its value Vc' + x', and reducing, we have the 
quadratic equation 

(1 — m^) x« — (2 my, — 2 m»x,)a — (y, — maf,)« + a» = 0. 

One of the roots of this equation is by hypothesis, *=»i, and, if we 
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represent the other by x^^ we have, by the theory of equations, 

. . . _ 2m (yf mart). 

2 my^ — (m* -f- 1) x^ 

* 1 — m' 

If m= 1, that is, if W = 2P, W will continually descend, an 
become stationary, as remarked at page 22, and the same will oi 
happen if W > 2P; hence, for the system to become stationaij 
time after the commencement of motion, W must be less than 2 
the distance below the horizontal line, at which this will tak< 
will be given by the above value of jtj, so that the weight W wi 
continually backward and forward between the two points 
Whenever the relation between 2P and W is such as to rendei 
gative, it will be impossible for the system to become stationai] 
time after the commencement. 
This problem may be solved otherwise as follows : 
Since the components of the forces P, P' in wC, nC are 1 

X 

equal to 2 P — , a portion of W, equal to this, is expended in bj 

the equal weights P, P', hence the moving force is only W — 
and this, divided by the inertia opposed to motion at the point 
give the acceleration of W. The inertia due to W is 

W 

mass — ; the inertia of the other bodies must be expressed bj 

mass placed at w, or incorporated with W, as when raulliplied 
acceleration of W will give the same motive force in the vertical d 
^hat the real bodies P, P' acting along nC «C' have in the 
direction. The motive force of P + P', or 2P, in the directioi 

P X d^y 

2 — . — . — 77"; to determine therefore what mass M, having 
g y de 

d^x 
celeration — -r-, must have the same motive force, we have 
air 



^ 



MISCELLANEOUS DYNAMICAL PROBLEMS. 



313 



''' ^2L.±.^ ,.M^2L.^(^^^). 



de 



g y di^ 



g y^ dfi ' dfi 



Jing, therefore, the motive force W — 2 P — by the whole inertia 

. d*x 

fwe have for the acceleration the equation 



• ■{ 

■ -» 

. f 



f 

4 



dt 



^(W~2P-) 



pre, 



^ y ^ di^ ' dt^ ^ 



dt^ 



W dy X 

putting as before m for — , and — for — ^ 

2p dx y 

d^ X d^y 

i 

^ is the same as equation (3) before determined. 



PROBLEM VIII. 



given bodies P, Q (fig. 136,) are connected together by a string, 

passes over a fixed pulley at a given distance from a smooth 

ital plane. It is required to determine the circumstances of the 

when P is drawn along the plane by the descendmg weight Q. 

the velocity of Q be v, and the velocity of P, m; then, calling 

and PC, s, CQ, y, and the angle P, «, we have 

b ds X 

the actual motive force of P, in the direction PC, and of which 
in PB is the component, is 



du P 



1 



dt g COS. A dt g V 



(>). 



E e 
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the imprened ksce <m P is fpmty and die resistaiice of the plade^ 

that DO rnoTing force is impvessed. ' ' i^^ 

dv Q 

Again, the actual force of Q is -- .— , and the impresBed for##1 

tU g 

weight Q. Hence, by D'Akmbert's principle, the force (1), acting! 
the direction CP, eqailibiates the foice 



^ dp Q 

«-;5 • 7 • • • • <*>• 



acting in the direction CB, that is. 



>!jm^B 






du u -^ ^ 



do 



dt 



Q 



.*. I?udu^iivd9zfziigvdi=i%^gdyj 
and integrating this equation, 

P«« + Qi;»=2Q|r(y— c), 

c being the value of ^ at tiiie commencement of motion, 

* 



a 

I. 



we have 



V 






a_2Qgrx»(y — c) 



for the square of the velocity of Q, s and jy being known in terms of |^1 

from the known length of CB, and of the string; and the velocity of ft 

is then found from the preceding equation. 

The problem may be solved otherwise as follows: 

^^ , dii P u 
Having found, as before, that the motive force of P is -- . — . — ^, we 

dt g V 

have, for the determination of the mass M, which, when accelerated 
with Q has the same motive force, or offers the same resistance to motion, 
the equation 

P u du 
.*. M = — .— -r > 
g V dv 
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Q 

L«oce the whole inertia of the system being M -f — , we have for the 

g 
iCceleratioD of Q 

Q Q ffv dv 



Consequently 
fi before. 



Qgdjf =zQvdv -\- P udu, 



PROBLEM IX. 



A perfectly flexible chain is wound round a cylinder, supported with 
ts axis parallel to the horizon. Then the weight and dimensions of the 
s^rlinder being given, as also the weight and length of the chain : it is 
^iiired to determine the time in which the chain, impelled by the force 
H gravity, will unwind itself; a given length being unwound at the 
Scmmencement of the motion. 

The moving force here always acting is due to that part of the chain 
'vhich hangs down, and the resistance to be overcome is the rotatory 
Hertia of the cylinder, and of the mass of chain which envelopes it. 
^s, (page 238,) the square of the radius of gyration of the cylinder is 
I R«, and that of a mere circumference of the same radius R, R*, it 
Allows that the system would offer the same resistance to rotation if 
R)r the cylinder we substitute an indefinitely slender ring of the same 
radius, containing half the mass of the cylinder, and the whole mass of 
the unwound chain. 

Let then 2 W denote the whole weight of the cylinder, and w that of 
the chain; let the length of the chain be /, a the length hanging down 
at the commencement of the motion, and a- the length hanging down at 
any time t'. Then Uie weight of any part being as its length, we have 

I : X :: w : — > 

vrhich expresses the moving force acting at the extremity of the radius 
at any time t'; the value of this force so acting to turn the system is 
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acoderatkm (158), and contequeiitly ihe accderatioQ of theeiftcem 
of the radius, or of die detoending cbain^ is 

that is, 

dx 
MuUiplyiDg this by 23-, we hare 

at 

> t^m th _ wm dm ■ ^^ = - 



This, amlttplied by i{^ and inte|;iated, gives 



To determine C we have the condition t;= when x = c, 

hence, subtracting this equation from the former, 

5 to («« — a«) 
6/(W + ttr) 



consequently 

dt 



dx ,, u; (a* — a*), 



the integral of which is {Int. Calc, art. 18), 

/ = v^{ } log. , 

5^ a 
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^hich is the number of seconds occupied in unwinding the length 
X — a, the part a being unwound at the beginning; and When j: = / 
we have, for the number of seconds occupied in unwinding the whole 
chann, 

tss^/{ } log. . 



PROBLEM X. 

To a point in the circumference of the base of an upright cylinder, 
standing on a smooth horizontal plane, is fastened one extremity of a 
string, and to the other a weight P. Now a given velocity is commu- 
nicated to P in a direction perpendicular to the string : to determine 
the circumstances of the motion (fig. 137). 

Let A be the point to which the string is fastened, and B the poiiit 
of contact at any time if; let also AOB = w, BP = z, AO = a, tension 
of the string = T, then, taking ON, NP for the rectangular coordinates 
of P at the time t*y we have, since the acceleration of P in direction 

T 

PB is -— ■ these equations of its motion in the directions of the coor- 

dinates, viz. 



= — sm. a;, — -f- = — 



d^ P ' dt^ 



COS. (It ^ . . . (1 ), 



T 

the negative signs being used because the accelerative force — being 

in the direction PB, tends to diminish the coordinates. 

Multiplying the first of these equations by cos. w, and the second by 
sin. a>, and subtracting, we have 

d^ X "d^ V 

cos. w — -T- — sio. w -T~ = . . . . (2). 
dt at 

d<i) 
Again, the angular velocity of the string, since PBN'^ w, is •— ; arid, 

-Civ 

dta 

therefore, the absolute velocity of P in direction PQ, of its path, is z — -, 

fi 2 
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and (herefore it 
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campoDCDts, in Uie diiecuons of the coonliDaU*, ire 
conaequenll}', by difiGrentiating, 



dt' 



du 






d*-. 



Subidtuting thcK in fiw equation (3), there n 



uid integrailDg each side, 

log, — = log. - 



the uigular velocity of the string at my time I'. To determine 
f| be the initial velocity of P when s = t, ihen the initial anguU 



~ ^ angnlu velocity of the ilring, 
D, = absolute leEocltf of P ; 

hence, P continually moves with its initial velocity. As the c 
force of P is tliac to ivhich the tension of the string is due, wi 



/ bemg the whole length ADP of the s 
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PROBLEM XI. 

To detennine the path of a projectile in a resisting medium. 

Let R represent the resistance of the medium in opposition to the 
motion of the body; then the forces acting upon it, in the directions of 
its horizontal and vertical coordinates, are 

which are the equations of the motion; and by means of which, when 
the law of resistance is known, the nature of the trajectory may be de- 
termined. The law generally received is, that the resistance varies as 
the square of the velocity; assuming, therefore, this to be the case, the 
foregoing equations are 

d^x ^dx d*y -dy 

d^ ds dt^ ® ds 

or, since 

ds* 



dfi 

the equations are the same as 

d^x ds* dx d*y d^ dy 

As the second members of each of these equations contain only first 
differential coefficients, and as the values of these coefficients remain 
the same, however we change the independent variable, (Diff- Calc. 
p. 97,) the equations may be writte 

... (1) 



d*x 
dt* 




— m 


ds ^ 
dt^ 


dx 
It' 

• 
• 


d^y 
d^ "^ 

d^x 
dt 

dx "^ 
dt 


'g- 
— m 


ds. 


ds 
dt' 


dy 
dt 



m 



+ C 




and € 



imtU coidkioDSof I 

to diis azi%'is,V| eos. % i 
wbeo sssOy tini is to. 



eiiL«itte#3SSIr; 



of c a tbe preoediiie eqoatioD, welMtte 

I • € ■■ . • . • {9)* 



dx 
Again : miiltipljriiig die first of equations (1) by — y the second by 

dt 

dy 

-j-y and taking thdr difiereDoe, we have 

dt 

rf*x ^ dy iPjf d^ dx 

di» ' di de ' dt"^^ dt' 

dx 
dividing each side by — the result will be 

'^ dt 



dy 
or, putting y' for — 

dx* 



d ^ 
dx ^'rfr 

dt' dt 



= g'> 



^^^_ 



dt dt 



g 



■V. 
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equation containing only first differential coefficients, and which we 
ly, therefore, write thus {Diff', Calc. p. 97) 

parentheses intimating that the independent variahle is arbitrary. 
-^Vlso, from equation (3), 



^^ ^ i;,2 COS. a €-«"• ' 



Ibence, by substitution, 



' ■» 



ow 



(di/) 

— »,«008,«ae-*»'7^==ir .... W. 

(ar) 

substituting this value of (dx) in (4) and omitting the parentheses, we 
almll have the equation 

of which the integral is 

y'>/Tqh?^ + iog. (y' + N/TT?^)==c--~-^^^ . ..(5). 

m t^j* COS.' a 

dy 
In order to determine C we must revert to the value of V or -— , at 

the commencement of the motion; this value is y =tan. «, correspond- 
ing to which we also have 



r hence 

tan. « V 1 -+- ^^'^ * ■+" 



C 



={ 



! 



log. (tan. » + Vl ^. tun.aa -f «^— a" ^ 



m rj* co8.*« 



therefore the value of C in the foregoing equation may be regarded 
as known 



r 
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To detennine a diflerenlial equation between i and t/ we 
miaate e"" by means of equation (4) and (5); »e shall lliushave 





-C! 


« {y"-^ + *■' + log- (*' + --^ 1 + y"" 


-c} 



Tbete equations are too complicated to admit of integration in tinite 
leims, otherwise we might non obtain the values o( s and y ia functjani 
of j', and then, eliminating y, we should have a suigle equalioo in i 
and y which would be the equation of the piith louglii. As it is, «e 
con only obtain an approximation lo the Ibrm of the curve described, 
which approximation may, however, be ouried to any degree of eiaft 
ness. For the method of effetting the actual constraction ofthetrajee- 
tary the student may refer to Mr. Barlow's Mechanics, in the Eocj- 
dopeedia Metropotitana, or to \'enturoli's Mechanics, and fbrlhegraenl 
theory of motion in a resisting medium, he may consult tlie second hool 
of Mr. WheweU's Dynamics. 

We shall here terminate this raisceliaoeous collecliou of prubleius 
and must refer the student, for a more exlensiTe variety, to the Ladie^ 
and Gentlemen's Diaries, aud to X.eybourii'3 Mathematical llepoutor;, 
works wliich cannot be too strongly recommended lo llie attention ot 
tlie mathematical student, and to which our oliligatinr'.s ari; due for 
several of the fortgoing examples. 



323 



NOTE. 

Page}0. 
Poisson^s proof of the Parallelogram of Forces. 

.) When two equal forces act on a point according to different direc- 
;heir resultant, whatever it be in intensity, must necessarily bisect 
gle between these directions, as shown at art. (7); and to deter- 
le intensity of this resultant, M. Poisson proceeds as follows: 
mA, mB (fig. 138,) be the directions of the components, whose 
>n value call P ; also let 2j7 represent the angle AmB, then mC being 
ection of the resultant, we shall have AmC = BmC = x. The in- 
of this resultant can depend only on the quantities P and a, of 
, therefore, it is some unknown function. Representing, then, by 
vralue of the resultant, we shall have 

R=/(P,(t). 

s equation R and P are the only quantities of which the numerical 
raries with the unit of force that may have been chosen ; their ratio 

adependent of this unit ; whence we may conclude that it must be 

a function of x, and consequently that the function/ (P, «) is of 
•m P . 0j. We therefore have 

R = P . 0x, 

e question is reduced to the determination of the form of the function 

rder to this, let us draw arbitrarily through the point m, the four 
mA'y mA", mB', wB'; suppose the four angles A'mA, A^mA, 
, B'mB, equal among themselves, and represent each of them by x ; 
ne, decompose the force P, directed according to mA, into two equal 

directed according to mA' and w A", that is to say, regard this force 
le resultant of two equal forces whose value is unknown, and which 

the given directions wiA', mA". Representing the common value 
je components by Q, we shall have 



tot theta ought to exlitnmonglbeqaiintltlee P, Q, nnd i, the same mMoi 
M among the qunntlttet R, P, and le. Deconipona now the same force t, 
acting in tbe direction mB, into tiro forces Q, acting In (be JJrccUnu 
mB' uuI nB'; the two forcni P are Ibaa replaced bj the fanr foi 
the resultant of thane muat, therefore, cuiacidi! In magnltade and dli 
with the force R, which is the reaaltnnt uF the two forces P. Now, cslliDg 
Q' the rei^ullunt of the Iwoforcw^ Q, acting In the directions mA' indaiB', 
Hid obwTTing (hat A'irC = B'»>C = «— I, this roron Q' wtU tnks 111 
diieefion mC, and we abnll hate 

In Hke manner, the resultant of the two other forces Q, wlili-h octintt 
Hhections mA" and mB", Will take tbe direction mC, since this line dlrldea 

the Mgle A''hiB" into two equal parte, and because A'mC = B"imC =i 

+ t, we shall have 

«' = <!■»(■ + ■), 

Qf representing this resultant. The two forces Q' and Q' being dltecliri 
according to the same line mC, their resultmit, which if al?o (hat of Dm 
four forces Q, will be equal to their sum ; we must tberefore iisTe 



fi^Q'^i ■ p:; sabstllnting then Ibis nloe 
' abore, and then auppmssing the cooimop 



This is the equation wblcb we most nOw solw in order to obtain Uh 

T^ue of ifix, or which amoants to the aacne thing, that of ^i. I'bis b sT- 
fected in « very airople manner by the following considers tions. • 

Let us develope (r)"! — n) and ^ (j + t), according to tbe [rawera n!:, 
b]> meana of Taylor's theorem ; let us aubatitute tbeie two aeriet in otit 
eqoalion, and then divide bU its tcnns by f, we shall thos hate 

Now as f I Daght not to contnlii j, x cannot enter Into the 



\— 



NOTE. 

ipxdx^ * ipxdx* 
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, <fec. 



^^•11 these quantities, therefore, must be constants, that is, independent of 
^|he VBTiables x and z. Let b be the value of the first ; we have 



(Ppx 



dx^ 



:^60x; 



whence^ by successive differentiation, we have 



rf*0J _ rf«0x rf^0x 

<^0X ..rf'^X ,, d«0X 



(fee. 



<fec. 



and^ ■ consequently. 



,.=.o+-^+„-^+ 



0X<fx^ 

<fec. 



+ &C.}; 



2 ' 2-3-4 ' 2 • 3-4 .5 • 6 
or else in replacing h by another constant — a* which is allowable, 



a«x« 



o*s* 



^ * 2 ^ 2-3«4 



o«i« 



2-3-4-5.6 



+ «fec.}. 



We recognise the series within the parentheses to be the development 
of cos. ax \ then 0z = 2 cos. az, and putting x in place of z 

0x ^ 2 COS. ax 
.*. R = 2Pcos. ax. 

To determine the quantity a, which we know to be independent of x, 
we may observe that when x= 90° the two forces P are directly opposi te 
their resultant R is then ; so that we must have 

cos.(o-90°) = 0; 

which requires that a be an even whole number. This whole number must 
be 1 ; for if we had a > 1, for example a =3, the resultant R would be- 
come for X = — — - ; the two forces P would then equilibrate without 

being opposite, which is impossible. We shall have, therefore, 
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